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WEAK-INTERIOR IDEALS

M. Murali Krishna Rao

ABSTRACT. In this paper, we introduce the notion of weak-interior ideal as a
generalization of quasi ideal, interior ideal, left(right) ideal, ideal of semiring.
Then, we study the properties of weak-interior ideals of semiring and charac-
terize the weak-interior simple semiring, regular semiring using weak-interior
ideal ideals of semiring.

1. Introduction

Ideals play an important role in advance studies and uses of algebraic struc-
tures. Generalization of ideals in algebraic structures is necessary for further study
of algebraic structures. Many mathematicians introduced various generalizations
of concept of ideals in algebraic structures, proved important results and charecter-
izations of algebraic structures. The notion of a semiring was introduced by Van-
diver [25] in 1934, but semirings had appeared in earlier studies on the theory of
ideals of rings. Semiring is a generalization of ring but also of a generalization of
distributive lattice. Semirings are structually similar to semigroups than to rings.
Semiring theory has many applications in other branches of mathematics.

In 1995, M.Murali Krishna Rao [15-18] introduced the notion of semiring as a
generalization of ring, ternary semiring and semiring. As a generalization of ring,
the notion of a ring was introduced by Nobusawa [22] in 1964. In 1981, Sen in-
troduced the notion of a semigroup as a generalization of semigroup. The notion
of a ternary algebraic system was introduced by Lehmer. Murali Krishna Rao and
Venkateswarlu [20,21] studied regular incline, field semiring and derivations. Dutta
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274 M. MURALI KRISHNA RAO
& Sardar [2] introduced the notion of operator semirings of semiring.

Henriksen [4] and Shabir et al. [23] studied ideals in semirings. We know that

the notion of an one sided ideal of any algebraic structure is a generalization of
notion of an ideal. The quasi ideals are generalization of left ideal and right ideal
whereas the bi-ideals are generalization of quasi ideals.
In 1952, the concept of bi-ideals was introduced by Good and Hughes [3] for semi-
groups. The notion of bi-ideals in rings and semirings were introduced by Lajos
and Szasz [10,11]. Bi-ideal is a special case of ( m-n) ideal. Steinfeld [24] first
introduced the notion of quasi ideals for semigroups and then for rings. Iseki [5-7]
introduced the concept of quasi ideal for a semiring. Quasi ideals, bi-ideals in
I'—semirings studied by Jagtap and Pawar [8,9]. Murali Krishna Rao introduced
the notion of left (right) bi-quasi ideal, the notion of bi-interior ideal and the notion
of bi weak-interior ideal of semiring as a generalization of ideal of semiring, stud-
ied their properties and characterized the left bi-quasi simple semiring and regular
semiring.

In this paper, we introduce the notion of weak-interior ideals as a generalization
of quasi ideal, interior ideal,left(right) ideal and ideal of semiring and study the
properties of weak-interior ideals of semiring.

2. Preliminaries

In this section, we recall some of the fundamental concepts and definitions
which are necessary for this paper.

DEFINITION 2.1. A set S together with two associative binary operations called
addition and multiplication (denoted by + and - respectively) will be called semiring
provided

(i) addition is a commutative operation.
(ii) multiplication distributes over addition both from the left and from the
right.
(iii) there exists 0 € S such that t+0=zandx-0=0-2 =0 for all z € S.

EXAMPLE 2.1. Let M be the set of all natural numbers. Then (M, maz, min)
is a semiring.

DEFINITION 2.2. Let M be a semiring. If there exists 1 € M such that a-1 =
1-a = a, for all @ € M, is called an unity element of M then M is said to be
semiring with unity.

DEFINITION 2.3. An element a of a semiring S is called a regular element if
there exists an element b of S such that a = aba.

DEFINITION 2.4. A semiring S is called a regular semiring if every element of
S is a regular element.

DEFINITION 2.5. An element a of a semiring S is called a multiplicatively
idempotent (an additively idempotent) element if aa = a(a + a = a).
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DEFINITION 2.6. An element b of a semiring M is called an inverse element of
a of M if ab=ba = 1.

DEFINITION 2.7. A non-empty subset A of semiring M is called
(i) a subsemiring of M if A is an additive subsemigroup of M and AA C A.
(ii) a left(right) ideal of M if A is an additive subsemigroup of M and MA C
A(AM C A).
(iii) an ideal if A is an additive subsemigroup of M, MA C A and AM C A.
(iv) a k—ideal if A is a subsemiring of M, AM C AL MAC Aand x € M, =+
ye Aye Athen x € A

DEFINITION 2.8. A semiring M is called a division semiring if for each non-zero
element of M has multiplication inverse.

DEFINITION 2.9. A non-empty subset A of semiring M is called
(i) an interior ideal of M if A is a subsemiring of M and MAM C A.
(ii) a quasi ideal of M if A is a subsemiring of M and AM N MA C A.
(iii) a bi-ideal of M if A is a subsemiring of M and AM A C A.

DEFINITION 2.10. A non-empty subset B of semiring M is said to be bi-interior
ideal of M if B is a subsemiring of M and MBM N BMB C B.

DEFINITION 2.11. Let M be a semiring. A non-empty subset L of M is said to
be left bi-quasi ideal (right bi-quasi ideal) of M if L is a subsemigroup of (M, +)
and MLNLMLCL (LMNLML CL).

DEFINITION 2.12. Let M be a semiring. L is said to be bi-quasi ideal of M if
it is both a left bi-quasi and a right bi-quasi ideal of M.

EXAMPLE 2.2.

(i) Let @ be the set of all rational numbers, M = ¢

Z ) | a,b,c,d € Q} be
the additive semigroup of M matrices.With respect to usual matrix multiplication,
M is a semiring
(a) TR = {( g g ) |0#£a,0£Db€ Q} then R is a quasi ideal of semiring
M and R is neither a left ideal nor a right ideal.

(b) If S = {( 8 8 > |0#ac Q} then S is a bi-ideal of semiring M.
(i) f M = {( 8 i ) | a,b,c€ Q¢ and I' = M then M is a semiring with

respect to usual addition of matrices and ternary operation is defined
as usual matrix multiplication and A = { ( g 2 ) |0#£a,0#£b¢€ Q} .
Then A is not a bi-ideal of semiring M.

DEFINITION 2.13. A semiring M is called a left bi-quasi simple semiring if M
has no left bi-quasi ideal other than M itself.
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3. Weak-interior ideals of semirings

In this section we introduce the notion of weak-interior ideal as a generalization
of quasi-ideal and interior ideal of semiring and study the properties of weak-interior
ideal of semiring.Throughout tmis paperM is a semiring with unity element.

DEFINITION 3.1. A non-empty subset B of a semiring M is said to be left
weak-interior ideal of M if B is a subsemiring of M and MBB C B.

DEFINITION 3.2. A non-empty subset B of a semiring M is said to be right
weak-interior ideal of M if B is a subsemiring of M and BBM C B.

DEFINITION 3.3. A non-empty subset B of a semiring M is said to be weak-
interior ideal of M if B is a subsemiring of M and Bis left and right weak-interior
ideal of M.

Remark: A weak-interior ideal of a semiring M need not be quasi-ideal, interior
ideal, bi-interior ideal. and bi-quasi ideal of semiring M.

ExaMPLE 3.1. Let @ be the set of all rational numbers,

M = {( 8 Z ) | b,d € Q} be the additive semigroup of M matrices and =
M is a multiplicative semigroup with respect to usual addition and multiplica-
tion of matrices. A, «,B, for all Aja, B € M.Then M is a semiring. If R =
{( 8 8 ) |[0#£0b€ Q} then R is a left weak interior ideal of the semiring M
and R is neither a left ideal nor a right ideal , not a weak interior ideal and not a
interior ideal of the semiring M .

THEOREM 3.1. If B is an interior ideal of a semiring M, then B is a left
weak-interior ideal of M.

PROOF. Suppose B is an interior ideal of the semiring M.Then M BB C
MBM C B. Hence B is a left weak-interior ideal of M. O

COROLLARY 3.1. If B is an interior ideal of a semiring M, then B is a right
weak-interior ideal of M.

COROLLARY 3.2. If B is an interior ideal of a semiring M, then B is a weak-
interior ideal of M.

THEOREM 3.2. Let M be a semiring and B be a subsemiring of M. B is a weak-
interior ideal of M if and only if there exists left ideal L such that LB C B C L

PROOF. Suppose B is a weak-interior ideal of the semiring M.
Then M BB C B. Let L = M B. Then L is a left ideal of M.
Therefore LB C B C L .
Conversely, suppose that there exists a left ideal L of M such that
LBCBCL. Then MBBCMLBCLBCRB.
Hence B is a left weak-interior ideal of the semiring M. O
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COROLLARY 3.3. Let M be a semiring and B be a subsemiring of M. B is a
right weak-interior ideal of M if and only if there exists a right ideal R such that
RRCBCR..

COROLLARY 3.4. Let M be a semiring and B be a subsemiring of M. B is a
weak-interior ideal of M if and only if there exist ideal R such that BR C B C R. .

THEOREM 3.3. The intersection of a left weak-interior ideal B of a semiring
M and a left ideal A of M is always a left weak-interior ideal of M.
PRrROOF. Suppose C'= BN A.
MCCCMBBCB
MCC C MAA C A Since A is a left ideal of M
Therefore MCC C BNA=C.

Hence the intersection of a right weak-interior ideal B of a semiring M and a right
ideal A of M is always a right weak-interior ideal of M. O

COROLLARY 3.5. The intersection of a right weak-interior ideal B of a semiring
M and a right ideal A of M is always a right weak-interior ideal of M.

COROLLARY 3.6. The intersection of a weak-interior ideal B of a semiring M
and an ideal A of M is always a weak-interior ideal of M.

THEOREM 3.4. Let A and C be left weak-interior ideals of a semiring M,
B = AC and B is additively subsemigroup of M. If AA = C then B is a left left
weak-interior ideal of M.

PrOOF. Let A and C be left weak-interior ideals of the semiring M and
B = AC. Then BB = AMAAC = AAC C AC = B. Therefore B = AC is a
subsemiring of M

MBB = MACAC
C MAAC C AC =B.
Hence B is a left weak-interior ideal of M. O
COROLLARY 3.7. Let A and C be weak-interior ideals of a semiring M, B =

CA and B is additively subsemigroup of M. If CC = C then B is a left weak-
interior ideal of M.

THEOREM 3.5. Let A and C be subsemirings of a semiring M and B = AC
and B is additively subsemigroup of M. If A is the left ideal of M then B is a left
weak-interior ideal of M.

ProOOF. Let A and C be subsemirings of M and B = AC. Suppose A is the
left ideal of M. Then BB = ACAC C AC = B.

MBB = MACAC
C AC = B.
Hence B is a left weak-interior ideal of M. O
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COROLLARY 3.8. Let A and C' be subsemirings of a semiring M and B =
ACand B is additively subsemigroup of M. If C is a right idealof M then B is a
right weak-interior ideal of M.

THEOREM 3.6. Let M be a semiring and T be a non-empty subset of M. If a
subsemiring B of M containing MTT and B C T then B is a left weak-interior
ideal of a semiring M.

PRrROOF. Let B be a subsemiring of M containing MTT. Then

MBB C MTT
C B.
Therefore M BB C B.
Hence B is a left weak-interior ideal of M. O

THEOREM 3.7. If B is a left weak-interior ideal of semiring M, T C B and
BT is an additively subsemigroup of M then BT is a left weak-interior ideal of M.

PROOF. Suppose B is a left weak-interior ideal of the semiring M, T' C B
and BT is an additively subsemigroup of M .Then BT BT C BT. Hence BT is a
subsemiring of M.

We have M BTBT C MBBT C BT.

Hence BT is a left weak-interior ideal of the semiring M. O

THEOREM 3.8. Let B and I be left weak-interior ideals of a semiring M. Then
B N1 is aleft weak-interior ideal of M.

PROOF. Suppose B and [ are left weak interior ideals of M. Obviously BN I
is a subsemiring of M. Then

M(BNI)(BNI)C MBBCB
MBNI)(BNI)CMITCI

Therefore M(BNI)M(BNI)C BNI.
Hence BN 1 is a left weak-interior ideal of M. O

THEOREM 3.9. Let M be a semiring and T be a subsemiring of M. Then every
subsemiring of T containing MTT is a left weak-interior ideal of M.

PRrROOF. Let C be a subsemiring of 7' containing MTMT. Then
MCC C MTT C C.
Hence C is a left weak-interior ideal of M . O

THEOREM 3.10. The intersection of {By | A € A} left weak-interior ideals of a
semiring M is a left weak-interior ideal of M.
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PROOF. Let B = () B,. Then B is a subsemiring of M.
A€A
Since B) is a left weak-interior ideal of M, we have

MB)\B) CB,, forall A€ A
=M (NBy)(NBx) C NBy
=MBB C B.
Hence B is a left weak-interior ideal of M. O

COROLLARY 3.9. The intersection of {By | A € A} right weak-interior ideals
of a semiring M is a right weak-interior ideal of M.

COROLLARY 3.10. The intersection of {By | A\ € A} weak-interior ideals of a
semiring M is a weak-interior ideal of M.

THEOREM 3.11. Let B be a right weak-interior ideal of a semiring M ,e € B
and e be an idempotent. Then eB is a right weak-interior ideal of M.

PROOF. Let B be a right weak-interior ideal of the semiring M. Suppose x €
BneM. Then x € B and x = ey,y € M.
T =ey
= eey
= e(ey)
=ex € eB.
Therefore BNeM C eB
we have eB C B and eB C eM
=eBC BneM
=eB=BNeM.

Hence eB is a right weak-interior ideal of M. O

COROLLARY 3.11. Let B be a left weak-interior ideal of a semiring M e € B
and e be an idempotent. Then Be is a left weak-interior ideal of M.

THEOREM 3.12. Let M be a semiring. If M = aM, for all a € M. Then every
right weak- interior ideal of M is a right ideal of M.

PROOF. Let B be a right weak-interior ideal of the semiring M and a € B.
Then

=alM C BM,
=M CBMCM
=BM =M
=BM = BBM CB
=BM C B.
Therefore B is a right ideal of M. Hence the theorem. O
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THEOREM 3.13. B is a left weak-interior ideal of a semiring M if and only if
B is a left ideal of some left ideal of a semiring M.

PROOF. Suppose B is a left weak-interior ideal of the semiring M .Then
MBB C B. Therefore B is a left ideal of left ideal M B of semiring M.
Conversely suppose that B is a left ideal of left ideal R of the semiringM.Then
RBC B,MR C Rand MBB C MRB C RB C B. Therefore B is a left weak-
interior ideal of a semiring M .

O

COROLLARY 3.12. B is a right weak-interior ideal of a semiring M if and only
if B is a right ideal of some right ideal of a semiringM .

4. Left weak-interior simple semiring

In this section,we introduce the notion of left weak-interior simple semiring and
characterize the left weak-interior simple semiring using left weak-interior ideals of
semiring and study the properties of minimal left weak-interior ideals of semirings.

DEFINITION 4.1. A semiring M is a left (right) simple semiring if M has no
proper left (right) ideals of M.

DEFINITION 4.2. A semiring M is said to be simple semiring if M has no proper
ideals of M.

DEFINITION 4.3. A semiring M is said to be left(right) weak-interior simple
semiring if M has no proper left(right) weak-interior ideal other than M itself.

DEFINITION 4.4. A semiring M is said to be weak-interior simple semiring if
M has no weak-interior ideal other than M itself.

THEOREM 4.1. If M is a division semiring then M is a left weak-interior simple
semiring.

PROOF. Let B be a proper left weak-interior ideal of the division semiring M,
x € M and 0 # a € B. Since M is a division semiring, there exists b € M, such that
ab = 1.Then a b x=1 x =x .Therefore x € BM and M C BM. We have BM C M.
Hence M = BM. Similarly we can prove M B = M.

M=MB=MBB
CMBBCB
MCB
Therefore M = B.
Hence division semiring M is a left weak-interior simple semiring. O
COROLLARY 4.1. If M is a division semiring then M is a right weak-interior
simple semiring.

COROLLARY 4.2. If M is a division semiring then M is a weak-interior simple
semiring.
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THEOREM 4.2. Let M be a left simple semiring. Every left weak-interior ideal
of M is a left ideal of M.

PROOF. Let M be a left simple semiring and B be a left weak-interior ideal of
M.
Then M BB C B and M B is a left ideal of M.
Since M is a left simple semiring, we have M B = M. Therefore
MBBCRB

=MB CB.

Hence the theorem. O

COROLLARY 4.3. Let M be a right simple semiring. Every right weak-interior
ideal is a right ideal of M.

COROLLARY 4.4. If semiring M is right simple semiring then every right weak-
interior ideal of M is a left ideal of M.

COROLLARY 4.5. Fvery weak-interior ideal of left and right simple semiring M
is an ideal of M.

THEOREM 4.3. Let M be a semiring. M is a left weak-interior simple semiring
if and only if < a >= M, for all a € M and where < a > is the smallest left
weak-interior ideal generated by a.

PrOOF. Let M be a semiring. Suppose M is the left weak-interior simple
semiring, a € M and B = Ma.
Then B is a left ideal of M.
Therefore, by Theorem[3.5 ], B is a left weak-interior ideal of M.
Therefore B = M. Hence Ma = M, for all a € M.
MaC<a>C M
=M C<a>C M.
Therefore M =< a > .
Conversely suppose that < a > is the smallest left weak-interior ideal of M gener-
ated by a, < a >= M , A is the left weak-interior ideal and a € A. Then
<a>CACM
=M CAC M.

Therefore A = M. Hence M is a left weak-interior ideal simple semiring. O

THEOREM 4.4. Let M be a semiring. Then M is a left weak-interior simple
semiring if and only if Maa = M, for all a € M.

PROOF. Suppose M is the left weak- interior simple semiring and a € M.
Then Maa is a left weak-interior ideal of M.
Hence Maa = M, for all a € M.
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Conversely suppose that Maa = M, for all a € M.
Let B be a left weak-interior ideal of the semiring M and a € B.

M = Maa
CMBBCB
Therefore M = B.

Hence M is a left weak-interior simple semiring. O

COROLLARY 4.6. Let M be a semiring. Then M is a right weak-interior simple
semriring if and only if aaM = M, for all a € M.

COROLLARY 4.7. Let M be a semiring. Then M is a weak-interior simple
semriring if and only if aaM = M and Maa = M, for all a € M.

THEOREM 4.5. Let M be a semiring and B be a left weak-interior ideal of
M. Then B is a minimal left weak-interior ideal of M if and only if B is a left
weak-interior simple subsemiring of M.

PRrROOF. Let B be a minimal left weak-interior ideal of the semiring M and C'
be a left weak-interior ideal of B. Then BCC C C.
and BCC is a left weak-interior ideal of M.
Since B is a minimal weak-interior ideal of M,

BCC =B
=B=BCCCC
=B=C.

Conversely suppose that B is the left weak-interior simple subsemiring of M. Let
C be a left weak-interior ideal of M and C C B.

=BCC C MCC C C,.Therefore C' is a left weak-interior of B.

=B = (C.Since B is a left weak-interior simple subsemiring of M.

Hence B is a minimal left weak-interior ideal of M. O

COROLLARY 4.8. Let M be a semiring and B be a right weak-interior ideal of
M. Then B is a minimal right weak-interior ideal of M if and only if B is a right
weak-interior simple subsemiring of M.

THEOREM 4.6. Let M be a semiring and B = LL, where L is a minimal left
ideal of M . Then B is a minimal left weak-interior ideal of M.

PrOOF. Obviously B = LL is a left weak-interior ideal of M. Let A be a left
weak-interior ideal of M such that A C B.
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We have M AA is a left ideal of M. Then
MAA C MBB
=MLLLL
C L, since L is a left ideal of M.
Therefore M AA = L, since L is a minimal left ideal of M.
Hence B= MAA
C A.
Therefore A = B. Hence B is a minimal left weak-interior ideal of M.

O

COROLLARY 4.9. Let M be a semiring and B = RR, where R is a minimal
right ideal of M . Then B is a minimal right weak-interior ideal of M.

THEOREM 4.7. M is reqular —semiring if and only if AB = AN B for any
right ideal A and left ideal B of —semiring M.

THEOREM 4.8. Let M be semiring Then B is a weak-interior ideal of an idem-
potent regqular semiring M if and only if BBM = B and M BB = B for all weak-
interior ideals B of M.

PROOF. Suppose M is the regular semiring, B is the weak-interior ideal of M
and x € B.Then MBB C B,there exists y € M such that x = zax = zzxyxzr €
MBB. Therefore x € M BB.

Hence M BB = B. Similarly we can prove BBM = B.

Conversely suppose that BBM = B and M BB = B for all weak-interior ideals B
of M.

Let B=RNL and C = RL, where R is a right ideal and L is a left ideal of M.
Then B and C are weak-interior ideals of M.

Therefore (RNL)(RNL)M =RNL

RNL=(RNL)RNL)M
C RLM
RNL=M(RNL)(RNL)M
CMRLML
CRL
C RNL (since RLC L and RL C R).
Therefore RN L = RL. Hence M is a regular semiring. O

5. Conclusion

As a further generalization of ideals,we introduced the notion of weak-interior
ideal of semiring as a generalization of ideal ,left ideal, right ideal,quasi ideal and
interior ideal of semiring and studied some of their properties. We introduced
the notion of weak-interior simple semiring and characterized the weak-interior
simple semiring , regular semiring using weak-interior ideal ideals of semiring. In
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continuity of this paper, we study prime, maximal and minimal weak-interior ideals
of semiring.
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