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DOUBLE DOMINATION IN SHADOW GRAPHS

Aysun Aytac and Aysen Mutlu

ABSTRACT. Let G = (V, E) be a graph having vertex set V(G). For S C V(G),
if every vertex is of V(G) is dominated at least twice by the vertices of S, then
the set S is a double dominating set of G. The double domination number,
denoted by v44(G), is the minimum cardinality among all double dominating
sets of G. In this work, we discuss the double domination of shadow graphs of
some graphs such as cycle, path, star, complete bipartite and wheel graphs.

1. Introduction

Graph theory is one of the most evolving branches of modern mathematics and
computer applications. The development of graph theory has been witnessed in the
last 30 years, as graph theory can be applied to many problems such as discrete
optimization problems, combinatorial problems, and classical algebraic problems.
Graph domination has been an extensively researched branch of graph theory. Dom-
ination theory which has a very wide range of applications in many fields such as
engineering, physical, social and biological sciences, linguistics, etc., has recently
been the core of research activities in graph theory.

The domination set problem requires determining the domination number of
a given graph. In addition, many facilities have natural applications in location
problems. In such problems, the vertices of a graph correspond to locations and
adjacency represents some concept of accessibility. The aim is to determine the
places where the fire stations, bus stops, post offices or similar facilities will be
established and which can be reached from other places with optimum ease. There
are also domination set applications in coding theory and social networks.
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One of the reason why domination parameters is so popular is that it is suitable
for the formation of new parameters that can be developed from simple definitions.
Also, its close relationship with NP-complete other fundamental domination prob-
lems and other NP-complete problems has contributed to the growth of research
activity in domination theory [1, 2, 6, 11].

A set D C V(G) of vertices in a graph G is a dominating set of G if every vertex
in V(G)\D is adjacent to some vertex in D and the domination number v(G) is
the minimum order of a dominating set of G. Equivalently, D is a dominating set
of G if for every vertex v € V, [N[v] N D| > 1. The domination number v(G) is the
minimum cardinality of a dominating set [10].

Let Sbe a subset of vertices in G. If every vertex in V(G) — S has at least two
neighbors in the set S and every vertex in .S has a neighbor in the set .S, then the set
S is called a double dominating set, abbreviated DDS. This requires [N[v]NS| > 2
for each v € V(G).The minimal cardinality of a double dominating set of G is the
double domination number v4q(G). A 7v4q(G)-set is a G double dominating set
with minimum cardinality. Harary and Haynes [9] presented double domination,
which was later investigated in [3, 4, 8, 13]. The double domination number
can be defined for any graph that does not contain isolated vertex. Let illustrates
application of the double domination parameter by a prisoners-guard example. In
this example the meaning of domination is that each prisoner can be seen by some
guards. Here, double domination increases security by requiring each prisoner to
be protected by two or more guards.

Let G be a graph having vertex set V(G) and edge set F(G). For two vertices
uw and v if there is an edge joining them, then they are adjacent (or neighbors). The
distance dg(u,v) between u and v is the length of the shortest path joining them
in G. The greatest distance between any pair of vertices of G is the diameter of G
and denoted by diam(G) [14].

The shadow graph of G, denoted by Dy(G) is the graph constructed from G
by taking two copies of G namely G itself and G’ and by joining each vertex u in
G to the neighbors of the corresponding vertex v’ in G’ [7].

The purpose of this research is to demonstrate what the double domination
number in shadow network topologies is. The theoretical background and literature
overview on the double domination number is presented in Section 2. Main results
for the double domination number shadow networks are provided and discussed in
Section 3.

2. Known results
THEOREM 2.1. [5] If G is a graph without isolated peaks, then 2 < v44(G) < n.

THEOREM 2.2. [5] For any graph G without isolated vertices, v(G) < v4a(G) —

THEOREM 2.3. [3, 5, 9]

a) Forn =2, v4a (Pp)
(C

[ 2252
b) Forn >3, viqa (Cr) n

5]
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c) Form>1, v4q (K1,m) =m+ 1.

THEOREM 2.4. [5] For a graph G, vaa(G) < | 2] +~(G) — 1 with §(G) > 2and
n # 3,5.

OBSERVATION 2.1. [4] Fach DD — setof any graph contains all leaves and
support vertices.

3. Shadow graph D»(G)

The double domination number of shadow graphs of several specific graphs,
such as cycle, path, star, complete bipartite, and wheel graphs, is determined in this
section. Throughout the paper, we will label vertices of Dy(G) for G # W1, K,
as the vertices in the first copy of G by 1,2,...,n and the vertices in the second
copy of G by n+ 1, n+2,...,2n starting from the left.

THEOREM 3.1. If Dy (P,) is a shadow graph of a path with n > 3, then

Yaa (D2 (Py)) = { rﬂ +1, ifn=12(mod7)

[

7”} , otherwise.

PROOF. We first establish the upper bound for v4q (D2 (P,)). Let

S1={(7i+2),(Ti+3) | 0<i< {n;ﬂ—l}u{ﬁ'%l 0<i< [n;ﬂ_l}

and Let S = S; U S,. Furthermore, |S| = 3 [21] + [228] + 2[2A4]. If n =
i(mod7) for each i € {0,3,6}, then D = 5. If n = 1(mod7), then D = SU{(n —
1), (2n — 1)}. If n = 2(mod7), then the {(n + 1)} vertex is in the set S. However,
since there is (n+1) ¢ V (D2 (P,)), this vertex should be removed from the set S.
Thus, we get D = (S—(n+1))U{(n—1)}. If n = 4( mod 7), then D = SU{(2n—1)}.
If n = 5(mod7), then the {(2n + 1)} vertex is in the set S. However, since there is
(2n+1) ¢ V (D2 (P,)), this vertex should be removed from the set S. Thus, we get
D={S—((2n+1),2n))}U{(n—1),(2n—1)}. In all cases of n based on mod 7 ,
the set D is a DD-set of Dy (P,). Thus, if n = 1,2(mod 7), then |[D| = [%2]+1 and
for other cases |D| = [%2]. Hence, vqa (D2 (P,)) < [%2] +1]if n =1, 2 (mod 7),

and the otherwise, yaq (D2 (P,)) < [%2].

Let us prove the reverse inequality. Assume that T' = {v1,v2,...,v;,...,0;,..., 0}
is a yga-set of Dy (P,) with v1 < vy < ... < v; < ... < VU < Vg1 < ... <
v; < ... < vy, where v; and v; are any positive integers such that 1 < v; < n for

ie{l,2,...,m}andn+1 <v; < 2nforj e {m+1,m+2,...,t}. Let fo = vyi3—0,
for x € {1,2,...,t — 3} with & # m, (m — 1), (m — 2). We must prove f, < 7 for
each z € {1,2,...,t — 3} provided that  # m, (m — 1), (m — 2). Let us suppose
that f, > 8 for every . We claim that f, = 8 for some z € {1,2,...,t — 3} with
x #m,(m—1),(m —2). In accordance with this claim, we construct the set
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[2=2]-1 [275]-1
Sr={2}u U @i+6)pu U  (7i+9),(7i+10)

1=0 i=0

Let T'= S; US5. It is easy to see that the value of n in all its cases is the same as
the set discussed above. So T = D is obtained. So lets assume that there is f, > 9
for at least one z. Let fi =9 be in order not to disturb the generality.
[=2]-1 [=2]-1
A={2}U U ((7i+6) U U A{(ri+10),(7i+11)}
i=0 i=0

[2]-1

B= U {(n+7+2),(n+T7i+3)}
i=0
[#2]-1
U U {(n+7i+5),(n+7i+6),(n+7i+7)}
i=0
This contradicts the upper bounds we have established on v44 (D2 (P,,)) earlier.
So, it should be f, < 8. However, this condition is only possible when there is
exactly one value of x, and we have proven that this value is the same as if there
is fp < 7 for every value of z. Therefore, f, < 7 for all z € {1,2,...,t — 3} with

m—3 t—3

x # m,(m—1),(m —2). Thus, it is clear that >, f., + > fa, < 7(t —6).
x1=1 ro=m-+1

Since v1 = 2,v3 = 3,v3 = 6,11 =N+ 2,Up12 =N+ 5 and vz = n + 6, we

m—3 t—3
Yo fo Y fry = Um FUmo1 T Umo2 F v+ U1 F v — (304 24).
xr1=1 ro=m-+1
e n=0(mod7)
Vp=n—1Lvp_1=n—4,v, os=n—5,vy; =2n—1,v,_1 = 2n — 2 and

m—3 t—3
ve = 2n — 5 . Thus, we get 6n —42 = > fo, + > fa, < 7(t —6).

x1=1 ro=m-+1

This yields [T| = ¢ > [%].

e n=1(mod7)
UV =n—1LUpm_1=n—2,0p_o=n—5,v; =2n—1,v;,_1 = 2n — 2 and

m—3 t—3
vy =2n —3 . Thus, we get 6n —38 = > fo, + > fu, < 7(t—6).

x1=1 xro=m-+1

This yields |T] = ¢ > [9%4] = [62] 4 1.
e n=2(mod7)
U =N, U1 = N—1,0m_9 =n—3,v; = 2n,vs_1 = 2n—3 and vy = 2n—A4.

m—3 t—3
Thus, we get 6n —35 = > for + Y. fz, < 7(t —6). This yields

r1=1 ro=m-+1
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)=t > [#] = [F]+1.
e n=3(mod7)
U = MyUm_1 =N — Loy, o =n—4,v =2n—1,v,_1 = 2n — 4 and
m—3 t—3
vy = 2n — 5. Thus, we get 6n —39 = > fo, + > fa, < 7(t —6).
xr1=1 xro=m-+1
This yields [T| =¢ > [9%3] = [%2].
e n=4(mod7)
UV =n—1LUpm_1=n—2,0p_o=n—5,v; =2n—1,v;,_1 = 2n — 2 and
m—3 t—3
ve = 2n — 5. Thus, we get 6n —40 = > fo, + > fa, < 7(t —6).

r1=1 xo=m-+1

This yields |T| =t > [%£2] = [92].

e n=>5(mod7)
Um=n—1Lvu, 1=n—2,0, o=n—30, =2n—1,v1,_1 =2n — 3 and

m—3 t—3
vy = 2n — 6. Thus, we get 6n —40 = > fo, + >, fuo, < 7(t—6).
r1=1 ro=m-+1

This yields |T| = ¢ > [2&E2] = [S2].
o n=6(bmodT)
Um = Ny Um—1 = N—3,Um—2 = n—4,v; = 2n,v;1 = 2n—1 and v; = 2n—4.
m—3 t—3
Thus, we get 6n — 36 = > fo, + . fo, < 7(t —6). This yields

xr1=1 ro=m-+1

IT| =t > [822] = [%].

The proof is completed by combining the lower and upper bounds for v44(D2(Py,))-
O

For the cycle graph C,,, the value of 44 (D2 (C,,)) is equal to the v4q (D2 (Py))
value of the path graph P,. So the proof is similar to the proof of Theorem 3.1.
Therefore, the proof has been removed from the article.

COROLLARY 3.1. If D5 (C),) is a shadow graph of a cycle with n > 3, then
Yad (D2 (Cn)) = Yaa (D2 (Pn))-

THEOREM 3.2. If G = S, be a star graph with (n+1)vertices, then the double
domination number of the star graph vq4(D2(G)) = 3.

PROOF. Lets label the set of vertices of the D(G) graph as the union of two
sets V(Do (G)) = VUV, where V =V (G) = {v1,v9,..,v,} and V' = V' (G) =
{v;,vé, ...,v;l}. Let v; be the central vertex of the graph G. Furthermore, let
the set D be the yqq — set of the graph D, (G). Since there are Np,(g) (v1) =

vu (v ={ui}) = v (@) — {u1} and Ny (v) =V UV = {u}) =
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V(D2 (G)) = {v1}, degp, () (v1) = degp, () (v/l) = 2n — 2. This requires vy, v; €
D. So, every vertex in the V (D5 (G)) — {vl, U/l} set are double dominated by D.

Since the vertex v; is not adjacent to the vertex vll, in order to give double
domination to the vertices in D we need to add any vertex that is adjacent to both
vertices to D. Without loss of generality, lets assume that this vertex is vo. Hence,
we have D = {1}1,’0/1,’1)2}.

In this case, with the set D, every vertex of the graph Ds (G)are double-
dominated. As a result, the double domination number of the graph Dy(G) is
Yad (D2 (G)) = |D| = 3.

Hence, the proof of the theorem holds. O

THEOREM 3.3. IfG =2 W, be a wheel graph with n vertices, then the domination
number of the wheel graph v(D2(G)) = 2.

PROOF. Let the vertices of the graph G be V (G) = {v1,vs,...,v, tand the
vertex v; the central vertex. Since the vertex v is adjacent to all the vertices
except the vertex v}, which is its copy in Ds (G), degp, () (v1) =2 (n —1). If the
set S is the v4q — set of the graph D (G), then the vertex vy (or its copy vertex
v}) must be added to the S set.

Assume that v; € S. In this case, every vertex of Dy (G) are dominated with
S except for the vertex v/l. In order to dominate the vertex v/17 we need to add

any vertex in the setNp,q) [v;} to S. Thus, we get |S| = 2. As a result, the

domination number of the graph Dy(G) is v (D2 (G)) = |S| = 2.
Hence, the proof of the theorem holds. O

THEOREM 3.4. If G =2 W, be a wheel graph with n vertices, then the double
domination number of the wheel graph vq44(D2(G)) = 3.

PROOF. From Theorem 2.2 , it is known that v4q (G) > v (G) + 1. Let the set
of vertices of Dy (G) be divided into two sets of V (D (G)) = V (G)UV' (G), where

V(G) = {v1, v, ..., v} and V' (G) = {vll,vlz, ...,U;L}. The vertex v1is the central

vertex of the first copy of the graph Ds (G), while the vertex vll is the central vertex
of the second copy of the graph.

From Theorem 3.3 and Theorem 2.2, we get 44 (D2 (G)) = 3. To prove the
inverse of the inequality, lets assume S = 1)17’0/1,1)2}. Thus, every vertex of the
graph D5 (G) are double dominated by the set S. In this case, the set S is a
vaa — set of Dy (G). Thus, we get vq4a (D2 (G)) < 3. As a result, the double
domination number of the graph Ds(G), vaq (D2 (G)) = 3, is obtained from the
lower and upper limits.

Hence, the proof of the theorem holds. O

THEOREM 3.5. If G = K, ,, be a bipartite complete graph with (m+n)—vertices,
then the domination number of the bipartite complete graph v(D2(G)) = 2.
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PRrROOF. It is known that v (G) = 2 [12]. Let the v — set giving this value beS.
It is easy to see that the set Sis also a y4q — set of the graph Dy (G). Thus, we
have v (D2 (G)) = 2.

Hence, the proof of the theorem holds. O

THEOREM 3.6. IfG = K, ,, be a bipartite complete graph with (m-n)—vertices,
then the double domination number of the bipartite complete graph v44(D2(G)) = 4.

PROOF. Let the set of vertices of G be divided into two sets of V (G) = V3 U Vs,
where V7 = {v1,va, ..., v } and Vo = {ug,ug, ..., u, }. In this case, the set of vertices
of the graph D5 (G) is V (D3 (G)) = ViUVaUV, UV,. Let the set D be the yqq— set
of the graph D5 (G).

From Theorem 3.5 and Theorem 2.2 we get v4q (D2 (G)) > 3. Assume that
vdd (D2 (G)) = 3. In order to be able to double dominated each vertex in the set
Vi, there must be two vertices in D. Both of these vertices can be in V5 or VQI,
or one at V5 and one at V,. Thus, double dominate of every vertex in V; and
Vll is provided by the set D. One vertex is not enough to double dominated the
remaining vertices in V5 and VQ/ . This requires v4q4 (D2 (G)) = |D| = 4 for the
graph Ds (G).

Now, lets prove the inverse of the inequality. Let the set S be the 44— set of the
graph Ds (G). Assume that S = {v;,v;, ux,us} , where v;,v; € Vq and ug, us € Va.
Thus, double domination of every vertex in the graph D (G)is provided by S.
Thus, we get vqq (D2 (G)) = |S| < 4. As a result, the double domination number
of the graph D5(G), viqa (D2 (G)) = 4, is obtained from the lower and upper limits.
Hence, the proof of the theorem holds. [l

References

[1] V. Aytag and T. Turaci, On the exponential bondage number of a graph, Rom. J. Math.
Comput. Sci. 8 no. 2 (2018) 92-101.

[2] A. Aytag and T. Turaci, On the Domination, Strong and Weak Domination in Transformation
Graph. Util. Math. 113 (2019) 181-190.

[3] M. Blidia, M. Chellali, T.W. Haynes and M.A. Henning, Independent and double domination
in trees, Util. Math. 70 (2006) 159-173.

[4] M. Chellali, A note on the double domination number in trees, AKCE Int. J. Graphs Comb.
3 (2) (2006) 147-150.

[5] X. Chen and L. Sun, Some new results on double domination in graphs, J. Math. Res. Ezpo.
25 3 (2005) 451-456

[6] C. Cift¢i and V. Aytag, Disjunctive total domination subdivision number of graphs, Fundam.
Inform., 174 no. 1 (2020) 15-26.

[7] J. A. Gallian, A dynamic survey of graph labeling. Electron. J. Combin. 17 (2014) 60-62.

[8] J. Harant and M.A. Henning, On double domination in graphs. Discuss. Math. Graph Theory
25 (2005) 29-34.

[9] F. Harary, and T.W. Haynes, Double domination in graphs. Ars Combin. 55, (2000) 201-213.

[10] T.W. Haynes, S.T. Hedetniemi, and P.J. Slater, Fundamentals of Domination in Graphs,
Marcell Dekker Inc., New York, 1998.

[11] Z. Kartal, A. Aytag, Semitotal Domination of Harary Graphs, Thil. Math. J. 13 No. 3 (2020)
11-17.

[12] B. Nicolas, and W.E. Eric, Domination Number, available at
https://mathworld.wolfram.com/DominationNumber.html



352 AYTAC AND MUTLU

[13] C. Sivagnanam, Double domination number and connectivity of graphs, Int. J. Digit. Inf.
Wirel. Commun. 2 (1) (2012) 40-45.
[14] D.B. West, Introduction to Graph Theory, 2nd ed., Prentice-Hall Inc., 2001.

Received by editors 29.3.2022; Revised version 31.5.2022; Available online 6.6.2022.

AvsuN AYTAC, DEPARTMENT OF MATHEMATICS, FACULTY OF SCIENCE, EGE UNIVERSITY,
35100 1zMIR, TURKEY
Email address: aysun.aytac@ege.edu.tr

AYSEN MUTLU, DEPARTMENT OF MATHEMATICS, FACULTY OF SCIENCE, EGE UNIVERSITY,
35100 IzMIR, TURKEY
Email address: ayshhen.mutlu@gmail.com



