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INTERVAL ROUGH FUZZY IDEALS IN »-NEAR-RINGS

P. Dhanalakshmi and V.S. Subha

ABSTRACT. In this paper we expose interval rough fuzzy ideals in y-near-rings.
Also we prove some interesting properties of v-ideal and bi-v-ideal in y-near-
ring.

1. Introduction

~-near-ring and the ideal theory of y-near-ring were introduced by Bh. Sathya-
naranan[10]. For basic concepts in near-ring we refer to Pilz[8]. Zadeh [16] intro-
duced the concept of fuzzy set in 1965, and it is now a famous area of research
with many applications. After that he also introduced the notion of interval val-
ued fuzzy subset in 1975, where the values of membership functions are intervals
of numbers instead of a single number as in fuzzy set. The fuzzy set theory has
been developed in many directions by the research scholars. Rosenfeld [9] first in-
troduced the fuzzification of the algebraic sturctures and defined fuzzy subgroups.
Jun [5]discussed interval-valued Rsubgroups in terms of near-rings. Meenakumari
and Tamizh Chelvan[6] discussed fuzzy bi-ideals in y-near-ring. Pawlak [7]intro-
duced the notion of rough set in his paper. Rough set theory, a new mathematical
approach to deal with in exact, uncertain or vague. Knowledge has recently re-
ceived wide attention on the research areas in both of the real-life applications and
theory itself. It has found practical applications in many areas such as knowledge
discovery machine learning, data analysis, approximate classification, conflict anal-
ysis and so on. Many researchers studied the algebraic approach of rough sets in
different algebraic structures. Subha [12] studied the concept of rough fuzzy ideals
in vy-near-ring.
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1.1. Preliminaries. This section deals with the basic definitions related to
this work.
A near-ring is an algebraic system (91, +, .) consisting of a non empty set 9t together
with two binary operations called + and . such that (91, +) is a group not necessarily
abelian and (M, .) is a semigroup connected by the following distributive law:
(x4 2).y =zy+ x.z valid for all z,y,z € N.

DEFINITION 1.1. A ~-near-ring is a triple where (M, +,.)
(i) (M, +) is a group. (ii) v is nonempty set of binary operators on N such that
for i€y, M, +,1i) is a near ring. (i) za(ypz) = (zay)Bz for all z,y,z € N and
a, B €.

DEFINITION 1.2. Let X be a non empty set. A mapping A : X — D[0,1] is
called an interval fuzzy subset of X, where A(z) = [A™(x), AT(z)] z € X, and A~
and A" are fuzzy subsets in X such that A~ (z) < AT (x), » € X. D|0,1] denotes
the set of closed subsets of [0, 1].

DEFINITION 1.3. Let A be interval fuzzy subset of S and [A1, 2] € DI0,1], we
call

A[>\1,)\2] = {ZL’ e X: Ai(ZL') > )\1,A+(£C) > )\2} and
A()\hkz) = {iC e X: Ai(fﬁ) > )\1,A+(£L') > )\2}
the [A\1, A2]— level set of A and (A1, A\a)— level set of A, respectively, where (A1, \2)

in A(x,x,) 18 not an interval, it is only a notation, and we may admit Ay = Aa
clearly, x € Ay, x,) iff A(x) = [A1, A2].

DEFINITION 1.4. An interval fuzzy set n' in N is called an interval sub ~y-near-
ring of N if ‘ ‘
(i) n'(x —y) =2 n'(x) An'(y)
(ii) n*(xay) = n'(x) An'(y), for all x,y € N and o € 7.

DEFINITION 1.5. An interval fuzzy setn® in N is called an interval left(resp.right)
~v-ideal of N if
(1) n'(x —y) = n'(x) An'(y)
(@) n'(y+z—y)=n'(x) , ,
(iii) n*(ac(x + b) — aad) = n*(x)(resp.,n*(zaa) = n*(a), for all z,y,a,b € N and
aery.

DEFINITION 1.6. An interval fuzzy set n* in M is called an interval bi- y-ideal
of N if _ _
(i) n'(z —y) = n'(z) An'(y)
(i) n*(zayBz) = n'(x) An*(y), for all x,y,a,b € N and « € 7.

THEOREM 1.1. Let n® be a interval fuzzy subset of M if and only if nftmzp
[t1,t2] € D[0,1] is an ideal of M.

Let 91 be the universal set. For an equivalence relation U on I, the equivalence
class of x and is denoted by [z].
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DEFINITION 1.7. Let 0N be universal set and U congruence relation on M. The
pair (N, V) is called an approximation space. Let Q be any nonempty subset of N.
The sets

U.(Q) = {z € N/[z]s C Q} and
(@) = {o € N/[a]o N Q # 6}
are called the lower and upper approximations of §2.
Then B(2) = (U.(2),0*(RQ)) is called rough set in (I, V).

DEFINITION 1.8. Let Q be a fuzzy subset of M. The fuzzy subsets of N defined
by

5@ =V QAa) and BQ)x) = A Da)

a€z]es a€lz]es

are called respectively, the upper and lower approximations of the fuzzy set €.
U(9) = (0.(92),0%(Q)) is called a rough fuzzy set of Q with respect to U if

THEOREM 1.2. Let n° an interval fuzzy subset of fuzzy subset of M, n* is an
interval fuzzy left (right) ideal of M if and only if | left (right) ideal of MN; for
all [ay, az] € D[0;1]

7
[a1,a2

2. Interval rough fuzzy ideals in -near-rings

In this section we studied the new concept interval rough fuzzy ideals in near
rings. We combine the rough set and interval fuzzy sets. Also investigated the
interval rough fuzzy sub-y-near-ring, interval rough fuzzy +y-ideal and interval rough
fuzzy bi-y-ideal in near-ring. Some interesting properties of these ideals are proved.

DEFINITION 2.1. Let U be congruence relation on N. An interval fuzzy suby-
near-ring 1 is said to be an upper and lower interval rough fuzzy suby-near-ring of
N if the following condition are holds:

1. U* is an interval fuzzy sub-y-near-ring of M.
2. U, is an interval fuzzy sub-y-near-ring of N.

THEOREM 2.1. An interval fuzzy sub-y-near-ring of M is a upper interval rough
fuzzy suby-near-ring of M.

PROOF. Let i’ be an interval fuzzy sub-y-near-ring of M. Then for all o, 3 € N
we consider '
G)a=p)= 'V n'@)
vela—Bls _
= Voo )
velalo+[-Bls
% n'(v)

w€lales,Ae[—Bles
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Hence proved. (]
THEOREM 2.2. An interval fuzzy sub-vy-near-ring of M is a lower interval rough
fuzzy sub-y-near-ring of N.

PROOF. Let ' be an interval fuzzy sub-y-near-ring of M. Then for all o, 3 € N
we consider

Cutn)a=pB) = AN 7'

vela—Bls ,
= A n'(v)
€la]s+[—Bles

>min{ A nik), A n"()\)}

relals Ae[=Bls
(@), B, (n')(=B)}
. (n')(8)}

Il
>
3&
A‘
S

ve[alsy[Bls

= A n* (K A)
KE[ales,NE[Bles

>min{ A n'(k), /\] ni(A)}

Ne[a]g AE[@

Hence proved. O

DEFINITION 2.2. If U be congruence relation on M. An interval fuzzy ideal n°
is said to be an upper and lower interval rough fuzzy ideal of N if the following
condition are holds:

1. U* is an interval fuzzy ideal of N.
2. U, is an interval fuzzy ideal of N.
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THEOREM 2.3. Let ' an interval valued fuzzy subset of M, n° is an interval
fuzzy left (right) ideal of N if and only if néahaz) left (right) ideal of M; for all
(al, ag) € D[O7 1]

LEMMA 2.1. If n' be an interval fuzzy subset of M and [ay, as] € [0, 1] then
() (U* (nl))[al,az] - U*(n[zalv‘h])
(i1) (U*(nl))(al,aﬂ) - U*(”Z’al,az))

PRrROOF. (i)Let k € (U.(n")) < U.(n) (k) > [a1,as)

<= A (")) = la1, a9
J€E[K]s
= Vj € [k, n'(j) = [a1, a2
= [kl Sy, 0
= k€ Uiy, ay)
oray = T R) > (a1,02)
==\ 7(j) > (a1, a2)
Jj€lkles
= 3j € [Ko,n'(§) > (a1,a2)
— [k]U N 77(@1 as) # 0
— ke U*(

[a1,a2]

(ii) Let k € (U*(n"))

111 az)

O
THEOREM 2.4. Let U be a congruence relation on 9 and let n° be an interval

fuzzy set of M. If n* is an interval fuzzy v-ideal of M then n' is an interval fuzzy
ideal of M.

Proof is obvious by applying Theorem 1 and Lemma 1(i).

THEOREM 2.5. Let U be a congruence relation on 9 and let n° be an interval
fuzzy set of M. If n* is an interval fuzzy vy-ideal of M then n' is an interval fuzzy
ideal of M.

Proof is obvious by applying Theorem 1 and Lemma 1(ii).

COROLLARY 2.1. Let U be a congruence relation on Mt and let n° be an interval
fuzzy set of M. If n is an interval fuzzy vy-ideal of M then n' is a rough interval
fuzzy v-ideal of N.

THEOREM 2.6. Intersection of two interval rough fuzzy vy-ideals is also an in-
terval rough fuzzy vy-ideal.

PRrROOF. Let ' and ¢! be an interval rough fuzzy gamma-ideals in 1.
Then by Theorem 6 and 7 U, (n?), U, (&%) and U*(n?), U* (&) are fuzzy ideals of 1.
Then for all a, 5 € 2 we have
O(n") NO* () a=p) 4
= min {U" (') (@ — B), 5*(€')(a — B)} | |
= min {min {5 (n")(c), 5" (') (8) } , min {0*(€) (o), B*(£7)(8) } }
= min {min {T*(n')(a),0* (") () } , min {T*(n")(8), 0" (£")(8) } }
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A > min {U*(n") N U*(§") (), U* (") N T*(£)(B) }-
0" () NTH €)@+ B—a) |
= min {U* () (a+ f — @), U*(¢")(a + 5 —a)}
> min {U*(n")(8), U*(£')(B) }
y = U (n") N0*(€")(B)
G*(n") NG*(€")(aa(v + B) — aapp) ,
= min {U*(n')(aa(v + ) — 0aB),5*(€) (0a(v + B) — aaB))}
> min {U*(n')(v), U* (&) (v) }
= (0" (n") NT*(£"))(v)
Similarly we can prove for the other case. Hence proved. O

THEOREM 2.7. Let U(n) be a family of interval rough valued fuzzy y-ideals in
N then (O(nL) is also an interval rough valued fuzzy y-ideal in M.

PROOF. Since U(n},) be a family of interval rough valued fuzzy v-ideals in .
Let o, B,v € M and a,b € 4. Then

]QI B(nj,)a = (inf B(n;))(e) = inf B() (@)

ie.,

167 mi)e = (inf B (i) (@) = fnf B (i) (@)
and

kQIU*(mi)a = (Inf B () (@) = inf B.. () ().
Consider

krg[ O (nj.) (@ = B) = inf B* () (« = B)
> inf min {0" (n},) (), B (1) (8)}
= min {zifé{} U*(n;,) (), inf U*(ni)(ﬁ)}

—min{ 0 5", 0 506}

kel kel
also . .
N " (i)(a+ B —a) = nf 5" () (e + f —a)
kel €l
> jnt 0" () (9)
= N B (n)(B)
kel

moreover

)53 o+ B)av = aav) = I 5 () (0 + Bjaw — )
> Inf 5% () (B)
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= N " (ni)(B)
kel
Finally

N 6" () (@af) = inf B* () (aap)
kel €l
> * (1
= 0" (m,)(B)
kel
Similarly we can prove for other case.

Hence proved. O

THEOREM 2.8. Let U(n}) be a family of rough interval fuzzy ideals in N then
JU(n}) is also an rough interval valued fuzzy ideals in N.

PROOF. Since U(n.) be a family of rough interval fuzzy ideals in M. Let
a,B,veMNand a,b € y. Then

U O(ni)er = (supB(r;)) (@) = sup B(1;.) ()
kel kel

kel
ie.,
U 0% () = (sup U*(n;,)) (@) = sup U* () (a)
kel kel kel
and
U Bu(nj)a = (sup Ui () () = sup Ui () ().
kel kel kel
Consider

U 8" () (a — B) = sup B (n,) (o — B)
kel kel

> supmin {0 (1) (@), U* (1) ()}

= min {sup U*(nk) (), sup U*(n;@)(ﬁ)}

kel kel

_ mm{ N 5+ (i) (), U U*(n;;)(@)}

also kel bel
U O (i) (a+ B — a) = supT* () (a + B — a)
kel kel )

> sup U*(n}) (8)

kel )

— U O ) (8)

moreover kel

U 0o+ Baw — caw) = sup T 1) (o + B)aw — aaw)
> sup G*(n,)(B)
= U 6*(n,)(8)

kel
Finally
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U 0% (ni)(aaB) = sup B~ (1;) (aap)
kel kel .
= sup U (1) (B)
kel ‘
= U B () (8)
keI
Similarly we can prove for other case.

Hence proved.

O

DEFINITION 2.3. If U be congruence relation on . An interval fuzzy bi-y-ideal
n* is said to be an upper and lower interval rough fuzzy ideal of N if the following

condition are holds:
1. U* is an interval fuzzy bi-y-ideal of N.
2. U, is an interval fuzzy bi-y-ideal of M.

THEOREM 2.9. An interval fuzzy bi-y-ideal of M is an upper interval rough

fuzzy bi-y-ideal of N.

PROOF. Let 1 be an interval fuzzy bi-y-ideal of 9. Then for all o, 8,7 € M

and 4,7 € 7. Obviously
G*(n") (e = B) = min {T*(n")(), U* (n")(B) }

Consider .
O’ )(eiBjv) =\ n'(v)
Ae[aifjv]es _
= V n'(A)
velalsy[Blsv[v]s

= \Y; n* (aybyc)

a€lales,be(Bles,c€V]es

[o]es celv] (
= min {0 (") (a), 5" () () }
> min {G* () (), B () (v) }

Hence proved.

O

THEOREM 2.10. An interval fuzzy bi-y-ideal of M is a upper interval rough

fuzzy bi-y-ideal of N.

PROOF. Let i’ be an interval fuzzy bi-y-ideal of M. Then for all «, 8,v € N

and 7,j € . Obviously
Gu(n')(a = B) = min {U.(n')(e), U (n')(B) }

Consider ‘
O.(n')(aiBjv)= N n'(v)
AE[aifBjv]es .
= A n'(A)
velalsy[Blsyves ‘
= A n'* (aybyc)
a€lales,be[Bls,ce V]
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Hence proved. O

THEOREM 2.11. Intersection of two interval rough fuzzy bi-y-ideals is also an
interval rough fuzzy bi-y-ideal.

PROOF. Let n* and ¢ be an interval rough fuzzy bi-y-ideals in M. Then by

U.(n?), U, (€Y and U*(n?), U* (&) are fuzzy bi-y-ideals of M. Then for all
«, B,1,7 € I we have
O () N0 (§)(aifljy) |

i (U i), O €00 |

= min {min {U*(n%)(«), 0* (n*)(v) } ,min {T* (¢’ oz),U*(fZ)(V)}}

= min {mzn{U* (), B5*( fl o)}, min {U*(n*)(v),0* () (v)} }

> min {U*(n") N U*(§')(a), U* (') NT*(§") (v )}~

Similarly we have
B.(r') N 0. (€1) (i)
min {U.(n")(aiBjv), U (£)( azﬁﬂ/)} 4
mm{mm{U n) (@), U (n')(v)} ,min {U.(¢ a),U*(gz)(V)}}
:mm{mm{U n) (@), U (&) ()}, min {T.(n*)(v),U }}
min {B.01) 006 (@), 5.0 15+ (€)1}
Hence proved. O
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