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SOLUTION OF DUFFING EQUATION WITH
FOURIER DECOMPOSITION METHOD

Murat Diiz

ABSTRACT. In this article, we aim to find an alternative solution to the Duffing
Equation, which is an important ordinary differential equation in mathemat-
ical physics. We used for solution Fourier Transform and Adomian decom-
position method. Adomian polynomials have been used for nonlinear term.
Finally we obtained the complete solution by using the Pade Approach from
the approximate solutions founded with the Fourier Adomian Decomposition
Method(FADM).

1. Introduction

Various natural systems are modelled by differential equations and most of
them are nonlinear. However, solving such nonlinear equations is not easy in gen-
eral. Therefore, investigation of various efficient methods to solve these equations
have been an important topic of the research. In recent years, many methods have
been developed to obtain exact and approximate solutions of such equations. But
the point reached for the solution of such equations is not enough. Because for all
nonlinear equations there is no method that gives the exact solution or the closest
solution. Therefore, the method that gives the closest solution to the exact solution
may be differ to equation from the equation. Some methods used for such equations
are Adomian decomposition method, Homotopy perturbation method, Variational
iteration method, tanh method, differential transform method, etc. The solution
of such equations cannot be obtained by using integral transforms. However, non-
linear equations can be solved by combining integral transforms with the above-
mentioned methods. For example, nonlinear equations are solved by using Laplace
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and Adomain,Elzaki and Homotopy perturbation, Fourier and Adomian method
together. [14, 7, 8, 5]

One of the most common physical nonlinear ordinary differential equations,
governs many oscillative systems, is the Duffing equations. These equations can be
found in a wide variety of engineering and scientific applications. There are many
articles about the Duffing equation [14, 11, 12, 10, 4, 6, 9, 13, 1]. In this study,
we tried to find approximate solution of Duffing equation by using FADM. We have
applied the Pade approach to the Fourier transform of this approximate solution.
We obtained the complete solution by taking the inverse Fourier transform of the
obtained function. The Duffing equation is described by second order ordinary
differential equation with the common form

Y +py + pry + 2y = f(2)
y(0) = o, y'(0) =
where p, p1, p2, , B are real constants.
We found that our results are consistent with the literature.
2. Basic Definitions and Theorems

2.1. Fourier Transform.

DEFINITION 2.1. Let f be an absolutely integrable on the real line and piecewise
continuous on every finite interval. Then Fourier Transform is defined by

ﬂﬂm:/ffwfmm:Fm>

and similarly inverse Fourier transform is

FUF(w)] = % /:’O ft)e™tdt = F(w)

THEOREM 2.1 ([2]). Let f(t) be continuous or partly continuous in the interval
(—00,00) and

F@ @), ()5 ooy FO7D () = 0 for [t] — o0,
If f(t), f'(t), f"(1),, f~V(t) are absolutely integrable in the interval (—oo,0),
then

FIF™ ()] = (iw)" FI£(1)].

DEFINITION 2.2. The Dirac delta distribution can be rigorously thought of as
a distribution on real line which is zero every where except at the origin, where it

is infinite,
[0, t#0
8(t) = { oo, t=0

Some properties ([2]) of the Dirac delta are

/0; S(t)dt =1
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/ T RO to)dt = [(to)

/ T RO to)dt = (—1)". 1 (1)

(t —to) 6™ (t —tg) = (—1)".nL.o(t — to)
ot —to)f(w) - 1d"f(w) ,
e = =10
f(w).0(w —wo) = f(w +wo)d(w)
THEOREM 2.2. [3] If Fourier transforms of some functions are following
(i) F[1] = 27 (w)

(i) F[t"] = 2m.i"6(™) (w)
(iii) Fle™o!] = 2w (w — wo)

3. FADM for Duffing Equation

In this section, FADM is applied to the Duffing equation. Let us consider
following general Duffing equation with initial conditions

' +ay + By +y° = f(x),y(0) = A,y'(0) = B
Let we apply Fourier transform to this equation.
FW") +aF(y) + BF(y) +1F(y°) = Flf ()]
(iw)*F(y) + a(iw) F(y) + BF(y) + 1 F(y°) = Ff(z)]
Fly) = —(eiwt B)Fy) =y Fy* )+ FIf(@)] 514 Fly) = (M‘w+ﬁ)f(y)+72f(93)—f[f(z)]

—w?2 w
If we apply inverse Fourier transform to above equality, than we get that:
1 o, (cdw+ B)F(y) 1, F(vy?)) 1, F(f(x))
FF) = A (DI e H e (P,

So we get the following iteration relation:

(ciw + B)F (yn)

_ _ ’Y]:An
prir = FA QT DI W)y | o 27

w2

)

where A,,’s Adomian polynomials.
Ao =y, A1 =3y1 - (50)?, A2 = 3y2 - (¥0)* + 3yo(y1)?,
Az = 3ys(yo)? + 6yoyr - y2 + (¥1)%,...
Yo = Bx+A—}‘—1(L§’)), Y = f—l((aiw+f2)f(yo) _,'_]:—1(%

w
Yo = f—1((aiw+fgf(y1) +f—1(vF1£z;\1)_
Since the complicated excitation term f(x) can cause difficult integrations and

proliferation of terms, we can express f(z) in Taylor series at zy = 0, which is
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truncated for simplification. If we replace in place of f(z)

K
FeY e
=0

than as the approximate solution with the first n terms, the sum of the terms up
to the mth degree in the expression y = yo + y+y2 + ...yn—1 can be taken. Here m
is the order of the first term (yo). It is clear that m = K + 2.

ExaMmPLE 3.1. ([14, 9]) Consider the Duffings equation in the following type:
"+ 3y — 2y° = cosz - sin2x

with initial conditions y(0) = 0,¢'(0) = 1.
The analytic solution of this equation is

y(x) = sinx.
Approximation value at x = 0 of f(x) = cosx - sin2x is
Tx3  6lx®  54Tx"

2T — —— -
@2 = ==+ =55~ ~ S50
Coefficients of equation which we investigate are o = 0, B=3,v=-2
- ]-'(235 _ ra® + 6 _ 547z7)
yo = — FY( w2 2520 /)
2w (i28 — 76 4 6156 5471'75(7))
yo =z — FI( 3 — 60 2520 )

From properties of Dirac delta function yy can be written as following

L% de"™Fdw et dw © §e'WTdw 5470 [°° 718 dw
yofx+2z/ 7+14/ 7+122/ — +2520/_00 P

oo U) — o ’LU —o0

— o4 20020 4 142 | 99U sa7i o)

_ z© 61z” _ 5472°
=+ 5 + 2520 181440

yp = F1 (3}'(210)—2-7"(?/3))_

w2

7
gy o Fo1(ZOemet T

(3i§/—i36(3)— 47i55(5) + 2119i75(7)

20 20000 )
71)2

Yy~ I F~ ( 316 616 + 28215 + 13?}%3}7};6)

w?

Yy =~ 271']:_1

~ (w:) (M) (m) 4 133497; (iz)°
R =315 — Gl + 2825 + =S50

z3 4795 89z°
~ T2 +5 20 + 840 ~ 60480

- F- (M)

71)

+ GSz + 52327

280 ))

~ F I

w2
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_a:35111 -5 5(5) 7 s5(7)
3i°6 63i°8 52316
2 + 20 + 280

~ 2 F Y
~ —1/—18i8(w) 63i5!6(w) 5233716 (w)
2T (s~ — Taowr T 380w )

~ 3z® 327  5232°
~ 40 40 20160

w2

_ —1(3F(y2)—2F (3ydy2+3y0u7)
Ys = F ( wzo ! )
25 7
]‘-(94707831?)*))
w2

yz ~ F
— T— 27555 _ 27175
yBN]: 1(92[;:)11”2 )_]: 1(871&22 )

~ _ 3z7 | 292°
Ys = — 560 T Do

FY 3F (y3) —2F (3yoys+6yoy1y2+y3) )
2

Y4 = o
_1 F(EE —9 —1/2mi"6(D
Ya = F ( w2 ) - %‘F ( w? )
~ =9 71,27 76\ _ _a®
X 5607 ( wd ) = 4480

Y=Yy +y1+y2+ys+ys
3 5 7 9
yRa— G 5 g = 6sl)

¢s5(x) is the sum of the terms up to the 9th order of the first 5 terms If we take

Fourier transform of ¢5(x) than we get
35///

. 5 5(5) -7 5(7) i95(9)
f[¢5($)] — o918 — 27113! 4 2#15!6 _ 271-17!5 + 271-19!6

Cami ()
All of the [L/M] pade approximation of F¢s(z)], yields [L/M] = 2mi 2

1—w? "

1—w? 2 1—w 1+w
— 7_(_1(5(11)) 5(71))) _ Wi(é(erl) o 5(w71))

1—w 14w

2miwd(w) Qﬂié(w)( 1 1 )

By using the inverse Fourier transformation to [L/M],

w —w w

ffl[m(ﬁl_vzl) _ 5(w,1))] _ %f_oooo(5(w+1) _ Mw*l))e“”dw

= L(e”™ — ') = sinx.

Thus, a complete solution was obtained.
EXAMPLE 3.2. [11, 13] Let us consider the Duffings equation
y' +y +y+ 1y = cosPr — sinz with y(0) =1, y/(0) = 0.
The exact solution of the initial value problem is y(x)=cosx. Approximation value
of f(z) can be found by using Maclaurin expansion as
3x2 23 LSLA

3 .
= — ~]1l—2x— — 4+ — .
f(x) cos8°x — Sinx x 5 + 6

Coefficients of the equation which we investigate are a = =~ = 1.
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_ 1— 7312 23 7ot 2 3 4 5 6
p=1-F () g g g Y
. _ 3 4 5 6
y1 = F G i+ DF (o)) + F 7 (G F ) ~ —o® = 5 — 5 + Ty — T,
v2 & FH gz (iw+ DF () + F (52 F (Bygyr))
3 4 5

. 6
g~ F e liw + DF(—a? — & — £ 4 T Tehy)

+f*}%ﬂ—m¥—£1—%?+2%-+wmﬂ

_2z® | 9z | 7ab | 77aS
= + 5 +120+720

6 2
ys = F (g (iw + D) F(y2) + F (52 F (3y5y2 + 3yo0y?))
F e

ys = Wu%ﬂﬂ£+%+%+%n
— 5 6
_ 2zt 172% _ 11526
~ T4 120 720 °

Ya N 71(W(W’+1)}—( 3)) +F ( > F(3y2ys + 6yoy1y2 + ¥3))
= F G+ DF(E - - 15
R - 1 )

2525
i+ 5
ys ~ F oz (iw + 1) F(ya)) + F 22 F (Bygya + 6yoy1ys + 3yoy3 + 3yiy2))

_ 22
720"

Y~Ryot+tyity2+yst+yat+ys
2 4 6
~l-%5 4+ - & = os2).
All of the [L/M] pade approximation of F[¢s(x)], yields [L/M] = 2md(w )7“2”—21 Let

2708 (w)w?

us use specials of dirac delta function for 51

wd(w)

270 (w)w?
ﬁ = 27Tww2 1 :7TU}(

() , dw)

w—1 erl)

S(w+1) N O(w—1)

)

= w/(

=nm(0(w+1)+ 6w —1)).
If we take inverse fourier transform of 7(6(w + 1) + §(w — 1)), we get that

F Y a(0(w+ 1) + 6(w — 1)) = [ SwtD+o0w=1) i g,

— 00

ix —ix
= % = cosz.

Thus, a complete solution was obtained.
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4. conclusion

In this article, approximate solution of Duffing equation is obtained by using

Fourier Transform and Adomian decomposition method. Some samples, which
were solved by other methods, were examined by this method and it is shown that
results are consistent. Since the technique is direct and powerful it can be used to
handle a variety of equations which appears in applications in several branch of the
nonlinear equations.

(1

2]
(3]

[4

(5]
(6]

(7]

(8]

(9]

(10]

[11]

(12]

(13]

[14]

References

G. Bissanga. Application of the Adomian decomposition method to solve the Duffing equa-
tion and comparison with the perturbation method. Govaerts, Jan (ed.) et al., Contempo-
rary problems in mathematical physics. Proceedings of the fourth international workshop,
Cotonou, Republic of Benin, November 511, 2005. (pp. 372-377). Hackensack, NJ: World
Scientific, 2006 (ISBN 981-256-853-0/hbk).

A. Boggess and F.J. Narcowich. A First Course In Wavelets With Fourier Analysis. John
Wiley & Sons, New Jersey, 2015.

R. N. Bracewell. The Fourier Transform and Its Applications. McGraw-Hill Book Campany,
Boston, 2000.

B. Biilbiil and M. Sezer. Numerical solution of Duffing equation by using an improved Taylor
matrix method. J. Appl. Math., 2013(2013), Article ID 691614.

T. M. Elzaki. Solution of nonlinear differential equations using mixture of Elzaki transform
and differential transform method. Int. Math. Forum,7(13-16)(2012), 631-638.

A. Elas-Zuiiiga. A general solution of the Duffing equation. Nonlinear. Dyn. 45(3-4)(2006),
227-235.

A. Kumar and R. D. Pankaj. Laplace decomposition method to study solitary wave solutions
of coupled nonlinear partial differential equation. ISRN Comput. Math.,2012 (2012), Article
ID 423469.

S. S. Nourazar, H. Parsa and A. Sanjari. A comparison between Fourier transform Adomian
decomposition method and homotopy perturbation method for linear and non-linear Newell
- Whitehead - Segel equations. AUT Journal of Modeling and Simulation, 49(2)(2017),
227-238.

R. Novin and Z. Sohrabi Dastjerd. Solving Duffing equation using an improved semi-
analytical method. Communications on Advanced Computational Science with Applications,
2015(2)(2015), 54-58.

A. H. Salas. Exact solution to Duffing equation and the pendulum equation. Appl. Math.
Sci., Ruse, 8(176)(2014), 8781-8789.

K. Tabatabaei and E. Gunerhan. Numerical solution of Duffing equation by the differential
transform method. Applied Mathematics and Information Sciences Letters, An International
Journal, 2(1)(2014), 1-6.

M. Tirkylmazoglu. An effective approach for approximate analytical solutions of the damped
Duffing equation. Phys. Scr.,86(1)(2012), ID: 015301.

A.R. Vahidia, E. Babolian, G. H. Asadi Cordshoolic and F. Samiee. Restarted Adomians
decomposition method for Duffings equation. Int. J. Math. Anal., Ruse, 3(13-16)(2009),
711-717.

E. Yusufoglu. Numerical solution of Duffing equation by the Laplace decomposition algo-
rithm. Appl. Math. Comput., 177(2)(2006), 572-580.

Received by editors 22.02.2021; Revised version 30.07.2021; Available online 09.08.2021.

DEPARTMENT OF MATHEMATICS, KARABUK UNIVERSITY, KARABUK, TURKEY
E-mazil address: mduz@karabuk.edu.tr



