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A STUDY ON PYTHAGOREAN FUZZY BI
'-HYPERIDEALS IN '-HYPERSEMIGROUPS

S. Sharmila and V. S. Subha

ABSTRACT. In this paper, we study the notion of Pythagorean fuzzy I'—hyper-
ideals in I'—hypersemigroups. We also study Pythagorean fuzzy I'— subsemi-
hypergroup and Pythagorean fuzzy bi I'—hyperideals in I'—hypersemigroups
and discuss some properties. Relations between these I'-hyperideals are also
studied. Inverse image of Pythagorean fuzzy I'— subsemihypergroup and
Pythagorean fuzzy bi I'—hyperideals are discussed.

1. Introduction

Fuzzy set theory was proposed by Zadeh[14]. Atanassov[3] introduced a new
generalization, intuitionistic fuzzy set in 1986. He defined some new operations on
intuitionistic fuzzy sets[4]. The theory of Pythagorean fuzzy set was propounded
by Yager[11]. It is a generalization of intuitionistic fuzzy set. In recent days
Pythagorean fuzzy set got more attention among the researchers. It plays an im-
portant role to tackle the uncertainities. Kumar et al.[9] approached transportation
decision making problems using Pythagorean fuzzy set. Yager[12] and Zhang[15]
were applied the concept of Pythagorean fuzzy set in decision making problem.

Marty[10] extended the algebraic structures to algebraic hyperstructures. In
classic structure, the product of two elements is an element again but in hyperstruc-
ture it will be a set. Anvariyeh et al.[2] studied I“hyperideals in I-hypersemigroups.
Hussain et al.[8] applied the concept of rough set in Pythagorean fuzzy ideals in
semigroups. Chinram et al.[6] extended the idea of [8] to ternary semigroups.
Akram[1] established the properties of fuzzy lie algebras. Davvaz[7] studied fuzzy
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hyperideals and intuitionistic fuzzy hyperideals in hypersemigroups. In this pa-
per we introduce Pythagorean fuzzy left(right) I'—hyperideals, Pythagorean fuzzy
I'subsemihypergroup and Pythagorean fuzzy bi I'“hyperideal in '“hypersemigroups.
We find the relationship between these I'—hyperideals. We also study the inverse
image of Pythagorean fuzzy set in I'—hypersemigroups.

2. Pythagorean left(right) I'—hyperideals in '—hypersemigroups

In this section we study the Pythagorean left(right) I'—hyperideals in I'—hyper-
semigroups and discuss some properties.

DEFINITION 2.1. [2] Let Y and T' be two non-empty sets. Y is called a T' -
hypersemigroup if

(i) cyd €Y and

(ii) cy(dne) = (cyd)ne
for every c,d € Y and v,n € I' are hyperoperations on Y .

Let Y7 and Yy be two non-empty subsets of Y and v € I' we define
YilYs, =U{cyd: c € Y] and d € Y5}
Also

(2.1) YiI'Ys = U cyd
(¢,d)€Y1 X Y>

DEFINITION 2.2. [2] LetY and T be any two sets. A non-empty set B of
a I'—hypersemigroup Y is said to be a

(i) left(right) T —hyperideal if YT B C B(BTY C B).

(ii) I'—subsemihypergroup if BI'B C B.

(#i) bi T—hyperideal if BTYTB C B.

DEFINITION 2.3. Let Y be a I'—hypersemigroup. A Pythagorean fuzzy set P =
(¢, 0) is defined by

P ={(x/p(x),0(x)): x € Y} such that 0 < ¢(x)? + o(z)? < 1.
where p(x) is a membership function from the universe set Y to the closed interval
[0,1] and o(x) is a non-membership function from the universe set'Y to the closed
interval [0, 1].

DEFINITION 2.4. If P = (¢, 0) and Q = (go/, g/) are any two Pythagorean fuzzy
sets of Y then the following operations are defined as:
(i) PN Q= {(x/p(x) A (2) o) V & (2)) : v € V)
(i) PUQ = {(2/p(x) V¢ (2),0(z) A '(2) 2 € V)
(iii) OP = (p, @), where g =1 — .
DEFINITION 2.5. A Pythagorean fuzzy set P = (p,0) of Y is said to be a
Pythagorean fuzzy left I'—hyperideal if for z € Y we have
(i) ¢(d) < inf o(2) and
z€cyd
(#) o(d) = sup o(z) for allc,d €Y.
z€cyd
A Pythagorean fuzzy set P = (¢, 0) of Y is said to be a Pythagorean fuzzy right
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T'—hyperideal if for z € Y we have
(i) p(c) < inf ©(z) and
z€cyd
(i1) o(c) = sup p(z) for allc,d€Y.
z€cyd
A Pythagorean fuzzy set P = (@, 0) of Y is said to be a Pythagorean fuzzy I'—hyper-
ideal if P is a both Pythagorean fuzzy left I'—hyperideal and Pythagorean fuzzy right
I'—hyperideal of I'—hypersemigroup.

EXAMPLE 2.1. Let Y = {a,b,c,d} and T' = {v} be any two sets then Y is a
I'—hypersemigroup.

¥ ‘ a b c d
a|{a} {a} Ao} {a}
bl {a} {a} {a} {a}
¢ |{a} {a} {a,b} {a,b}
d|{a} {a} {a,b} {a}

Define a Pythagorean fuzzy set P = (¢, 0) as
_J05 if r=ua,b
103 if z=cd

0.7 if r=a,b
o(z) = :
1 if r=cd

p(z)

By calculation we can note that P is a Pythagorean left(right) T'—hyperideal of
I'—hypersemigroup.

THEOREM 2.1. If{P; = (v, 0;) }ien are Pythagorean fuzzy left(right) T —hyper-
ideals of Y then (\ P; = () wi, [\ 0i) is also a Pythagorean fuzzy left(right)
ieN iEN  iEN
I'—hyperideal of Y.

PrRoOOF. Consider for z € Y

m (pz(d) = @1(d) A @Q(d) VANPTOA (p”(d)
1EN

N

inf A inf A A inf o,
zé%’ydspl(z) ZIGI;'deDQ(Z) ZIGIé'deO (Z)

< Zielgd{wl(z) A p2(2) Ao Npn(2)}

inf i(z) pVe,dey.
zEc’yd{iQVsD ( )}

N



98 S. SHARMILA AND V. S. SUBHA

Now

U ei(d) = o1(d) V 02(d) V ... V 0n(d)
iEN
> sup 01(2) V sup 02(2) V...V sup o,(2)
z€cyd z€cyd z€cyd

> seupd{gl(z) Voo2(2) V... Von(2)}

> sup {U Ql(z)} Ve dey.

zE€cyd iEN
Thus [\ P; is a Pythagorean fuzzy left T'—hyperideal. Similarly we can prove
ieN
that () P; is a Pythagorean fuzzy right I'—hyperideal. ]
ieN
THEOREM 2.2. If {P; = (vi, 0i) }ien are Pythagorean fuzzy left(right) T —hyper-

ideals of Y then U P = (U wi, U 0i) is also a Pythagorean fuzzy left(right)
iEN iEN  iEN
TI'—hyperideal of Y.

PROOF. The proof is similar as in Theorem 2.1 O

DEFINITION 2.6. If P = (¢, 0) is a Pythagorean fuzzy set of Y then the image
of P is defined by IMG(P) = IMG(p) UIMG(p) where
IMG(¢) ={p(z): 2 €Y} and IMG(9) = {o(z) : z € Y}.

DEFINITION 2.7. Let P = (p,0) be a Pythagorean fuzzy set of Y and let t €
IMG(P) then the sets

o' ={2€Y :p(z) >t} and

o ={zeY :o(z) <t}
are called t— level cut of p and t— level cut of o respectively.

THEOREM 2.3. If P = (¢, 0) is a Pythagorean fuzzy T'—hyperideal of Y and for
t € IMG(P) then Pt = (!, 0') is a T'—hyperideal of Y.

PRrROOF. Let c,d,z € Y such that ¢ € ¢ then

(2.2) plc) > ¢

Since p(c) < inf ¢(z)
z€cvyd

= inf p(z) >t by (2.2)
zE€cyd

= ¢(z) >t for z € cyd
= cyd € .
Thus ¢! is a right T'—hyperideal.

Now, let ¢,d, z € Y such that ¢ € o then
(2.3) o(c) <t
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= o(c) = sup o(z)
z€cyd

= sup o(z) <t by (2.3)
z€cyd

= 0(z) <t for z € cyd

= ¢vd € o'

Thus o is a right I'—hyperideal. Similarly we can prove that P? is a left I —hype-
rideal of Y. O

THEOREM 2.4. If P = (p,0) of Y is a Pythagorean T'—hyperideal then so
OP = (¢,p) where p=1— ¢ .

PROOF. Since ¢ is a Pythagorean fuzzy I'—hyperideal. Now to show that ¢ is
a Pythagorean fuzzy I'—hyperideal. Consider for z,¢,d € Y,
¢(c) =1—=(c)
>1— sup ¢(z)
z€cyd

2 sup (1—¢(2))
z€cyd

> sup ¢(z)
z€cyd

Thus OP is a Pythagorean fuzzy I'—hyperideal of Y*. U

3. Pythagorean fuzzy bi '—hyperideals

In this section we discuss Pythagorean fuzzy I'—subsemihypergroup and Pytha-
gorean fuzzy bi I'—hyperideals in Y.

DEFINITION 3.1. A Pythagorean fuzzy set P = (v, 0) of Y is said to be Pytha-
gorean fuzzy I'—subsemihypergroup if for z € Y we have
(1) ple) Apld) < inf ()
(#) o(c) V o(d) = sup o(z) for allc,d €Y and v €T.
z€cyd
EXAMPLE 3.1. Let us consider a hypersemigroup Y = {a,b,c,d} with the hy-
peroperation v € I':
‘ a b c d
{a}  {a}  {a} {a}
{a} {a,b} {a,c} {a}
fay  {a} o} A{a}
{a} {a,d}  {a} {a}
Define a Pythagorean fuzzy set P = (p, 0) as
P =1{a/(1,0.3),0/(0.2,1),¢/(0.2,0.9),d/(0.7,0.6) }. We have
e Ap(d)=02<1= inf p(a)VbdeY,
acbyd
o(c)Vo(d)=09>03= sup g(a) Ve, deY,
a€cyd
Similarly (i) and (it) of Definition 8.1 holds for all a,b,c,d € Y. Hence P is a
Pythagorean fuzzy I'—subsemihypergroup.

UL O |2
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THEOREM 3.1. If {P; = (¢, 0i) }ien are Pythagorean fuzzy T'— subsemihyper-
group of Y then (| P; = () @i, () 0i) is also a Pythagorean fuzzy I'—subsemi-
ieN iEN  ieN
hypergroup of Y.

PRrROOF. Consider for z € Y

ﬂ pi(c) A ﬂ pi(d) = {p1(c) Ap2(c) Ao Apn(e)} A{pr(d) A pa(d) A oo Apn(d)}

{1(c) Apr(d)} A{pa(e) Apa(d)} Ao A {pn(c) Apn(d)}
01Nt le) e ()

Jnf {e1(2) Apa(2) Ao Apn(2)}

N praaey
iEN

N

N

N

ﬂ 0i(c) Vv ﬂ 0i(d)

i€EN ieEN

{o1(e) Vo2(c) V... Von(c)} V{ei(d) V o2(d) V ... V on(d) }

{o1(c) vV or(d)} V{o2(c) V o2(d)} V ... V {on(c) V 0n(d)}

> sup 91(2) V sup 02(2) V...V sup on(2)
z€cyd zE€cyd zE€cyd

> sup {01(2) Vo2(2) V...V on(2)}
z€cyd

> sup ﬂgl(z) Ve dey.
z€cyd iEN

Hence () P;is a I'—subsemihypergroup in I'—hypersemigroup.
ieN
O

THEOREM 3.2. Let P = (p,0) be a Pythagorean fuzzy set of Y. For t €
IMG(P), the t—level cut of P(P?) is a T'—subsemihypergroup then P is a Pytha-
gorean fuzzy I'—subsemihypergroup of Y .

PRroor. Let ¢! be a I'—subsemihypergroup of Y then for ¢, d € ¢! we have
(3.1) cyd € o
Suppose if p(c) A p(d) £ Z.iergd@(z) then we have

ple) npl(d) > inf o(2).

Then there exists some to € IMG(P) such that
() A p(d) > to > infd<p(z). This implies that
zecy

w(c) A p(d) >ty and ienfdgo(z) < 1.
zEcy

= p(c) A p(d) >ty and p(z) < to for z € cyd
= cyd € ' and either ¢ € ¢! or d € ¢'.



PYTHAGOREAN FUZZY BI '-HYPERIDEALS IN I'-HYPERSEMIGROUPS 101

Which is a contradiction to Equation (3.1). Hence ¢(c) A ¢o(d) < infdgp(z).
zecy

Now, Since ¢! is a I'—subsemihypergroup then for ¢, d € o' we have

(3.2) cyd € ¢
Suppose if o(c) V o(d) 2 sup o(z) then we have
z€cyd
o(c) vV o(d) < sup o(z).
z€cyd

Then there exists some ¢; € IMG(P) such that
o(c) Vo(d) < t1 < sup p(z). This implies that

zE€cyd
o(c) Vo(d) < t; and sup p(z) > 1
z€cyd
= o(c) V o(d) < t; and o(z) > t; for z € c¢yd

= ¢yd € o' and either c € o or d € o'

Which is a contradiction to Equation (3.2). Hence o(c) V o(d) > sup o(z).
z€cyd

O

DEFINITION 3.2. A Pythagorean fuzzy I'—subsemihypergroup P = (p,0) of Y
is said to be Pythagorean fuzzy bi I'—hyperideal if for z € Y we have
(i) (c) Np(d) < _inf o(z)
zE€cymnd
(ii) o(c) Vo(d) = sup o(z) forallc,d,m €Y and vy,n €.
z€cymnd
THEOREM 3.3. If {P; = (pi, 0:) }ien are Pythagorean fuzzy bi T'—hyperideals

of Y then (\ Pi= () i [\ 0i) is also a Pythagorean fuzzy bi T'—hyperideal of
iEN €N iEN
Y.

PROOF. Straightforward. O

THEOREM 3.4. Let P = (¢,0) be a Pythagorean fuzzy set of Y. For t €
IMG(P), the t—level cut of P is a bi T'—hyperideal of Y then P is a Pythagorean
fuzzy bi I'—hyperideal of Y .

PrOOF. Let P be a Pythagorean fuzzy set of Y. From Theorem 3.2 P is a
Pythagorean fuzzy I'—subsemihypergroup.
Since ¢! is a bi ['—hyperideal then for c,d € Y, 7,7 € I' and m € ¢! we have

(3.3) cymnd € ¢!

Suppose if @ is not a Pythagorean fuzzy bi I'—hyperideal, we have
ple) np(d) & inf  o(2)

= p(c)Ap(d) = inf @(2).
z€cymnd

Then there exists some tg € IMG(P) such that
w(e) Ap(d) > to > 6inf d(p(z).
zZEcymn

This implies that p(c) A p(d) >t and  inf ¢(z) < t.
z€cymnd
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i.e.,p(c) > tg or o(d) > tg and p(z) < to for z € cym~yd
= cymnd € ¢t and z € .
Which is a contradiction to Equation( 3.3). Hence ¢(c) A p(c) <  inf dcp(z).
zecymn
Now, since ¢ is a bi ['—hyperideal then for ¢,d € Y and m € o' we have
(3.4) cymnd € o

Suppose if g is not a Pythagorean fuzzy bi I'—hyperideal, we have
o(c)Vo(d) 2 sup of2)

zecymnd

= o(c)Vo(d) < sup o(2).
zE€cymnd
Then there exists some ¢; € IMG(P) such that

o(c) Vo(d) <ti < sup o(2).
zE€cynd

This implies that o(c) V o(d) < t; and sup o(z) > 1.
z€cymnd
i.e., 0(c) < t1 or o(d) < t1 and o(z) > t1 for z € cymnd
= cymnd & o' and z € ot
Which is a contradiction to Equation (3.4). Hence o(c) V o(d) = sup o(z).
zE€cymnd

O

4. Relationship between Pythagorean fuzzy I'—hyperideal, Pythagorean
fuzzy I'—subsemihypergroup and Pythagorean fuzzy bi I'—hyperideal

In this section we discuss the relationship between Pythagorean fuzzy I'—hyper-
ideal, Pythagorean fuzzy I'—subsemihypergroup and Pythagorean fuzzy bi I'—hyper-
ideal.

LEMMA 4.1. Every Pythagorean fuzzy I'—hyperideal of Y is a Pythagorean fuzzy
I'— subsemihypergroup.

PROOF. Let P = (¢, 0) be a Pythagorean fuzzy I'—hyperideal. For ¢,d,z € Y
we have

(4.1) wle) Ap(d) < inf @(z) < inf ¢(z).
z€cyd z€cyd
and
(4.2) o(c) V o(b) > sup o(z) > sup o(2).
z€cyd z€cyd

From Equations (4.1) and (4.2) we have P is a Pythagorean fuzzy I'—subsemihyper-
group. Therefore every Pythagorean fuzzy I'—hyperideal is a Pythagorean fuzzy
I'—subsemihypergroup. O

The converse part of the above Lemma is not true. It has been proved by the
following Example.

EXAMPLE 4.1. Let Y = {a,b,c,d,e, f,e} and T' = {v}, then Y is a T—hyper-
semigroup.
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a b c d e f g
{a} {a} {a} Ha} {a} {a} {a}
{a} {b} A{b,c} {d} {d,e} {f} {f.g}
{a} {c} A} Ae} Ae} {9} {9}
{a} {d} {d,e} {d} {d,e} {d} {d.e}
{a} {e} e} Ae} He} A{ep {e}
{a} {f} {fig} {d} {d.e} {f} {f.g}
g |{a} {9} {9} e} {e} {9t {g}
Define a Pythagorean fuzzy set P = (p, 0) as
P={a/(0.1,1),b/(0.1,1),¢/(0.2,0.7),d/(0.5,0.6),e/(0.5,0.6),f/(0.9,0.3),¢/(0.9,0.3) }.
P satisfies the conditions of (i) and (ii) in Definition 3.2. Hence we can say that
P is a Pythagorean fuzzy I'—subsemihypergroup. But P is not a Pythagorean fuzzy
I'—hyperideal of Y. Since
o(d) =0.5€£0.1= 'énfydgo(a) VaeyY

@ 1s not a Pythagorean fuzzy left I'—hyperideal.
0(c)=07%21= sup o(a) VaeyY

acayc
o is not a Pythagorean fuzzy left T'—hyperideal.

o(d) =0.5€£0.1= ircltf {p(@)} VaeY

acdya
@ 1s not a Pythagorean fuzzy right I'—hyperideal.
o(f)=03%1= sup {o(a)} VaecY

a€ fya
o is not a Pythagorean fuzzy right I'—hyperideal.

S0 QU0 SR

LEMMA 4.2. Every Pythagorean fuzzy I'—hyperideal of Y is a Pythagorean fuzzy
bi I'—hyperideal of Y.

PROOF. Let P = (¢, 0) be a Pythagorean fuzzy I'—hyperideal. For ¢,d,m, z €
Y we have

inf z) = inf z
z€cymyd 90( ) z€cy(myd) QO( )
> p(c) (¢ is a Pythagorean fuzzy right T' — hyperideal.)
inf z)=  inf z
zEc’ym'yd(p( ) ZG(C’ym)'yd(p( )
> (d) (p is a Pythagorean fuzzy left T — hyperideal.)
Hence ¢(c) Ap(d) < inf  ¢(z) Now,
zE€cymyd
sup o(z) = sup o(2)
zE€cymyd z€cy(myd)
< o(c) (0 is a Pythagorean fuzzy right T' — hyperideal.)
sup o(z) = sup  o(2)
zE€cymyd z€(cym)vyd

< o(d) (0 is a Pythagorean fuzzy left T' — hyperideal.)
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Hence o(c) V o(d) = sup o(2).
zE€cymyd
Therefore P is a Pythagorean fuzzy bi I'—hyperideal.
d

The following Example shows that every Pythagorean fuzzy bi I'—hyperideal
of Y need not be a Pythagorean fuzzy I'—hyperideal of Y.

EXAMPLE 4.2. Let Y = {a,b,c,d} and T' = {v} be two sets, then Y is a
I'—hypersemigroup.

a b c d
{0,d} {c,d} {d} {d}
{c.,d}  {o}  {d} {d}
{d}  {d} A{d} {d}
{d}  {d} {d} {d}
The Pythagorean fuzzy set P is defined by

P =1{a/(0.3,1),b/(0.5,0.7),¢/(0.3,1),d/(0.9,0.3)}.

By routine calculation we can say that P is a Pythagorean fuzzy I'—hyperideal of
Y. But it is not a Pythagorean fuzzy I'—hyperideal, since

w(b) =0.5 {c7di]Tlgfa7b = 0.3. Hence ¢(b) £ {c,di?gfmb foralla,b €Y.

Q0O o2

5. Inverse image of Pythagorean fuzzy set

In this section we define inverse image of Pythagorean fuzzy set and study some
properties.

DEFINITION 5.1. Let U and V be any two I'—hypersemigroups. By a ho-
momorphism we mean a mapping ® : U — V satisfying the identity ®(zyy) =
O (2)P(v)P(y) for allz,y € U and v €T.

DEFINITION 5.2. Let ® be a mapping from a I'—hypersemigroup U to a I'—hyper-
semigroup V and P = (@, 0) be a Pythagorean fuzzy set in V. Then the inverse
image of P, ®~1(P) = (®71(p),® (o)) is a Pythagorean fuzzy set in U and is
defined by

(i) 21 () () = (®(2)) and

(ii) @ (o) (z) = o(®(z)) for allx € V.

THEOREM 5.1. Let U and V be any two I'—hypersemigroups and ® : U — V be
an onto homomorphism of T —hypersemigroups. If P = (¢, 0) is a Pythagorean fuzzy
I'—subsemihypergroup of V then ®~1(P) = (®71(p), ®~1(0)) is also a Pythagorean
fuzzy T'—subsemihypergroup of U .

PROOF. P = (p, 0) is a Pythagorean fuzzy I'—subsemihypergroup of V. Let
c,deVand yel.

inf @1 = inf i)
o (p)(z é(z)@(lg)l%)q)(d)w( (2))

P(®(c)) A p(2(d))
7 (p)(c) AT () (d)

>
2
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sup @‘1(9)(2) = sup 0o(®(2))
zeCcYy D(2)€P(c)@(v)P(d)

< o(®(c) V o(2(d))
<2 ' (0)(c) VO (0)(d)

Thus ®~1(P) is also a Pythagorean fuzzy I'—subsemihypergroup of U. O

be
fu

THEOREM 5.2. Let U and V be any two I'—hypersemigroups and ® : U — V
an onto homomorphism of I'—hypersemigroups. If P = (¢, 0) is a Pythagorean
zzy bi T —hyperideal of V then ®~1(P) is also a Pythagorean fuzzy bi T —hyperideal

of U.

fu

PrROOF. Since by Theorem 5.1 we know that the inverse image of Pythagorean
zzy I'—subsemihypergroup is also a Pythagorean fuzzy I'—subsemihypergroup in

I'—hypersemigroup. Let P = (¢, ¢) be a Pythagorean fuzzy bi I'—hyperideal of V,

a,

N =

beVand~vyel.
inf ®* z) = inf D(z
z€cymnd ()(z) ©(2)€@(c)@(7)2(m)®(n)®(d) #(®2(2))
2 ¢(®(c)) A p(®(d))
> 071 (p)(c0) AT (p)(d)
sup @ !(o)(2) = sup o(®(2))
z€cymnd P(2)€D(c)2(7)2(m)P(n)P(d)

< 0(®(c)) V o(®(d))
<27 (o)(e) Ve (o)(d)
Thus ®~1(P) is also a Pythagorean fuzzy bi I'—hyperideal of Y. O
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