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BI-IDEALS OF I'~-NEARNESS SEMIRINGS

Ozlem Tekin and Mohammed Munir

ABSTRACT. As a generalization of the concept of a quasi-ideal, bi-ideal is de-
fined. In this article, we define bi-ideals in gamma semirings on weak nearness
approximation spaces and explain some of the properties and definitions. By
these properties, further studies of nearness semirings will be more progressive.

1. Introduction

Nobusawa [10] and Barnes [1] gave the definition of T'-rings and studied some
properties and related definitions in different concepts. As a generalization of a
ring , the concept of a semiring was introduced and studied in detail by Vandiver
[26]. Afterwards, Rao introduced I'-semirings in [7],[8] as a generalization of I'-
ring and semiring. Ideals in semirings were studied by Iseki in [4]. Lajos and Szasz
introduced theory of bi ideals in rings and semirings [9]. Dutta and Sardar in [2]
gave properties of prime and semiprime ideals in I'-semirings. Also, Jagatap and
Pawar discussed quasi ideals and bi-ideals in I'-semirings [5, 6].

In 2002, Peters gave the definition of near sets that is a generalization of rough
sets [22]. In the near set theory, Peters defined an indiscernibility relation by
using the features of the objects to investigate the nearness of the objects [23]. In
addition to this, he generalized approach theory of the nearness of non-empty sets
resembling each other [24, 25].

Inan and Oztiirk gave the definition of nearness groups and nearness ring by
using nearness sets in 2012 [3, 17]. After that, Oztiirk et al. defined some other
nearness algebraic structures such as nearness semirings [15], prime ideals in near-
ness semirings [21], I'-nearness semiring in the sense of Barnes theory [16] and

2010 Mathematics Subject Classification. Primary 03E99; Secondary 03E75, 16Y60.

Key words and phrases. Near sets, Semirings, Nearness approximation spaces, Weak nearness
approximation spaces, Gamma nearness semirings, Quasi-nearness ideals, Bi-nearness ideals.

Communicated by Dusko Bogdanic.

329



330 TEKIN AND MUNIR

Nobusawa I'-nearness semirings in [20] and I'-nearness hemiring [19] and Nobusawa
I-nearness hemirings in [14]. Besides this, Tekin defined quasi nearness ideals and
bi-nearness ideals in semirings [13, 12] and also quasi-ideals of I'-nearness semirings
[11].

In this article, bi-ideals of I" nearness semirings are defined and some of the
concepts and definitions on weak nearness approximation spaces are explained.
Then, we study some basic properties of bi-ideals of a I nearness semirings.

2. Preliminaries

An object description is specified by means of a tuple of function values ®(z)
deal with an object x € X. B C F is a set of probe functions and these functions
stand for features of sample objects X C O. Let ¢; € B, that is ¢; : O — R.
The functions showing object features supply a basis for ® : O — RY ®(x) =
(p1(x), p2(x), ..., or(x)) a vector consisting of measurements deal with each func-
tional value p;(z), where the description length | ® |= L ([23]).

The selection of functions ¢; € B is very fundamental by using to determine
sample objects. X C O are near each other if and only if the sample objects have
similar characterization. Each ¢ shows a descriptive pattern of an object. Hence,
Ay, means Ay, =| ¢;(2) — pi(z) |, where 2,2 € O. The difference ¢ means to a
description of the indiscernibility relation “ ~p ” defined by Peters in [23]. B, is
probe functions in B for r < |B|.

DEFINITION 2.1. [23] Indiscernibility relation on O is found
~p={(z,2) e OxO| A, =0V, €« BB C F}

where description length ¢ <| ® |. ~p, is also indiscernibility relation determined
by utilizing B,.

Near equivalence class is defined as

[m]BT ={reO|z~p, «}.
Quotient set is given as
0/ ~p.={lz]p, | v € O} = Lo B,
From here, set of partitions are written as N, (B) = {{o.s, | B C B}. Upper
approximation set N, (B)" X = U [z] 5, can be attained with the help of
[x] g, NX#2

near equivalence classes [23].

DEFINITION 2.2. [18] Let O be a set of sample objects, F a set of the probe

functions, ~p, an indiscernibility relation, and NN, a collection of partitions. Then,
(O, F,~p,,N.(B)) is called a weak nearness approximation space.

THEOREM 2.1. [18] Let (O, F,~p,, N, (B)) be a weak nearness approximation
space and X,Y C O. Then the following statements hold:

i) X C N, (B)" X,

ii) N, (B)*(XUY)=N,(B)"XUN, (B)"Y,



BI-IDEALS OF I'-NEARNESS SEMIRINGS 331

iii) X C Y implies N, (B)* X C N, (B)"Y,
) N, (B)* (XNY)C N, (B)"XNN, (B)"Y.

DEFINITION 2.3. [16] Let S = {z,y,2,...} € O, and I' = {o,8,7,...} C
O where (O, F,~p,.,N,(B)) and (O, F,~p,, N.(B)) are two different weak near
approximation spaces. S is called a I-semiring on @ — @ denote by (S, +,) if the
following properties are hold:

NGSRy) (S,4) is an abelian monoid on O with identity element Og,

NGSRy) (T, +) is an abelian monoid on O with identity element Or,

NGSRs) (S,-) is an T monoid on O — O with identity element 1g,

NGSRy) For all z,y,z € S, and v, 8 € T" such that

i) 2y (y +2) = (z7y) + (272)
i) (8 +7)z = (z62) + (z72),
i) (x +y)yz = xyz + yy2.

hold in N, (B)* S,
NGSRs) For all z € S, and v € T" such that

Osyr =05 = 705

hold in N, (B)* S,
NGSRg) 15 # 0s.

Let S be a I'-semiring on weak nearness approximation spaces @ — O. If
O = O, then S is a I'-semiring on weak nearness approximation spaces O.

LEMMA 2.1. [16] Let S be a T'-nearness semiring. The following properties
hold:

i) If X,Y C S, then (N, (B)" X) + (N, (B)"Y)C N, (B)" (X +Y),

ii) If X,Y C S, then (N, (B)" X)I'(N,.(B)"Y) C N, (B)" (XTY).

DEFINITION 2.4. [16] Let S be a I'-nearness semiring and A be a non-empty
subsets of S. Then

i) A is called a sub I'-semiring of S if A+A C N, (B)" Aand ATAC N,.(B)* A

ii) A is called an upper-near sub I'-semiring of H if (N, (B)" A)+(N, (B)” A)
N, (B)® A and (N, (B)” A)'(N, (B)® A) C N, (B)” A.

DEFINITION 2.5. [16] Let S be a I'-nearness semiring and A be a sub I'-
semigroup of S.

i) A is called a right (left) I-ideal of S if AT'S C N,.(B)* A (STA C N,.(B)" A).

ii) A is called an upper-near right (left) I-ideal of S if (N, (B)" A)T'S C
N, (B)” A (ST(N, (B)" 4) C N, (B)" A).

DEFINITION 2.6. [16] Let S be a I'-nearness semiring. For nonempty subsets
A, Bof S, ATB={> aab;:a;, €A and b, € BjaeT}.
finite
DEFINITION 2.7. [12] Let S be a nearness semiring and A be a subsemigroup
of S, where A C S.
(i)A is called bi-nearness ideal of S if ASA C N, (B)" A.
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(ii) A is called a bi upper-near ideal of S if (N,. (B)* A)S(N, (B)" A) C N,.(B)* A.

LEMMA 2.2. [13] Let S be a nearness semiring. If S is commutative, then each
quasi-nearness ideal of S is two-sided ideal of S.

DEFINITION 2.8. [11] Let S be a I-nearness semiring and @ be a I'-subsemigorup
of S, where Q # S.

i) Q is called quasi I'-ideal of S if Q'S N STQ C N, (B)" Q.

ii) Q is called a quasi upper-near I'-ideal of S if (N, (B)" Q)I'SNST(N,. (B)" Q) C
N, (B)" Q.

LEMMA 2.3. [11] Let S be a T'-nearness semiring. If S is commutative, then
each quasi I'-ideal of S is two-sided T'-ideal of S.

3. Bi-ideals of gamma nearness semirings

DEFINITION 3.1. Let M be a nearness semiring and A be a subsemigroup of
M, where A C M.

(i)A is called bi-nearness ideal of M if ATMTA C N, (B)" A.

(ii)A is called a bi upper-near ideal of M if (N, (B)* A)TMT(N, (B)" A) C
N, (B)* A.

ExXAMPLE 3.1. Let O = {p,q,r,s,t,u,v,w,m,y, z} be a set of sample objects
where

_'000'_01o'r_0018_100
P=loo o o1 o]"""looo|"" " |[100]
oo}l _foo1] _[ooo] ~_[000
“loo o Tloo 1" o1o]"T 10 0]
1t 1o0] _[roo0o]_ _[oo0oO
"Zlooo|YTlooo]"T]lo 01

for universal set U = { [ayj],,5 | aij € Za}.
Furthermore, O = {0, a, 3,7, it,1, v, 0} be a set of sample objects where

b=

n= U=

ook OO0 O
oo o~ O
_ oo oo~
CoCo oo
O == o O
— O oo o
SO0 or o

1
SO O O oo

for universal set U = { [aij]?w? ‘ A5 € ZQ},’/‘ =1, B= {X1,X2,X3} C F be a set of
probe functions and M = {t,m,y} C O,T = {u,v} C O.



BI-IDEALS OF I'-NEARNESS SEMIRINGS 333

Values of the probe functions for M:

X1t O — Vl = {71772573774775}7
x2 O = Va={y2,73,7,7},
x3: 0 = Va={v1,72,73,7}

are presented in the following table:

‘ p q T S t u v w m Yy =z
Xt |7 72 73 Y2 Y4 Y4 5 V5 1 5 V4
X2 |72 Y3 3 Y4 Y2 Y4 Y2 Y2 V5 Y3 03
X3 |7 Y2 71 7 Y3 Y2 Y4 Y4 V3 V3 72

Also, values of the probe functions for I':

X1:0 = Vi ={v1,7%,73,7},
X2 0 — ‘/2 = {'Yla’727’73}a
X3 : 0 = Va3 ={v2,73,7}

are given in the following table:

‘ 0 o B v p n v o
X1 |71 Y2 Y3 Y1 Y4 Y4 M1 2
X2 |71 72 71 Y2 Y3 Y3 Y3 0N
X3 |72 3 3 Y2 Y2 Y4 Y4 73

It can be found the near equivalence classes according to the indiscernibility relation
~p, of elements in O and O :

pl,, ={z € O xi(z) =xa(p) =n} = {p,m}
= [m]Xl’

[dl,, ={z € O xi(z) =x1(a) =12} = {g, s}
=[sl,,>

[rly, ={z € Olxi(z) =xa(r) =} ={r}

t,, ={z €Ol xi(z) =x1(t) =11} = {t, u, 2}
= [u]X1 = [Z]X1 ’

], ={z € O xi(z) =x1(v) = v} = {v,w,y}
= [w],, = [yl,, -

Then, we get £, = {[p}X1 ddl, I, I T }
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], ={z € O x1(2) = x2(p) =72} = {p. t,v,w,y}
= [t],, = V], = wl,, = W],

ld],, = {7 € O [ xa2(z) = x2(q) = 13} = {q, 7. 2}
=[r],, =2,

[s],, = {7 € O | x2(2) = x2(s5) = 74} = {s,u}
= [u],,

[mly, = {z € O] xa(x) = xa(m) = 75} = {m}.

Then, we get &, = {[p}xz ) [Q]XZ ) [S]m ) [m]xz }

pl,, ={z € Ofxs(z) =x3(p) =n}={p,7 s}
= [rly, = [sly, ;

[dly, = {2z € Ol xs(@) =x3(q) =72} ={q,u, 2}
= [u]Xx = [Z]Xe, ’

[t],, = {z € O] xs(z) = x3(t) =13} = {t,m,y}
= [m],, = W],

[vly, = {z € O xs(z) = x3(v) = 1} = {v,w}

Then, we get €, = {7l 4l >l - [0, |-
Therefore, for r = 1, a set of partitions of O is N1 (B) = {&y,, &, &y, - Then,
we can write

Ni(B)"M = U,
[w]xi N M#2

= [p]Xl U m)ﬂ U [U]Xl U [p]xz U [m]X2 U [t]Xs
= {p,t,u,v,w,m,y, z}.

Considering the following table of operation:

+ |t
t|p
m |y
y|m

- |3

Y

m
t

p

In that case, (M,+) is an abelian monoid on O with identity element 0y = p.
Moreover,



BI-IDEALS OF I'-NEARNESS SEMIRINGS 335

0], ={z €0 xi(x) =xa(0) =n}={0,7,v}
=y, =Wy,

[a],, ={z € O | xi(z) = x1(a) =72} = {a, 0}
=[o],,

Bl,, = {z € Ol xi(z) = x1(B) =3} = {B},

]y, ={z € O] xi(z) =x1(p) =11} = {u,n}
= [nl,, -

Then, we get &, = {[9]X1 ol 181, 1, }

0], = {z € O xi(z) = x2(0) =} = {0, 8,0}
= [Bly, = loly,»

[a],, ={z € O] xa(z) = x2(@) =72} = {a,7}
= [, -

1y, = {z € O] xa(x) = x2(p) = v3} = {p,n,v}
= [ly, =Wy, -

Then, we get &, = {["L@ ol Jﬂ]m}-

0], ={r € O x3(x) = x3(0) =12} = {0,7,}
= [y, =Ky, -

{z € 0| x3(z) = x3(a) =13} = {a, 8,0}
=[Bly, = ol

M, ={z € O | xs(x) = x3(n) =74} = {n,v}

= [V]XS .

[a]XS

Then, we get &, = {[6],, o], 1], }-
Therefore, for r = 1, a set of partitions of O'is Ny (B) = {&,,&xs,Exs } - Then,

we can write

M BT Ji

[z]xi N Ir#g
=10],, Ylul,, UK, Vb, v,
={0,7, 1, n,v}.
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Considering the following table of operation:

+ | p v
wle 6
vi|ido 0

Then (I',+) is an abelian monoid on O with identity element Op = 6. Now,
considering the following operations:

I
t

m
Y

In this case, (M,+,-) is a I-semiring on the weak near approximation space on
O -0, ie., (M,+,-) is a [-nearness semiring. Now, we take A = {m,y} C S.

Mm@y a- Jb
[z]xi N A#@
- [p}Xl U [U]Xl U Lp])@ U [x]X*z U [t}X3
={p.,t,m,y,v,w}.

Hence, A is a subsemigorup of M and ATMTA C N, (B)" A. Therefore, A is a
bi-ideal of I'-nearness semiring M.

THEOREM 3.1. Let M be a I'-nearness semiring and A be a non-empty subset
of M. If M is commutative and N, (B)" (N, (B)" A) = N, (B)" A, then each quasi
T'-ideal of M 1is bi I'-ideal of M.

PRrROOF. Let M be a commutative I'-nearness semiring and A be a quasi I'-
ideal of M. Then, ATMTA = (ATMTA) N (ATMTA) = AT(MTA)N (AT M)TA C
MT(MTA) N (ATM)TM C (MTM)TAN AT(MTM). In this case, (MTM)T AN
AT(MTM) C (N, (B)* M)T'(N,. (B)" A) N (N, (B)" A)T(N,. (B)" M) by Theorem
2.1.(i). We have that (N, (B)* M)T'(N,. (B)" A)N (N, (B)" A)T'(N,. (B)* M) C
N, (B)" (MTA)NN, (B)" (AT'M) by Lemma 2.1.(ii). Afterwards, 4 is quasi I-ideal
and each quasi nearness ideal of M is two sided nearness ideal of by Lemma 2.3, and
so N, (B)" (MTA)NN, (B)* (ATM) C N, (B)" (N, (B)" A)NN,. (B)" (N, (B)* A) =
N, (B)" (N, (B)" A) = N, (B)" A from hypothesis. Hence, ATMT'A C N, (B)* A
and A is a bi I'-ideal of M. O

THEOREM 3.2. Let M be a I'-nearness semiring and A be a non-empty subset
of M. Each right or left T'-ideal of M is a bi T'-ideal of S if N, (B)" (N, (B)" A) =
N, (B)" A.

PROOF. Let A be left I-ideal of M. Then, we have that MT'A C N, (B)" A.
Thus ATMTA = AT(MT A) C AT(N,. (B)* A) by hypothesis. In this case,
AL(N, (B)* A) € (N, (B)"A)T (N, (B)" A) C N, (B)" (AT'A) by Lemma 2.1.(i3).
Then, N, (B)" (AT A) C N, (B)" (N, (B)* A) = N, (B)" A by hypothesis. Hence,
we get that ATMTA C N, (B)* A and A is a bi I-ideal of M.
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Similarly, we can easily show in case A is right nearness ideal. O

LEMMA 3.1. Let M be a I'-nearness semiring and A be a non-empty subset of
M. FEvery bi-nearness ideal of M is an bi upper-near ideal of M if
N, (B)" (Nr (B)* A) = N, (B)" A.

PROOF. Let M be a I'-nearness semiring and A is a bi I'-ideal of M.
(N, (B)" A\TMT (N, (B)* A) C (N, (B)" A)T(N, (B)* M)T'(N,. (B)" A) by Theo-
rem 2.1.(4). In this case, we have that ((N, (B)" A)I'(N, (B)" M)) (N, (B)" A) C
N, (B)" (ATMTA) by Lemma2.1.(ii). Since A is a bi I-ideal of M, we see that
N, (B)" (ATMTA) C N, (B)" (NT (B)" A) = N, (B)" A. Therefore,

(N, (B)" A\ATMT (N, (B)* A) C N,.(B)" A and A is a bi upper-near ideal of M. O

COROLLARY 3.1. Let M be a I'-nearness semiring. If M is commutative and
N, (B)" (N, (B)" A) = N, (B)" A, then each quasi nearness ideal is a bi upper-near
ideal.

PRrROOF. The proof is obvious from Theorem 3.1 and Lemma 3.1. (|

THEOREM 3.3. Let M be a I'-nearness semiring. If M is commutative and
N, (B)" (N, (B)" A) = N, (B)" A, then the product of two quasi-nearness ideals of
M is a bi nearness ideal of M.

PROOF. Let A; and As be quasi-nearness ideals of M. We show that
(A1FA2)FMF(A1FA2) g N»,« (B)* (A1FA2) In this case, (AlFAQ)FMF(AlFAQ)
g (AlFAQ)FMF(MFAQ) g (AlpAg)FMF(NT (B)* Ag) from Lemma 2.3. Then we
have that, (A;TA2)I MT(N, (B)* As) C (AN, (B)* A2)TMT(N, (B)" As) from
Theorem 2.1.(¢). From here, 41T (N, (B)" A2)TMT(N, (B)" Az)) € A1T (N, (B)" A2)
since each quasi-nearness ideal is a bi upper-near ideal by Corollary 3.1. Then, we
get that A;T(N,. (B)* As) C (N, (B)* A1)T(N, (B)" A3) by Theorem 2.1.(7). After-
wards, (N, (B)" A1)T'(N, (B)* A2) € N, (B)* (AiT'Ay) by Lemma 2.1.(ii). Hence,
(A1 TAL)TMT (AT Ay) € N, (B)* (A1T'As) and the product of two I'- quasi ideals
of M is a bi I'-ideal of M. O

EXAMPLE 3.2. Let O = {p, q,r,s,t,u,w,y, 2z} be a set of sample objects where

= [8Ja=[3 )= [1] (1]
(8] [8]m(] [2) [

for universal set U = { [aij],,, | aij € Z3}.
Also, O = {0, a, B,7,1,m,v,0} be a set of sample objects where

6=[0 0].a=[1 0],8=[0
u:[O 2]777:[2 0]70

Il
—
(SR
—
I
—
[N}
—_
f—
>
I
—
[a—y
—_
f—
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for universal set U" = { [aj];,o | aij € Zs},r = 1, B = {x1,x2,x3} € F be a
set of probe functions and M = {q,r,s} C O,I' = {n,0} C O. Also, we take
A={q,r}Cc M

Values of the probe functions for M and A:

X1:0 = Vi ={71,7,73,7},
X2 : O = Vo= {v1,72,73,%},
X3 : 0 = V= {v1,72,73}

are presented in the following table:

P q T S t v w Yy =z
X1 |7 Y2 Y1 Y3 1 Y3 Y4 Y2 V3
X2 |7 Y2 Y3 M1 Y3 Y4 1 Y2 M
X3 | M Y2 Y2 Y2 Y3 71 V3 M1 8

Also, values of the probe functions for I':

X1 O = Vi ={v1,7,73,7},
X2 : 0 = Vo ={v1,72,73},
X3 : 0 = Vo= {v1,72,73}

are given in the following table:

‘ 0 o B8 v p n o & A
X1 |mM Y2 Y1 Y3 Y2 Y1 V3 Y2 V4
X2 |7 Y2 Y3 M1 Y2 Y1 Y2 Y3 8
X3 |7 Y2 71 71 Y2 3 72 3 3

We find the near equivalence classes according to the indiscernibility relation ~p_
of elements in @ and O :

), ={z €0 xi(@) = xa(p) =} = {p.rt}
=[r]l,, =[tl,

gy, ={z € O xi1(z) = x1(q) =12} = {g. v}
= [y,

[S]x1 ={z € O] x1(x) = x1(s) =13} = {s,u, 2}
= [ul,, = [2],

[w],, = {z € O xi(z) = x1(w) = 7} = {w}.

Then, we get £, = {[p}X1 lal, o[8[l }
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[p]Xz ={z € 0| xi1(x) =x2(p) =1} = {p,5,w, 2}
= [S]Xz = [w}m = [w]X2 = [Z]Xz )

lq],, = {z € O] x2(7) = x2(q) =12} = {a. ¥}
=yl

[r],, ={z € O] x2(z) = x2(r) = 73} = {r, 1}
= [t],, >

[ul,, = {2 € O] xal#) = xa(u) = 7} = {u}.

Then, we get &, = {[QD}X2 aly, o [r]y, ,[u]m}.

pl,, ={z € O] xs(z) = x3(p) =}t = {p.u,y}
= [u],, = W]y, s

4], =1{z € O] xs(z) = x3(q) =12} ={q. 7, s}
= ldl,, = [s]y,

t],, = {z € O] xs(z) = x3(t) =13} = {t, w, 2}

Then, we get £, = {[p]xg ldl,, [t}m}.
Therefore, for r = 1, a set of partitions of O is N1 (B) = {£y,,&x2:&xs |- Then,
we can write

my = Uk
[1]X1 N M#£2

= [pl,, Yldl,, Vlpl,, Yld,, Vi, Vld,,
={p,q,r, s, t,u,w,y, z}.

Considering the following table of operation:

In that case, (M, +) is an abelian monoid on O with identity element 05y = p.



340 TEKIN AND MUNIR

0], ={z € O xi(z) = x1(0) =1} = {0, 8,n}

=[8l,, =l
[a],, ={z € O | xi(z) = x1(@) =12} = {a, 1,6}
= [uly, = 0]y,

My, ={z €O xa(@) =xa(v) =} ={r,0}
=[o],,

Ay, ={z €O xa(e) = xa(A) =2}t = {A}-

Tmmwmgmglz{MMJMMJﬂMJMm}

[9]X2 ={zecO0|xi(z) =x200) =7} =1{6,v,n}
=Dl =y, »

[a],, ={z € O] x2(2) = x2() = 12} = {a,p,0}
= [ul, = [0,

8], = {z € O] xa(w) = x2(B) =13} = {B,0,\}
=10, =

X2 X2 °

’Then,wngetgx2::{[ﬂXZ,kﬂxz,Uﬂxz}.

[0],, = {z € O] x3(x) = x3(8) = 11} = {6, 8,7}
= [Bly, = Dy -

{z €O x3(z) = x3() =12} = {a,p,0}
= [ul, = lol,,

[n]Xs ={z € 0| xs(®) =x3(n) =13} = {n,6,\}
= [d],, = [A]

[a]X3

X3 X3 °

Then, we get &, = {[6],, . [a] ., 1], }-
Therefore, for r = 1, a set of partitions of O'is Ny (B) = {&y,,&x,Exs }- Then,
we can write

Ny (B)'T = U,
[m]xi N I#o

= [0],,, Uy, U 0], Ulel,, Ulal,, Unl,,
= {9,0&,5,’7,/},77770-’57)\}_



BI-IDEALS OF I'-NEARNESS SEMIRINGS 341

Considering the following table of operation:

+1n o

nla p

olpu 0
Then (T, +) is an abelian monoid on O with identity element Op = 6. Now,
considering the following operations:

Ni(B)" A= U e

= [p]Xl U [q]Xl U [Q}Xz U [T]XQ U [q]Xss
= {pa q,7, S, t7 y}

For g € A, n e T and s € M, gqnsng = (qgns)ng = qng = w. In this case,
w € ATMT A, but w ¢ N, (B)* A. Thus, A is not a bi I'-ideal of M.

THEOREM 3.4. Let M be a I'-nearness semiring, T be a subset of M and A be
a nearness ideal of M. If N, (B)* (N, (B)" A) = N, (B)" A, then the product AT
is bi I'-ideal of M.

PROOF. It is easy to show that AM is subsemigroup of M. To show this, we
prove AT'T + ATT C N, (B)" (AT'T). Since A is nearness ideal and by Theorem
2.1.(i), ATT + AT'T = (A+ A)I'T C (N, (B)" A)T(N,. (B)" T). Afterward,

(N, (B)* A)T(N,. (B)*T) C N, (B)" (AT'T) by Lemma 2.1.(ii).

Next, (ATT)ITMT(AT'T) C (ATM)I'MT(AI'T) for T is a subset of M. Since

A is an ideal, then, (ATM)I'MT(ATT) C (N, (B)" A\)TMT(ATT). Similarly,
(N, (B)* A\T(MTA)TT C (N, (B)* A)T(N, (B)* A)TT. In this case,
((N, (B)* A)T(N, (B)* A)I'T C N, (B)" (ATA)T'T by Lemma 2.1.(ii). After this,
we have that N, (B)" (ATA)I'T C (N, (B)" (N, (B)" A))I'T = (N, (B)" A)TT for
Ais anearness ideal of M and from hypothesis. Thus, (N, (B)* A)I'T C (N, (B)" A)T'
(N, (B)"T) C N,.(B)" (AT'T) by Lemma 2.1.(ii). Hence, the product AT is bi I'-
ideal of M.

U

THEOREM 3.5. Let M be a I'-nearness semiring. If M is commutative, then
the product of two bi-nearness ideals of M is a bi-nearness ideal of M.

PrROOF. We prove the case two bi-nearness ideals A; and Ay of M. First, we
show that A;T Ay + A;T A3 C N, (B)* (A1T'Ay). To prove this,

ATAy + AT Ay C AlF(Ag + Az) - (NT (B)* Al)F(NT (B)* Ag)
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by Theorem 2.1.(7) and the properties of bi-nearness ideals for Ao is bi-nearness
ideal. From here, (N, (B)" A1)['(N,. (B)" A2) C N, (B)" (A1 A3) by Lemma 2.1.(ii).
Next,

(A;TAQ)TMT (AT Ag) = AT (AT M)T (AT Ay) = AiT(MT Ag)T (AT Ag) =
A1FMF(A2FA1)FA2 = A1FMF(A1FA2)FA2 = (A1FMFA1)F(A2FA2) since M is
commutative. In this case, (AiTMTA;)T(AsTAs) C (N, (B)" A1)T(N, (B)" A2)
since A; and A are bi-nearness ideals of M. Then, (N, (B)* A1)I'(N,. (B)" Ag) C
N, (B)" (AiT'A3) by Lemma 2.1.(ii). Hence, we have (A;TA2) I MT(ATAs) C
N, (B)" (AT A). O

THEOREM 3.6. Let M be a I'-nearness semiring and {A;|i € I} be set of T
bi-nearness ideals of M with index set I. If N, (B)" (mAZ) = ﬂ N, (B)" A;, then
iel i€l
intersection of bi I'-ideals of M is also a bi I'-ideal.

PROOF. Let ﬂAi = A. Since A; is I bi-nearness ideals of M for all i € I,
il
then we have that A, TMTA; C N, (B)" A; for all i € I. Because A C A; for all
i € I, thus we get ATMTA C A, TMTA; C N, (B)" A; for all i € I. Afterward,
ATMTA C (N (B)" A;) = N, (B)" (()Ai) = N, (B)" A by hypothsesis. In this
il iel
case, we get that ATMT A C N, (B)" A. O

4. Conclusions

As a recent study of I'-nearness semirings, this paper presents some notion
of bi-nearness ideals of I'-nearness semirings which is a generalization of quasi-
nearness ideals of I'-nearness semirings. Besides that, it is explained that some of
the concepts and definitions and an example is given with related to the subject.
By these properties, further studies of nearness semirings will be more progressive.
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