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ON THE PADOVAN ARRAYS

Orhan Diskaya and Hamza Menken

ABSTRACT. In the present work, two new recurrences of the Padovan sequence
given with delayed initial conditions are defined. Some identities of these
sequences which we call the Padovan arrays were examined. Also, generating
and series functions of the Padovan arrays are examined.

1. Introduction

The Padovan numbers are an integer sequence named after the Italian architect
Richard Padovan. The Padovan sequence is a kind of relative of a better-known
Fibonacci sequence and has many interesting properties and applications to al-
most every field of science, nature, and art. The Padovan family has charming
applications to architecture, geometrical shapes, and number theory. Another fea-
ture that makes the Fibonacci sequence important is that it has the golden ratio,
which maintains its modernity today. The importance of the Padovan sequence
is that it is mentioned with the plastic ratio. Hans van der Laan discovered a
new and unique architectural proportion system in 1928. This ratio, which he
calls the number of plastics, is based on the irrational value, which is one of the
roots of the Padovan sequence. In this study, we first are briefly mentioned the
Padovan sequence. Then we defined two new iterations of the Padovan sequence
and looked at some of their identities. For more information on this sequence, see
3, 4, 5, 6,9, 10, 11, 12, 13, 14, 15, 17, 18, 19, 20].

The Padovan sequence {P,},>0 is defined by the delayed initial values Py = 0,
P; =0 and P, = 1 and the recurrence relation

(11) Pn+3:Pn+1+Pn, TL}O
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The first few terms of this sequence are 0,0,1,0,1,1,1,2,2,3,4,5,7,9,12, 16, 21.
The recurrence (1.1) involves the characteristic equation

22—z —-1=0.
If its roots are denoted by «, 5 and + then, the following equalities can be derived

a+p+vy=0

af+ay+py=-1

afy=1.
Moreover, the Binet-like formula for the Padovan sequence is
(1.2) P, =aa™ + 06" + A"
where,
1 1 1
t6=——— b=——"7-——  c=

(o= B) (=)’ B-a)B=7)" ~ (r—a)y-B)

In [16], the Padovan numbers have the Q p—matrix

010
Qp=1]0 0 1
110

such that
Pn73 Pnfl Pn72
Q}g = Pn—2 Pn Pn—l
Pn—l Pn+1 Pn

2. Recurrences of the Padovan sequence

In [1], Carlitz defined a Fibonacci array. Some Remarks on Carlitz’s Fibonacci
Array are given in [2]. Based on this study, we defined the Padovan array as follows.
The Padovan array {pm,n} o is defined by the two recurrences

mz=0,n>
(21) Pmn = Pm,n—2 +pm,n737 n = 3
(2'2) Pm,yn = Pm—2,n + Pm—3,n, M = 3.

where defined

(23) Pon = Pnu Pin = Pn+37 P2n = Pn+5

as the 0—th, 1—th and 2—th row of the Padovan array, respectively.
The following table is readily computed.
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m\n|0|1|2 |3 4|5 |6]|7|8|9]10
0 ojoj1rjo011|1}1|2|2|3]| 4
1 oj1(1}(1}{2|23[4]5|7]9
2 11223457 |9]|12] 16
3 oj1(211(3|3|4/|6/|7]10]| 13
4 1123|135 |6 |8 |1114]|19] 25
5 11214136 |7]9]|13|16|22] 29
6 1135|489 [12|17]21|29| 38
7 2041 7|6 |11]13|17(24]30 41| 54
8 2159 | 7 |14]16|21|30 |37 |51 67
9 3|7 (12110(19|22|29 |41 |51 |70 | 92
10 [4]9]16|13]25|29|38|54|67|92]| 121

TABLE 1. The first few members of the Padovan array

As can be seen from the table, the symmetry property
Pmyn = Pnm
is readily proved by making use of equalities (2.1) and (2.2).
PROPOSITION 2.1. The following equation is valid:
(2.4) Pmn = PrPrys + Pog1Prys + Pro1 Py
ProoFr. Considering equalities (2.2) and (2.3), we have
D3 =Pin+Pon = Pnis+ Pn
Pan = D2.n +D1.n = Pngs + Poys
D50 = P3,n + P20 = Ppyz + P+ Pruys
D6,n = Pan +P3,n = Pnys + 2P 3+ P,
P7n =Psn +Pan =2Pyi5+ 2P 3+ P,

Pm,n = Pm—2,n +pm—3,n = PmPn+5 + Pm+1pn+3 + Pm—lpn
U

Some identities given below are proven for the Fibonacci sequence. Look at
[7, 8].

THEOREM 2.1. The Binet-like formula for the sequence {py, »} is

DPmon = AGma" + bby, 8™ + cepy", n>0
where
A = Ppa? + Prisa+ Pia,
b = Pmf3” + Py3f + Prya
and

Cm = m'72 + PerS’Y + Pm+4-
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PRrROOF. From the definition of nth Padovan arrays {p, .} in equality (2.2)
and the Binet-like formula for nth Padovan sequence {P,} in equality (1.2), w
write
P3n = Din +Don = ac™(1+ %) + 05" (14 %) + ey (1 +7°)

Pan = P2.n +p1,n - aan(a + « ) + bﬂn(53 + ﬂ5) + C’Y”(’YS + ’)/5)

Psn = P3n + D2 = a0 (1 + 0 +a°) + 68" (1 + % + %) + " (1 +7° +7°)

P6,n = Pan +P3n = aa™ (1 + 20% +a®) + 8™ (1 +28% 4+ B5) + ey (1 + 29° +7)
Prn = Dot Pan=aa" (1420 +2a°) + 8™ (1 +28% + 26°) + ey (1 + 27° + 29°)

Pm,n = Pm—2ntPm—3n :aan(PmO‘Q+Pm+3a+Pm+4)+b/8n(Pm62+Pm+3/8+Pm+4)
+ " (Pny® + Prntsy + Prata)

Thus, the proof is completed. O

THEOREM 2.2. The generating function for the sequence {pm n} is

ZZP ey y2x2+4yx+2y +3yr+2y+x+1
m (1—2?—2?)(1 —y? —y?)

m=0n=0

PROOF. Let
o0
x) = meynx".
n=0

In particular, it follows from equalities (2.3) that

e z+1
(2.5) po(l’)zgpo,nz pr 122 _ 23’
s . . TP 42042
(2.6) mm=§)mw=zﬂmf:tziﬁ*

42 _ 3

=Y py mel§iﬂﬁ7

and by equality (2.2), we have also
(27) pm(x) = pm—2(-r) +pm—3<x)'

Using equalities (2.5) and (2.7), we prove easily that

_ i o = TPtz + (@ 4+ 2) Py + Pro—a + (22 + 22) Pp_4
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So,
Gp(z,y) = Zzpm,nx Y szPm+2y + — 3 me ™"
m=0n=0
1 x2 +2:c
+1—£L'2—£U3 me Qy + me 4y
=0
_ x y2+2y+1 42 v +y
_1_x2_x31_y2_y3 1_x2_x31_y2_y3
n 1 1 n %+ 22 y?
1—a2—a31—y2—y3  1—a2—a31—y2—y3
222 4 4P+ 22 +3yr+ 2+ + 1
(-2 —a)1- =)
Thus, the proof is completed. O

THEOREM 2.3. The exponential generating function for the sequence {pm.n} s

o
Pm,n
—':c” = aa,,e™® + bb,,e’* + cc,pe?®.
n!
n=0

ProOOF. We know that,

> n,.n > n,.n &0 n,.n
ar ar Bxr __ ﬁl‘ YT __ v
D D e D D RED Dl

n!
n=0 n=0 n=0

Let’s multiply each side of the equalities above by aa,,, bb,, and cc,, and addition
the above equalities to side to side, respectively.

o0

1
aame™® + bbyme®* + ceppe® = Z(aama” + bb,, " + ccmvn)—'x"

n

n=0

o0
— Z pm”ﬂ LL‘”
n!
n=0
Thus, the proof is completed. O

THEOREM 2.4. The series for the sequence {pm. n} is

i - Pman 233 4+ 2293 + 2239? + 223y + 22292 + 322y + 2xy
anym (@ -z -1y -y —-1)

Sp(xay) =

m=0n=0

PROOF. Let

o0
z) = Z Pm,n
n=0
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In particular, it follows from equalities (2.3) that

Do = P 2P+ 2P
2.8 = AL -n_ - e
(28) Po(@) " a3 —x—1’
n=0 n=0
— DP1n = Pois 203 + 222 + 1
2.9 —§ " Pn - ,
20 o) = St = 3 T 20 2
_ o Do,n _ 2. Puis B 323 + 422 + 2z
po<x>—;xn —; e Qe B

and by equality (2.2) we have also

(2.10) Pm(2) = Pm—2(2) + pr—3(z).
Using equalities (2.8) and (2.10), we prove easily that
> P T2 Pmi1 + 2Py + (3 + 2% + 1) Py + (23 + 22 + 2) Py
pm(7) = an 3 —z—1 '
n=0
So,
2 - Pm.n z? = Pt x3 =P,
b(7) 7;)7; :x?’—x—lmzz:o ym x?’—x—lmzzjoyim
x3+x2+miPm,1 x3+m2+xiPm,4
-z —1 = ym -z —1 = ym
22 Pty 23 v3 + o2
T —r—1yP-oy—1 Bz 1yPp-y—1
242’ y2+y 2+ 2?+ Y
W-—r-1yr—y—-1 a—-2-1y3—-y—1
233 + 2293 4+ 22392 + 223y + 22292 + 322y + 22y

(@ =z -1 -y —1)
Thus, the proof is completed. O
THEOREM 2.5. The partial sum for the sequence {pm n} is

1Pn+3 + Pm—lpn
1 .

m n

(O 3 Y LR

t=0 k=0
PRrROOF. Considering equality (2.4), we have

T, —ZPtZPkJro ZPt+1ZPk+3+ZPt 1ZPk
t=0 k=0

= (Pryo + Poys —3) ZPt (Prt6 + Poys —2) ZPt+1+ s —

EPtl
t=0 t=0

=(Pn+9tPrt5 = 3N Lrts —DH(Pote+ Prts —2) Prre —1)HPrts —1)(Pm+5 —Pr+1).
(]

Thus, the proof is completed.
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3. Topics for future study

Above we have given the various identities of the Padovan array. We leave it
to the researchers to obtain the various identities of the Padovan matrix array that
we have defined below. The Padovan matrix array {Qg“’} is defined by the

m,n=0

two recurrences
(3.1) Qrr=Qr" P+ Q" n=3
(3.2) Qt =Qp TP+ Q" m =3
where the initial conditions are defined as

0 i Pn—l Pn—i—l Pn i N Pn+2 Pn+4 P’IL+3
(33) Qp’n = Pn Pn+2 Pn+1 5 me’ = Pn,+3 Pn+5 Pn+4 5

L Pn+1 Pn+3 Pn+2 ] Pn+4 Pn+6 Pn+5

) Pn+4 Pn+6 Pn+5
Q" = | Pays Pair Paye
L Pn+6 Pn+8 Pn+7 |
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