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IDEAL ELEMENTS IN ORDERED SEMIRINGS

M. Murali Krishna Rao

ABSTRACT. The aim of this paper is to study the structures of some ordered
semirings not only with the ideal elements but also with the generalization of
ideal elements. The ideal elements play an important and necessary role in
studying the structure of ordered semirings. We introduce the notion of ideal
elements, interior ideal elements, quasi ideal elements, bi-ideal elements, bi-
interior ideal elements, quasi interior ideal elements and weak interior ideal
elements of ordered semirings. We study the properties of ideal elements and
relations between them. We characterize the ordered semirings, regular or-
dered semirings and simple ordered semirings using ideal elements. We prove
that if M is a simple ordered semiring, then every element of M is an ideal
element of M.

1. Introduction

We know that the notion of a one sided ideal of any algebraic structure is a
generalization of the notion of an ideal. The quasi ideals are generalization of left
ideals and right ideals whereas the bi-ideals are generalization of quasi ideals. In
1952, the concept of bi-ideals was introduced by Good and Hughes [2] for semi-
groups. The notion of bi-ideals in rings and semirings were introduced by Lajos
and Szasz [9,10]. In 1956, Steinfeld [23] first introduced the notion of quasi ideals
for semigroups and then for rings. Iseki [4,5,6] introduced the concept of quasi
ideal for a semiring. Henriksen [3] studied ideals in semirings. Quasi ideals in
I'—semirings studied by Jagtap and Pawar. Marapureddy Murali Krishna Rao [12-
21] introduced and studied bi-quasi-ideals in semirings, bi-quasi-ideals and fuzzy
bi-quasi ideals in I'—semigroups
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In this paper, we introduce the notion of ideal elements, interior ideal elements,
quasi ideal elements, bi-ideal elements, bi- interior ideal elements, quasi interior
ideal elements and weak interior ideal elements of ordered semirings. We study
the properties of ideal elements and relations between them. We characterize the
ordered semirings, regular ordered semirings and simple ordered semirings using
ideal elements.

2. Preliminaries

In this section, we recall some of the fundamental concepts and definitions
which are necessary for this paper.

DEFINITION 2.1. A set M together with two associative binary operations
called addition and multiplication (denoted by + and - respectively) will be called
semiring provided

(i) addition is a commutative operation.
(ii) multiplication distributes over addition both from the left and from the
right.

(iii) there exists 0 € M such that t+0 =z and 2-0=0-2 =0 for all x € M.

EXAMPLE 2.1. Let M be the set of all natural numbers. Then (M, maz, min)
is a semiring.

DEFINITION 2.2. Let M be a semiring. If there exists 1 € M such that a-1 =
1-a = a, for all @ € M, is called an unity element of M then M is said to be
semiring with unity.

DEFINITION 2.3. An element a of a semiring M is called a regular element if
there exists an element b of M such that a = aba.

DEFINITION 2.4. A semiring M is called a regular semiring if every element of
M is a regular element.

DEFINITION 2.5. An element a of a semiring M is called a multiplicatively
idempotent (an additively idempotent) element if aa = a(a + a = a).

DEFINITION 2.6. An element b of a semiring M is called an inverse element of
a of M if ab=ba = 1.

DEFINITION 2.7. A semiring M is called a division semiring if for each non-zero
element of M has multiplication inverse.

DEFINITION 2.8. A non-empty subset A of a semiring M is called
(i) a subsemiring of M if (A, +) is a subsemigroup of (M, +) and AA C A.
(ii) a quasi ideal of M if A is a subsemiring of M and AM N MA C A.
(iii) a bi-ideal of M if A is a subsemiring of M and AM A C A.
(iv) an interior ideal of M if A is a subsemiring of M and M AM C A.
(v) a left (right) ideal of M if A is a subsemiring of M and M A C A(AM C
A).
(vi) an ideal if A is a subsemiring of M, AM C A and MA C A.
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(vii) a bi-interior ideal of M if A is a subsemiring of M and MAMNAMA C A.
(viii) a left bi-quasi ideal (right bi-quasi ideal) of M if A is a —subsemiring of
M and MANAMACA (AMNAMA C A).
(ix) a bi-quasi ideal of M if A is a subsemiring of M and A is a left bi-quasi
ideal and a right bi-quasi ideal of M.
(x) a left quasi-interior ideal (right quasi-interior ideal) of M if A is asub-
semiring of M and MAMA C A (AMAM C A).
(xi) a quasi-interior ideal of M if A is asubsemiring of M and Ais a left quasi-
interior ideal and a right quasi-interior ideal of M.
(xii) a bi-quasi-interior ideal of M if A is a subsemiring of M and AMAMA C
A.
(xiii) a left (right) tri- ideal of M if A is a subsemiring of M and AMAA C
A (AAMA C A).
(xiv) a tri- ideal of M if A is a subsemiring of M and AMAA C Aand AAMA C
A.
(xv) a left(right) weak-interior ideal of M if A is a —subsemiring of M and
MAA C A(AAM C A).A weak-interior ideal of M if A is a —subsemiring
of M and A is a left weak-interior ideal and a right weak-interior ideal)of

M.

(xvi) a k—ideal of M if A is an ideal of M and z € M, x +y € A,y € A then
x € A.

(xvil) a m — k—ideal of M if A is an ideal of M and z € A, ay € A,1 £y €
Mthen y € A.

DEFINITION 2.9. A semiring M is called an ordered semiring if it admits a
compatible relation < . i.e. < is a partial ordering on M satisfies the following
conditions. If a < b and ¢ < d then

(i) a+te<b+dc+a<<d+bd
(ii) ac < bd
(iii) ca < db, for all a,b,c,d € M

ExXAMPLE 2.2. Let M = [0,1] . A binary operation + is defined as a + b =
max{a, b}, for all a,b € M and z -y = min{z,y}, for all z,y € M. Then M is an
ordered semiring M with usual ordering . All ideals of M are closed intervals, [0, a]
for some a € M.

DEFINITION 2.10. An ordered semiring M is said to have zero element if there
exists an element 0 € M such that 0+x = z = x+0and Ox = z0 = 0, for allx € M.

DEFINITION 2.11. An ordered semiring M is said to be commutative semiring
if zy = yx, for all z,y € M.

DEFINITION 2.12. A non-zero element a in an ordered semiring M is said to
be a zero divisor if there exists non zero element b € M, such that ab = ba = 0.

DEFINITION 2.13. An ordered semiring M with unity 1 and zero element 0 is
called an integral ordered semiring if it has no zero divisors.
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DEFINITION 2.14. A non-empty subset A of an ordered semiring M is called a
subsemiring M if (A, +) is a subsemigroup of (M, +) and ab € A for all a,b € A.

DEFINITION 2.15. Let M and N be ordered semirings. A mapping f: M — N
is called a homomorphism if

(i) fla+0b) = f(a)+ f(b)
(ii) f(ab) = f(a)f(b), for all a,b € M.

DEFINITION 2.16. A subsemiring I of an ordered semiring M is called an ideal
ifforanyzel,yc M andy<z=yel.

3. A study on ideal elements in ordered semirings

In this section, we introduce the notion of ideal elements, interior ideal elements,
bi-ideal elements, quasi interior ideal elements and weak interior ideal elements of
ordered semirings. We study the properties of ideal elements and relations between
them. We characterize the ordered semirings using ideal elements.

DEFINITION 3.1. An element a of an ordered semiring M is called a subsemiring
element if aa < a.

DEFINITION 3.2. An element a of an ordered semiring M is called a left(right)
ideal element of M, if za < a(ax < a), for all z € M.

DEFINITION 3.3. An element of an ordered semiring M is called an ideal ele-
ment of M, if it is both a left ideal element and a right ideal element of M.

DEFINITION 3.4. Let M be an ordered semiring. An element a of M is said to
be bi-ideal element of M if aa < a, axa < a, for all x € M.

DEFINITION 3.5. An element a of an ordered semiring M is called a quasi ideal
element of M, if aa < a, there exist elements x,y € M, such that za = ay < a.

DEFINITION 3.6. Let M be an ordered semiring. An element a of M is said
to be quasi interior ideal element of M if aa < a, axay < a and zaya < a, for all
z,y € M.

DEFINITION 3.7. A bi-ideal element b is said to be minimal if for every bi-ideal
element a of an ordered semiring M, a < b= a =0b.

DEFINITION 3.8. Let M be an ordered semiring. An element a of M is said to
be interior ideal element if aa < a, ray < a, for all z,y € M.

DEFINITION 3.9. An element a of an ordered semiring M is called a left(right)
weak interior ideal of M if aa < a, zaa < a(aaz < a), for all z € M.

DEFINITION 3.10. An element of an ordered semiring M is called a weak interior
ideal element if aa < a, aax < a and zaa < a, for all x € M.

DEFINITION 3.11. An element a of an ordered semiring M is called a regular
if there exists element & € M, such that a < aza.
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THEOREM 3.1. If a is an ideal element of an ordered semiring M, then a is an
interior ideal element of M.

PROOF. Suppose a is an ideal element of the semiring M.
Then ax < a and ya < a, for all x,y € M.
That implies zay < za < a and hence a is an interior ideal element of M. O

THEOREM 3.2. If a is a left ideal element of an ordered semiring M, then a is
a quasi ideal element of M.

PROOF. Suppose that a is a left ideal element of M.
Then za < a, for all €, z € M.
Let =,y € M, such that za = ay.
Then za < a, Therefore za = ay < a. O

THEOREM 3.3. If a is is a quasi ideal element of an ordered semiring M, then
a 1s a bi- ideal element of M.

PROOF. Suppose that a is a quasi ideal element of M.Then there exist elements
x,y € M, such that xa = ay < a. Then ay < a, and aya < aa < a,
That implies aya < a. Hence a is a bi- ideal element of M. O

THEOREM 3.4. If a is an ideal element of an ordered semiring M, then a is a
bi- ideal element of M.

PROOF. Suppose that a is an ideal element of M.
Then ax < a, and za < a, for all x € M.
That implies aza < za < a. Hence a is a bi- ideal element of M. O

THEOREM 3.5. Ifa and b are minimal left ideal elements of an ordered semiring
M, then ab is a minimal left ideal element of an ordered semiring M.

PROOF. Suppose a and b are minimal left ideals of the ordered semiring M.
Then za < a and zb < b,for al x € M.
That implies xab < ab, for all x € M.
Therefore ab is the left ideal element of M.
Suppose c is any left ideal element of M and ¢ < ab.
Thenec<ab<a
Therefore ab = c.
Hence ab is a minimal left ideal of the ordered semiring M. O

THEOREM 3.6. Let M be an ordered semiring M. If a is a maximal element of
M then a is an ideal element of M.

PROOF. Suppose a is a maximal element of the orderedsemiring M.
Then ax < a and za < a, for all x € M.
Therefore a is an ideal element of M. O

THEOREM 3.7. If a is a minimal element of an ordered semiring M, then a is
a not an ideal element of M.



492 M. MURALI KRISHNA RAO

PROOF. Suppose a is a minimal element of M.
Then a < z, for all x € M.
Therefore a < azx, for all x € M.Hence the theorem. O

THEOREM 3.8. If a is an interior ideal element and idempotent element of
ordered semiring M, then a is an ideal element of M.

PROOF. Suppose a is an interior ideal element and a is an —idempotent of the
ordered semiring M.
Then zay < a, for all and =,y € M.
That implies zaa < a and hence xa < a, for all x € M.
Similarly we can prove that ax < a.
Hence a is an ideal element of M. O

THEOREM 3.9. Let a be a reqular element of an ordered semiring M. Then a
is an interior ideal element if and only if a is an ideal element of M.

PROOF. Assume that a be an interior ideal element of M.
Then zay < a, for all z,y € M.
We have that a < aza, for some x € M.
Then ar < arazr < a, by the definition of interior ideal element of M.
Similarly we can prove that za < a.
Hence a is an ideal element of M. Conversely, assume that a is an ideal element of
M.
Suppose y,z € M.
Then yaz < az < a. Hence a is an interior ideal element of the ordered semiring
M. O

THEOREM 3.10. Let M be an ordered regular semiring. If a is a bi-ideal element
of M and a commutes with every element of M then a is an ideal element.

PROOF. Let M be an ordered semiring, a be a bi-ideal element of M and a
commutes with every element of M.
Then a < azxa, for some x € M.
That implies a < aza < a.
Therefore axa = a.
Suppose y € M.
Then ay = axay = axya < a, for all y € M.
Hence a is an ideal element of M. O

THEOREM 3.11. FEwery interior ideal element of an ordered semiring M is a
quasi interior ideal element.

PROOF. Suppose a is an interior ideal element of M.
Then zay < a, for z,y € M.
That implies azxya < a and zaaa < a.
Hence every interior ideal element is a quasi interior ideal element. O

THEOREM 3.12. FEwery left ideal element of an ordered semiring M is a left
quasi interior element of M.
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PROOF. Suppose z is a left ideal element of M.
Then za < a, for x € M. That implies zyya < a.
Hence a is left quasi ideal element of M. O

THEOREM 3.13. If a is a quasi interior ideal element of a regular ordered semir-
ing M then a is an ideal element of M.

PROOF. Suppose a is a quasi interior ideal element of M.
Then azay < a, zaya < a, for all x,y € M and a < aba, for some b € M.
Suppose z € M.
Then ax < abaxr < a and za < xaba < a.
Hence a is an ideal element of M. O

THEOREM 3.14. FEwvery interior ideal element of an ordered semiring M is a
quasi interior ideal element.

PROOF. Suppose a is an interior ideal element of M.
Then zay < a, for all z,y € M
That implies azay < a and zaaa < a.
Hence every interior ideal element is a quasi interior ideal element. O

THEOREM 3.15. FEwvery left ideal element of an ordered semiring M is a left
quast interior element of M.

PROOF. Suppose z is a left ideal element of M.
Then za < a, for all x € M.
That implies zyya < a.
Hence a is left quasi ideal element of M. O

THEOREM 3.16. If a is a quasi interior ideal element of a regular ordered semir-
ing M then a is an ideal element of M.

PROOF. Suppose a is a quasi interior ideal element of M.
Then axay < a, xraya < a, for all z,y € M.
and a < aba, for some b € M. Suppose = € M.
Then ax < abaxr < a and za < xaba < a.
Hence a is an ideal element of M. O

COROLLARY 3.1. Let a be an interior ideal element of an ordered semiring M.
Then a is a weak interior ideal element of M.

THEOREM 3.17. If a is an ideal element of an ordered semiring M then a is a
left weak interior ideal element of M.

PROOF. Suppose a is an ideal element of M.
Then ax < a and za < a, for all x € M.
That implies zaa < aa < a and ax < a.
Therefore aax < aa < a.
Hence ideal element of M is a weak interior ideal element of M. O



494 M. MURALI KRISHNA RAO

THEOREM 3.18. Let M be an ordered semiring. If a is a weak interior ideal
element and idempotent element of M then a is an interior ideal element of M.

PROOF. Let a be an interior ideal and idempotent element of M.
Then aa = a.
Suppose z,y € M.
Now zay = zaaaay < aa = a. O

COROLLARY 3.2. Let a be an interior ideal element of an ordered semiring M.
Then a is a weak interior ideal element of M.

THEOREM 3.19. Let M be a simple ordered semiring. Then every element of
M is an ideal element of M.

PROOF. Let I ={a | ax < a and za < a, for all x € M, }and a,b € I.
Then (a+b)z =ax+bxr <a+band z(a+b) =za+ab<a+d.
Therefore a + b € 1.
For abz = a(bz) < ab and z(ab) = (za)b < ab.
Therefore ab € I. Hence I is a subsemiring of M.
Suppose that z € M, a € I and z < a,
Then yr < ya < a and zy < ay < a. Hence x € .
Therefore I is an ideal of the ordered semiring M. Hence I = M. O

THEOREM 3.20. Let M be a left (right) simple ordered semiring. Then every
element of M is a left (right) ideal element of M.

THEOREM 3.21. If a is an ideal element of an ordered semiring M, then a is
a bi-ideal element of M.

PROOF. Suppose a is an ideal element of M.
Then ax < a and za < a, for all x € M.
That implies zay < za < a and hence a is an interior ideal element of M. O

THEOREM 3.22. If a is an interior ideal element of an ordered semiring M,
then a is an ideal element of M.

PROOF. Suppose a is an interior ideal element and a is an idempotent.
Then zay < a, and x,y € M.
That implies zaa < a and hence xa < a, for all x € M.
Similarly we can prove that ax < a.
Hence a is an ideal element of M. O

4. Conclusion

In this paper, we studied the structures of some ordered semirings with the
generalization of ideal elements.The ideal elements play an important and necessary
role in studying the structure of ordered semirings. We introduced the notion of
ideal elements, interior ideal elements, quasi ideal elements, bi-ideal elements, bi-
interior ideal elements, quasi interior ideal elements and weak interior ideal elements
of ordered semirings. We studied the properties of ideal elements and relations
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between them. We characterize the ordered semirings, regular ordered semirings
and simple ordered semirings using ideal elements.
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