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REGULAR GAMMA NEARNESS SEMIGROUPS

Mehmet Ali Oztiirk and Ozlem TEKIN

ABSTRACT. This paper is concerned with basic concepts and some results on
regular I'-nearness semigroup and ideals of a I"-nearness semigroup. Also, it is
given some properties about ideals of a regular I'-nearness semigroup and an
example about the subject. Furthermore, we study relations among ideals of
a I'-nearness semigroup.

1. Introduction

Semigroups were utilized in many areas of theoretical computer science, graph
theory, optimization theory and in particular for studying automata, coding theory
and formal languages. In 1963, Saito first investigated the notion of regular element
as a generalization in the semigroup theory of the concept of inverse element in the
group theory [20]. This subject of regular element has been effectively used in
the ideal theory of semigroups in Miller and Clifford [6]. Readers can find all
fundamental concepts concerning semigroups in [3].

Firstly, Nobusawa introduced I'-ring in 1964 [5]. Also, Barnes studied I'-ring
after Nobusawa in [1]. Barnes defined a different concept of I'-ring and gave related
definitions. Many researchers investigated the I'-ring in the sense of Barnes and
Nobusawa and found parallel results in ring theory.

In 1981, the concept of I'-semigroups in the sense of Nobusawa was introduced
and some examples were given by Sen [22]. In 1986, Sen and Saha studied T'-
semigroup in the sense of Barnes and gave some examples (See [23]). Then Rao
introduced T'-semirings in the sense of Barnes [18] as a generalization of I'-ring and
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254 OZTURK AND TEKIN

semiring. Readers can find all fundamental concepts concerning I'-semirings and
semirings in [18], [19], [21] and [2].

Rough set theory studied by Pawlak can be seen as a new mathematical ap-
proach to uncertainty [14]. The rough set idea is about assumption that every ob-
ject of the universe of discourse we deal with have some information. Afterwards,
Peters defined an indiscernibility relation by using the features of the objects to
determine the nearness of the objects [15] in 2002 as a generalization of rought set
theory. Moreover, he studied approach theory of the nearness of non-empty sets
resembling each other [16, 17].

In 2012, Inan and Oztiirk investigated the concept of nearness semigroups
[4]. Then, in 2018, Oztiirk was defined nearness semirings (i.e., semirings on weak
nearness approximation spaces) and to deal with its basic properties [7]. Afterward,
in 2019, Oztiirk et al. studied gamma nearness semigroups [8]. After these studies,
some mathematicians continued this subject with [8], [9], [10] [8], [9], and [10]
studies.

In this paper, we introduced the concept of regular I'-nearness semigroups,
interior I'-nearness ideals and also studied some properties. Furthermore, we inves-
tigated some features of bi-I'-nearness ideals and quasi I'-nearness ideals in regular
I'-nearness semigroups.

2. Preliminaries

DEFINITION 2.1. [22] Let S and T' be any two nonempty sets. S is called a
D-semigroup (in the sense of Nobusawa) if the following assertions are satisfied:
For all a,b,c€ S and o, 8 €T,

1) aab € S and aaB €T,

2) (aad)Be = a(abB)c = aa(bBc).

DEFINITION 2.2. [23] Let S and T' be any two nonempty sets. S is called a
D-semigroup (in the sense of Barnes) if the following assertions are satisfied: For
all a,b,c€ S and o, B €T,

1) aadb € S,

2) (aab)Bec = aa(bpc).

DEFINITION 2.3. [23] Let S be a I'-semigroup. An element a of S is called
regular provided a = aaxfa for some x € S, a,p € T, i.e., a € al'STa, where
al’'STa = {aazfa | x € S; o,8 € T'}. A D'-semigroup S is called a regular T'-
semigroup provided every element is reqular.

A nearness approximation space is a tuple (O, F,~p_, N,.(B),vn,) where the
nearness approximation space is defined with a set of perceived objects O, set of
probe functions F representing object features, indiscernibility relation ~p, defined
relative to B, € B C F, collection of partitions (families of neighbour-hoods)
N,.(B), and overlap function vy, .

DEFINITION 2.4. [8] Let O be a set of sample objects, F a set of the probe
functions, ~p,_ an indiscernibility relation, and N, a collection of partitions. Then,
(O, F,~pg,,N.(B)) is called a weak nearness approzimation space.
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THEOREM 2.1. [8] Let (O, F,~p,,N.(B)) be a weak nearness approximation
space and X,Y C O. Then the following statements hold:

i) X C N, (B)" X,

ii) N, (B)*(XUY)=N,(B)"XUN, (B)"Y,

iii) X CY implies N, (B)* X C N,.(B)"Y,

) N, (B)" (XNY)C N, (B)*XNN, (B)"Y.

DEFINITION 2.5. [8] Let S = {z,y,2,...} C O, and I = {a,8,7,...} C O,
where (O, F,~p,.,N.(B)) and (O, F,~p.,N.(B)) are two different weak near ap-
prozimation spaces. If the following properties are satisfied, then S is called a
T'-semigroup on weakly approzimate approrimation spaces O — O, or, in short, a
I'-nearness semigroup.

i) ayy € N, (B)"S for allz,y € S and vy € T;

ii) (xBy)vz = xB(yyz) property holds in N, (B)"S for all x,y € S and
B,yerl.

Let S be a I'-semigroup on weakly approximate approximation spaces O —
O', where (O, F,~p,,N.(B)) and (O, F,~pg,, N.(B)) are two different weak near
approximation spaces. If O = O’ then S is a I'-semigroup on weakly approximate
approximation spaces O.

DEFINITION 2.6. [8] Let S C O and I' C O, where (O, F,~p,,N.(B)) and
(O, F,~pg,,N.(B)) are two different weak near approzimation spaces, B, C F
where v <| B | and B C F, ~p, be a indiscernibility relation on O — O'. Then,
~p, is called a congruence indiscernibility relation on I'-nearness semigroup S, if
x ~p, Yy, where x,y € S implies xya ~p, yya and ayx ~p, ayy for alla € S and
vel.

PROPOSITION 2.1. [8] Let S C O and T' C O, where (O, F,~p,,N.(B)) and
(O, F,~p,,Ny(B)) are two different weak near approximation spaces, S be a I'-
nearness semigroup. If ~p_is a congruence indiscernibility relation on S, then
[@]5.7[YlB,. C [2vylB, for allz,y € S and vy €T.

S be a I'-nearness semigroup. Let XTY = {zyy |z € X,y €T,andy € Y},
where subsets X and Y of S.

LEMMA 2.1. [8] Let S C O and T' C O, where (O,F,~p.,N.(B)) and
(O, F,~p,,N.(B)) are two different weak near approximation spaces, S be a T'-
nearness semigroup. If X,Y C S, then (N, (B)* X)I'(N,. (B)"Y) C N, (B)" (XTY).

DEFINITION 2.7. [8] Let S C O and I' C O', where (O, F,~p,,N.(B)) and
(O, F,~p,,N.(B)) are two different weak near approzimation spaces, B, C F
where r <| B |and B C F, ~p, be a indiscernibility relation on O —O'. Then, ~p,
is called a complete congruence indiscernibility relation on I'-nearness semigroup
S, if [#]s.[y]s, = l2vyls, for allz,y € S andy € L.

DEeFINITION 2.8. [11] Let S = {x,y,2,...} € O, and T = {a,8,7,...} C
O', where (O, F,~p,,N.(B)) and (O', F,~p,, N.(B)) are two different weak near
approzimation spaces. S is called a T'-semiring on O — O' if the following properties

hold:
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NGSRy) (S,+4) is an abelian monoid on O with identity element Og,
NGSRs) (T, +) is an abelian monoid on O with identity element Or,
NGSR3) (S,-) is a T-monoid on O — O" with identity element 1,
NGSRy) For all z,y,z€ S, and v, €T

i) ay (y +2) = (zyy) + (z72),
i) z(B +7)z = (zB2) + (y72),
1) (x +y)yz = vz + yyz.

hold in N, (B)" S,
NGSR5) Forallz € S andy €T,

Ogyz =05 = 2905

hold in N, (B)* S,
NGSRs) 1s # 0s.

Let S be a I'-semiring on weak near approximation spaces O — O'. If O = O’
then S is a I'-semiring on weakly approximate approximation spaces O, i.e. S is a
I'-nearness semiring.

THEOREM 2.2. [8] Let S be a I'-nearness semiring, ~p,. be a complete congru-
ence indiscernibility relation on S, and X, Y be two non-empty subsets of S. Then
(N, (B)" X)L (N, (B)" Y) = N, (B)" (XTY).

DEFINITION 2.9. ([8]) Let S be a I'-semigroup on O — O, where (O, F,~p,
,N.(B)) and (O', F,~pg_, N.(B)) are two different weak near approximation spaces,
and A a non-empty subset of S.

i) A is called a sub T-semigroup of S on O — O’ if ATA C N, (B)" A.

1) A is called a upper-near sub T'-semigroup of S on O — O if
(N, (B)” A)T(N, (B)" 4) C N, (B)" A.

DEFINITION 2.10. ([8]) Let S be a I'-semigroup on O — O, where (O, F,~p,
,N.(B)) and (O, F,~p,, N, (B)) are two different weak near approzimation spaces
and A be a sub I'-semigroup of S on O — O'.

i) A is called a right (resp. left) T-ideals of S on O — O’ if ATS C N, (B)" A
(STAC N, (B)" A).

it) A is called a upper-near right (resp. left) T'-ideals of S on O — O if
(N, (B)" A)TS C N, (B)* A (resp. ST(N,.(B)" A) C N,.(B)" A).

A T-nearness ideal of S is both left as well as right I'-nearness ideal.

THEOREM 2.3. ([8]) Let S be a I'-semigroup on O — O, where (O,F,~p,
,N.(B)) and (O, F,~p,, N.(B)) are two different weak near approzimation spaces.
The following properties hold:

i) Ifo#£ACS and AT'S C A (resp. STA C A), then A is a upper-near right
(resp. left) T'-ideal of S on O — O'.

ii) If A is a right (resp. left) T-ideal of S and N, (B)" (N, (B)" A) = N,. (B)" A,
then A is a upper-near right (resp. left) I'-ideal of S on O — O'.
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DEFINITION 2.11. ([8]) Let S be a T'-semigroup on O — O, where (O, F,~p,
,N.(B)) and (O', F,~p,, N.(B)) are two different weak near approximation spaces
and A be a sub I'-semigroup of S.

i) A is called bi-T-nearness ideal if ATSTA C N, (B)" A.

ii) A is called a upper-near bi-T'-nearness ideal of S if (N, (B)" A)TST(N, (B)" A)
C N, (B)" A.

THEOREM 2.4. ([8]) Let S be a I'-semigroup on O — O, where (O,F,~p,
,Ny(B)) and (O, F,~p,., N.(B)) are two different weak near approzimation spaces.
The following properties hold:

i) Ifo#ACS and AT'S C A (resp. STA C A), then A is a upper-near right
(resp. left) T-ideal of S on O — O'.

ii) If A is a right (resp. left) T-ideal of S and N, (B)" (N, (B)" A) = N,.(B)" A,
then A is a upper-near right (resp. left) T'-ideal of S on O — O'.

3. Regular I'-nearness semigroups

DEFINITION 3.1. Let S be a I'-nearness semigroup and I be a sub I'-nearness
semigroup of S.

i) I is called interior T'-nearness ideal of S if STIT'S C N, (B)* 1.

i) I is called upper-near interior I'-nearness ideal of S if ST(N, (B)* I)T'S C
N, (B)"I.

EXAMPLE 3.1. Let O = {o,a,b,c,d,e, f,i} be a set of perceptual objects, where

(000 O0],a=[1 0 0],b=[0 1 0],c=[0 0 1],
[1 1 0],e=[0 1 1], f=[1 0 1],i=[1 1 1]

0
d
for universal set U = { |aijl;,5 | aij € Zo}, O" = {0, , 8,7, A, i1,0,0} be a set of

perceptual objects, where

9:

A= =

O = OO0
=R OoO OO
| e = O Wl )

for universal set U' = { [asj],,, | aij € Zo}. B = {1)1,%2,03} C F be a set of probe
functions, S = {a,c,d,i} C O, I ={a,d} C S, and T = {«,v,0} C O'. Forr =1,
values of the probe functions

11)1 0 — ‘/1 = {191,’[92,’037194},

wQ 0 — ‘/2 = {191719371947195}7

Y30 O — V3 = {12,03,794,75,96}
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are given in the following table.

‘ o a b ¢ d e f i
P [ P2 O3 94 P9 Py U3 Uy
o |9 O3 91 93 Py 95 Yy Vs
Y3 |2 O5 P96 U3 P4 P2 Yo Vs

In this case,

o]y, = {z € O Y1(z) = ¥1(0) = 1} = {o},
la],, = {z € O | ¢1(x) = ¢1(a) = P2} = {a,d}

= [d]¢1 )

[b],, = {z € O] ¥1(x) = ¥1(b) = Vs} = {b, f}
= [fly,

cly, ={z € O [¥1(z) = ¢P1(c) = Va} = {c,e,i}
= [e]¢1 = [i]¢1 .

Then, we get that &y, = {[o]w1 Jlaly, 5[0, [c]wl},

0]y, = {z € O [ Ya(z) = ¢2(0) = V1} = {0, b}
= [b]wza

la],, ={z € O| ¥, () =¥, (a) =3} = {a,c},
=[d,, ;

= {7 € O |4, (x) =, (d) = 03) = {d, 1}
= [f]¢27

[ely, = {z € O, (x) = ¢,(e) =I5} = {e,i}
= m%-

We have £, = {[o]wz aly, . [dl,,  le] wz}.

[0y, = {z € O | ¢3(x) = ¢3(0) = Va} = {o,d, [}

= [d]¢3 = [ﬂtpy
la]y, = {z € O | ¥3(z) = ¥3(a) =I5} = {a, i}
ll 1

[b]¢3 ={z € O | ¢3(x)
[cly, ={z € O] s(x)
[y, = {z € O ¥s(x)

P3(b) = U6} = {b},
Y3(c) = U3} = {c},
Y3(d) = 04} = {d}.
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From hence, we obtain that &y, = {[0]% slaly, s [0y, s [cly, [d]%}, Therefore, for
r =1, a set of partitions of O is N, (B) = {&y,,&ys, &y} - Then, we can write

*o_ U,
N (B) S = [z],, N S#2

- [ahl’l U [C]wl U [a]wz U [d]wz U [e]ll)z
U [O]¢3 U [a]#}a U ng U [d}we»

= {07a7 C’ d’e’ f?i}'
Considering the following tables of operations:
« ‘ a ¢ d 1 ¥ ‘ a ¢ d 1 cla ¢ d 1
ala ¢ d 1 alo o o o ala ¢ d 1
clo o o o cla ¢ d 1 cla ¢ d 1
dla ¢ d 1 dlo o o o dlo o o o
ila ¢ d i ila ¢ d i ila ¢ d 1

S is a T'-nearnes semigroup. Afterwards, it is taken I = {a,d,i} C S.

NBy 1= Y

[«],, N I#2
- [a]d)l U [C]w1 U [a]ll)z U [d]ll)z U [6]#}2
U [O]ws U [a]¢3 U [d]¢3

= {0’a7cﬂd’e7f7i}'
Since ITI C Ny (B)"I, I is a sub I'-semigroup of S. In addition, the condition
STITS C N, (B)" I is satisfied by I and I is a interior ['-nearness ideal of S.

THEOREM 3.1. Let S be a I'-nearness semigroup. FEvery I'-nearness ideal I of

S is an interior T'-nearness ideal I of S if N, (B)" (N, (B)"I)= N, (B)"I.

PRrROOF. Let S be a I'-nearness semigroup and I be I'-nearness ideal of S.
Then, STI C N, (B)" I = STIT'S C (N, (B)" I)T'S. By using Theorem 2.1.(i) and
Lemma 2.1,

STITS C (N, (B)"I)T'S
C (N, (B)' DT(N, (B)" 9)
C N, (B)" (ITS)
C N, (B)' (N, (B)' I)
=N, (B)"I
Therefore, STIT'S C N,.(B)* I and I is interior I'-nearness ideal of S. O

We will give the following theorem, which is the same proof as the proof of
Theorem 2.3.

THEOREM 3.2. Let S be a I'-nearness semigroup. Then the following properties
hold:

i) Ifo #1 CS and STITS C I, then I is a upper-near interior I'-nearness
ideal of S.
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ii) If I is an interior T -nearness ideal of S and N,. (B)* (N, (B)"I) = N,.(B)" I,
then I is a upper-near interior I'-nearness ideal of S.

THEOREM 3.3. Let S be a I'-nearness semigroup, and {I;|i € A} be set of
interior T'-nearness ideals of S such that N, (B)" (N, (B)" I;) = N, (B)" I; for all
i € A with index set A. If N, (B)" (ﬂ[i) = ﬂ N, (B)" I;, then mli =0 or

ieA ieA ieA
ﬂ I; is an interior nearness ideal of S.
IEA

PrROOF. Let m I; = I. Now, we show that I is either empty or an interior I'-
1EA
nearness ideal of S. Assume that I is non-empty. Since I; is an interior I-nearness
ideals of S for all ¢ € A, I is sub I'-nearness semigroup of S and ST'L,I'S C
N, (B)" I, for all i € A. Then,

STITS = ST((I)IS € () (V. (B)" L)

ieA i€eA
foralli € A. Since (| N, (B)" I; = N, (B)" (()1i), we obtain STIT'S C N, (B)"I.
ieA ieA
Hence, I is an interior I'-nearness ideal of S. O

DEFINITION 3.2. Let S be a I'-nearness semigroup. The element x € S is called
regular element if there exists y € S and v, 8 € I' such that the property xfyyr = x
satisfies in N, (B)" S. Moreover, S is called reqular T'-nearness semigroup if all its
elements of S are regular.

EXAMPLE 3.2. Let’s take I'-nearness semigroup S in Example 3.1. In this case,
for all x € S there exists y € S and v,5 € T’ such that the property xByyx = x
provides in N, (B)"S. In Ezample 3.1,

for a € S there exists c € S and a,0 € T such that aacoa = a,

for c € S there exists a € S and v,0 € I' such that cyaoc = c,

for d € S there exists a € S and a,,y € I' such that daayd = d,

fori € S there exists c € S and o,y € I' such that iceyi = 1.
Therefore, S is a reqular I'-nearness semigroup.

THEOREM 3.4. Let S be a regular I'-nearness semigroup, ~p, be a complete
congruence indiscernibility relation on S and I be an interior I'-nearness ideal of
S. If N, (B)"(N,.(B)"I) = N, (B)"I, then N,.(B)"I = N,.(B)" (STITS).

PROOF. Let S be a regular I'-nearness semigroup and I be an interior I'-
nearness ideal of S. Since I is an interior I-nearness ideal of S, STIT'S C N, (B)" I.
Thus, we have N, (B)" (STIT'S) C N, (B)* (N, (B)" I) by Theorem 2.1.(i). Then,
we get that N, (B)" (STIT'S) C N, (B)" I by the hypothesis. On the other hand,
let z € N.(B)"I. In this case, 2]z NI # 0. Then, there exists an element
y € [x]BT and y € I. Since S is regular I'-nearness semigroup, for y € S, there
exists z € S and v,8 € I such that the property yvyzBy = y holds. Thus,
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y € yI'STyl'STy C ST(STITS)I'S C ST(N, (B)"I)T'S, for I is an interior I'-
nearness ideal of S. Therefore, y € ST(N, (B)" I)I'S. In this case, we get that
y € [z]p, and y € ST(N, (B)"I)I'S and so, y € [z]z N ST(N, (B)" I)T'S. Thus,
we have [z]p NST(N, (B)" I)I'S # 0 and = € N, (B)" (ST(N, (B)" I)I'S). Since
~p, is a complete congruence indiscernibility relation and from Theorem 2.2,

N, (B)" (ST(N, (B)" I)I'S) = (N, (B)" S)I'(N,. (B)" (N, (B)" I))T (N, (B)" S)
= (N, (B)" S)I(N, (B)" I)T(N, (B)" S)
= N, (B)* (STITS).

Thereby, z € N,. (B)* (STITS) and we get N, (B)"I C N, (B)" (STIT'S). Conse-
quently, N, (B)*I = N,.(B)" (STITS). O

THEOREM 3.5. Let S be a reqular I'-nearness semigroup, ~p, a complete con-
gruence indiscernibility relation on S, and I a bi-I'-nearness ideal of S. If
N, (B)" (N, (B)*I)= N, (B)"I, then N,.(B)"I = N,.(B)" (IT'STI).

PRrROOF. Let S be a regular I'-nearness semigroup and I be a bi-I'-nearness
ideal of S. In this case, we have IT'STI C N, (B)" I. Thus, we get

N, (B)* (ITSTI) C N, (B)" (N, (B)*I) = N, (B)" I

by Theorem 2.2. Therefore, we get that N, (B)" (IT'STI) C N, (B)" I. Otherwise,
let € N, (B)" I. From here, [z]5 NI # () and there exists an element y € [z]5
and y € I. Since S is regular I'-nearness semigroup, for y € S, there exists z € S
and v, 8 € I" such that yyzBy = y satisfies on S. In this case, y € yI'STyl'STy C
ITST(ITSTI) C ITST(N, (B)"I). Thus, y € ITST(N, (B)"I). From here, y €
(2] and y € ITST(N, (B)" I). Then, y € [z]z NITST(N, (B)"I) and we have
[z] 5, N ITST(N, (B)"I) # (. Therefore, z € N, (B)" (IT'ST(N, (B)*I)). Since
~p, is a complete congruence indiscernibility relation and from Theorem 2.2,

N, (B) (ITST(N, (B)"I)) = (N, (B)"I)T'(N, (B)" S)I(N, (B)" (N, (B)"I))
— N, (B)* (IT'STI)

In this case, z € N, (B)" (IT'STI) and so, N, (B)*I C N, (B)" (IT'STI). Finally,
N, (B)*I = N, (B)* (ITSTI). O
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