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APPROXIMATION OF SPHERICAL FUZZY SET

V. S. Subha and Dhanalakshmi P

ABSTRACT. This paper deals with the rough approximations of spherical fuzzy
sets. Also we study the applications of rough spherical fuzzy sets. Distance be-
tween rough spherical fuzzy set, similarity measure between rough spherical fuzzy
sets. Finally, a numerical example is solved to show the feasibility, applicability
and effectiveness of the proposed methods.

1. Introduction

The fundamental concept of fuzzy set was introduced by Zadeh [12] in 1965.
Atanassov [2, 3] introduced the concept of intutionisitc fuzzy sets. Cuong [4, 5, 6, 7]
initiated the concept of the picture fuzzy set as a direct extension of intuitonistic
fuzzy sets, which may be adequate in cases when human opinions are of types: yes,
abstain, no, and refusal. Picture fuzzy sets have many applications in fuzzy inference,
clustering, decision making etc. The spherical fuzzy set, proposed by Gndogdu and
Kahraman [9], is an extension of Picture fuzzy set, as it provides enlargement of the
space of degrees of truthness, abstinence, and falseness in the interval [0,1] with a
condition 0 < A2 4+ B2 + C? < 1. Ashraf et al. [1] presented the notion of spherical
fuzzy sets with applications in decision making problems. The famous rough set theory
was studied by Pawlak [11]. Many researchers are interested in rough set theory.

2. Preliminaries

This section deals with basic concepts related to this work. For basic definitions
let us see [1] - [12].
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3. Rough spherical set

In this section we introduce rough spherical set. Rough spherical set is the ap-
proximation of a spherical set with respect to crisp approximation space.

DEFINITION 3.1. The upper and lower approximations of a spherical set denoted
by U(S) and L(S) w.r.t the approximation space (U, §2) are defined as follows:

U(S) = {{y, Auv(s), Bu(s), Cus)) ly €U}, L(S) = {{y, AL(s), Br(s),Crs)) ly €U}
where
Aysy(z) =V As(v), Busy(2) = A Bs(v) and Cysy(2) = A Cs(v)

vE[z]a vE[2]a vE|[z]a
Also
Aris)(z) = A As(v),Brs)(z) = 'V Bs(v) and Cpsy(z) = A Cs(v).
vE[z]o vE[z]q vE[z]q

The pair (L(S),U(S)) is called the rough spherical set of S w.r.t the approximation
space (U, ).

ExaMPLE 3.1. Let U = {q1,q2,953,44, g5, 96,97, 48, 99, G10} be the universe in the

approximation space 0. Let U/ = {{q1,q3,q0} , {a2, 47, q10} , {aa} , {a5, a8} , {ac}} be
the set of equivalence classes of U. Let S be an spherical fuzzy set defined by

(g1, 4,.3,.5)
(g2, .6,.3,.5)
(gs,.7,.3,.5)
(g4, 4, .6,.3)
g ) {a56,:4,.5)
(gs, 4, .6,.3)
(g7,.3,.3,.5)
(gs, -5, .4, .6)
(qo, 4, .3, .4)
{q10, .5, .2, .6)

then lower and upper-approximations of S are
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also
(q1,.7,.3,.5)
(g2,.6,.2,.5)
(g3,.7,.3,.4)
(qs, 4, .6,.3)
U(s) = { 956,45
(g6, -4, .6,.3)
(q7,.6,.2,.5)
(gs, .6, .4,.5)
(qo,.7,.3,.4)
(q10,-3,.3,.5)

4. Distance between two rough spherical fuzzy sets

In this section we define the distance between two rough spherical fuzzy sets S;
and Sy with respect to the approximation space R in the universe .

DEFINITION 4.1. Let & and S; be two rough spherical fuzzy sets with respect to
the approximation space R in the universe Y. Also let LA and U A denotes the lower
approximation and upper approximation of spherical fuzzy set.

(i) The Hamming distance of S; and Sa:

HDC(Sth) =

121 {’Nﬁ(sl)(ai) - ME(SQ)(a’i)’ + |77£(31)(ai) - Uc(sz)(az’)| + |V£l(81)(ai) - V[:(S2)(ai)|}
HDy(81,8:) =

S { s (@) = sy ()| + s (@i) = uess) (@i)| + [vues,) (@) = vuss) (as) |}

I
—

(ii) The Normalized Hamming distance of & and Ss:
HD((51,82) =

3 é:l {lpcis) (@) = peisy ()] + [neis) (@) = negsy) (@) | + |vegs) (@) — veisy) ()|}
HDy(81,82) =

= 12::1 {lmucsi) (ai) = pucss) (@i)] + |[mucsy) (@i) = mucsy) (@) | + |vucsy) (@) — vusy)(ai) |}

(iii) The Euclidean distance of S; and Sa:
EDL (81,82) =

\/Zn: (s (@) = pess) (@) + (nesy (@) = sy (@i)? + (Ve (ai) = vegsy (ai)

=1

EDM(S1,SQ) =
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\/lil (s (@) = pucsy) (@) + (nucsy) (@s) = Mugsa) (@i)) + (Vues:) (@i) — vugsy) (a)?

(iv) The Normalized Euclidean distance of §; and Ss:
NED((8,82) =

n 2 2 2
3 l; (Heis(@i) = pesy) (@)™ + (necsy) (@i) = neesy) (i)™ + (Vesy (@) — vees,)(ai))

NEDM(Sl, 82) =

\/31n é:l (s (@i) = pucsy) (@) + (nucsy) (@i) = s (@) + (s (@i) — vusy) (a:) .

5. Simiarity Measure between Rough Spherical Fuzzy sets

This section deals with similarity measures of two rough spherical fuzzy set. There
are

(i) Distance similarity measure.

(ii) Similarity measure based on membership degrees.

5.1. Distance based similarity measure. Consider the Euclidean distance of
two rough spherical fuzzy sets S; and Sy then its similarity measure is defined as
follows,

82(81782) = 71+ED£1(51,$2) and 85(81782) = 71+ED141(51,52)‘

PRrROPOSITION 5.1. The defined distance based similarity measure of lower and
upper approzrimation of two rough spherical fuzzy sets S1 and Sy satisfies the following
properties,

PPT(]) 0 g 82(81,82) § 1 and 0 S S&(Sl,SQ) § 1.

PPT(Q) Sg(S]_,SQ) =1 81 = 82 and 85(81,82) =1 81 = SQ

PPT(B) 82(81,82) = 82(82781) and S&(81782) = 85(82,81)

PPT(4) S C S C 83 = 82(81783) <main {82(51,52),82(82,83)} and

&1(S81,83) < min{S; (81, S2), 5(S2, 83)}

Proor. PPT(1), PPT(2) and PPT(3) are obvious from definition. Let Si,So
and Ss3 be three rough spherical fuzzy sets in the universe U = {a1,as,...,a,}. Let
S1 C 8 C 83 then for any a € U we have,

fesn (@) < pesy) (@) S pegsy) (@), e (a) = neis,) (@) = nesy)(a) and
ves) (@) 2 ves,)(a) 2 ves,)(a).
Also we can prove,
eis (@) = peis) (@) < |pecs)(@) — pegsy)(a)] and
(s (@) = pe(s) (@) < |pegs) (@) — pegsy)(a)] -
Similarly,
12(5) (@) = nesy) (@)] = |negs,) (@) = nees,)(a)] and
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In285) (@) = ne(se) (@) = |neisy) (@) — neess)(a)] -
Also, holds
’Va(sl)(a) - V,c(s2)(a)| > |V£(81)(a) - Vz(ss)(a)‘ and

V(s (@) = ve(sy)(@)| = [vees) (@) — vegss) (a)] -
Hence
82(81,83> g man {82(81,82), 82(82,83)} .
Similarly we prove for upper approximation. Hence the result. O

5.2. Similarity measure based on membership degrees.

DEFINITION 5.1. The similarity measure based on membership degree between
two rough spherical fuzzy sets S; and Ss is defined as follows:

52(81’ SQ) =

lél{min{uz:(sl) (ai)sti(sy) (@) prmin{nsis,)(ai)me(sy) (@) pAmin{ve s,y (ai)ve(sy) (ai) }

é}l{maz{uc(sl)(aqz)wc(sz)(ai)}+mar{nc<sl) (ai)mc<s2)(M)}-Fmaﬂﬂ{l/c(sl)(ai)’l’a(sz) (ai)}} .

PROPOSITION 5.2. The defined membership degree based similarity measure of
lower and upper approzximation of two rough spherical fuzzy sets 81 and S satisfies
the following properties:

PPT(1) 0<8%(851,8) <1 and 0<S)(81,8:2) < 1.

PPT(2) S%(81,8) =18 =82 and 8(51,8) =181 =8

PPT(3) S%(81,82) = S%(S2,81) and SY(S1,82) = 85(S2, 1)

PPT(}) 81 C 8 CS3= S¢(S1,83) < min {S2(81,82),S2(S2,83)} and
S(S1,83) < min {Sf(S81,82), 85(S2,85) }

Proor. PPT(1), PPT(2) and PPT(3) are obvious from definition. Let us prove

PPT(4) Let S1,S2 and S3 be three rough spherical fuzzy sets in the universe U =
{a1,a9,....,a,}. Let Sy C So C Ss then for any a € U we have

prs(a) < ppsy) (@) < pesy)(a); nesy(a) = nes,) (@) = 1z s,)(a) and
ves(a) = vesy(a) 2> vesy)(a).
Now,
(s (@) + neisy) (@) + vees,)(a)
trss) (@) +neisy)(a) +ves)(a)

b ks (@) +nes)(a)+rees,)(a)
S[:(SlySQ) - HL(Sy) a)+n£(52)(a)+l’£(sf)(
) )
)

a)
Br(sy)(@)+ne(sy)(a)+re(s,)(a) b
> 1 1 3 — ).
7 sy (@)+ne(sy) (a)+res;)(a) 86(81’8‘3)

Similarly we prove, S%(Sa, S3) = S2(S1,S3). Hence,
S5(82,83) < min {S%(S1,82), 8%(S2,S3)} -

Consequently, we can prove for upper approximation. O

prsy (@) +nees)(a) +ves,) (@) and

=
< sy (@) + e85 (@) + ves,)(a).
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6. Numerical example

Let us consider four kinds of minerals which are represented by the rough spherical
sets S;(i = 1, 2, 3) each of which is featured by the content of five minerals in the feature
space Q = {q1, 42,93, q4,q5}. Now we consider the another kind of unknown material

TABLE 1
q1 q2 q3 q4 a5
S | (.5,.5,.3),(.7,.3,.3) | (.3,.8,.1),(.6,.3,.1) | (.3,.8,.1),(.6,.3,.1) | (.7,.0,.1),(.7,.0,.1) | (.5,.5,.3),(.7,.3,.3)
So | (:1,.9,.1),(.8,.6,.1) | (.4,.6,.-4),(.6,.5,.4) | (.4,.6,.4),(.6,.5,.4) | (.3,-2,.9),(.3,-2,.9) | (.1,.9,.1),(.8,.6,.1)
S3 | (:4,.5,.5),(.5,.3,.5) | (.6,.4,.2),(.8,.3,.1) | (.6,.4,.2),(.8,.3,.1) | (.7,-3,-8),(.7,-3,-8) | (.4,.5,.5),(.5,.3,-5)

with data as given as follows.

(q1,(.6,.6,.2),(.6,.5,.2))
(g2, (5, 4,.1),(8,.3,.1))
Si =< (gs, (.5, 4,.1),(.8,.3,.1))
(qa, (7,.1,.6),(.7,.1,.6))
(g5, (.6,.6,.2),(.6,.5,.2))

We can use the above proposed methods to identify to which type the unknown
material Sy belongs. From the above table our conclusion is that unknown pattern Sy

TABLE 2
Similarity Measures L(S) | U(S)
Hamming Distance 1.2333 | .9667
Normalized Hamming Distance | .2067 | .1933
Euclidean Distance .6298 | 4725
Membership Degree .b488 | .6548

belongs to Ss.

7. Conclusion

In this paper, we have approximations of spherical fuzzy sets. Also distance be-
tween two rough spherical fuzzy sets are defined. More over some similarity measures
of rough spherical fuzzy sets are introduced. Some examples are investigated.

Acknowledgement: The author would like to thank the referees for a number
of constructive comments and valuable suggestions.
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