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PRIME AND MAXIMAL IDEAL

BASED ON SOFT INTERSECTIONAL RINGS

Recep Aydın and Filiz Çıtak

Abstract. In this paper, we firstly introduced the soft intersectional prime
ideal, and studied some of its properties. We then defined soft intersectional

maximal ideal. We finally discussed some basic properties of this concept.

1. Introduction

Scientists have been interested in the complex structures causing uncertainty
in the economy, engineering, environmental science, social sciences, health science
and many other areas. Since it is difficult to solve them by classical methods, differ-
ent methods have been developed to model the structures had these uncertainties
and to create a systematic solution apart from classical methods for solving such
problems. Some of the theories dealing with such methods like probability theory,
fuzzy set theory, rough set theory and soft set theory. Fuzzy set theory was first
introduced in 1965 by Zadeh [31]. According to Zadehs fuzzy set theory, every-
thing is indicated by a certain degree in the interval [0,1]. In 1971, Rosenfeld was
first studied algebraic structures in fuzzy sets. In his study, he investigated some
algebraic properties by making the definition of fuzzy group [22]. In 1979, Giles
pointed out a strong relationship between fuzzy sets and many-valued logic [13]. It
has been used in many areas like fuzzy logic, electronic control systems, automotive
braking systems, home electronics. In 1982, Pawlak wrote an article on the theory
of rough sets [21]. The soft set theory was proposed by Molodtsov in 1999 [20]. In
2002, Maji et al. made some definitions on soft sets and included some operations
on soft sets [19]. Successful results have been achieved with these operations in
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52 AYDIN AND ÇITAK

many areas. Çağman and Enginoğlu redefined Molodstovs concept of soft sets for
the development of several new results in 2010 [7]. Çağman and Enginoğlu also de-
fined soft matrices and its some operations [8]. Ali et al. introduced some different
operations related to soft sets in 2009 [4]. Also, Ali et al. examined the relationship
among fuzzy sets, rough sets and soft sets [5]. Kharal and Ahmad studied map-
pings on soft classes [18]. Aktaş and Çağman compared soft sets with fuzzy sets and
rough sets by defining soft group in 2007 [3]. Also, they investigated some algebraic
properties of soft group. With this study, soft set theory paved the way for many
studies in the field of algebra [10, 11, 14, 23, 27, 28, 29, 30, 32, 33, 34, 35, 37].
Sezgin defined LA semigroups by soft sets and AG groupoids by soft sets [24, 25].
Soft rings and some studies on algebraic operations of soft rings have been made
by Acar et al. in 2010 [2]. Jun et al. analyzed BCK/BCI ideals by soft set theory
[15, 16]. Feng et al. introduced soft semiring and soft ideals on soft semiring [12].
In 2012, Çağman et al. described soft intersection groups and researched its alge-
braic operations [6]. Also, Çıtak and Çağman investigated its algebraic properties
by defining soft intersection rings in 2015 [9]. Soft algebraic studies continue to
increase in recent years [1, 26, 17, 36].

In this paper, we firstly introduced the soft intersectional prime ideal, and
studied some of its properties. Then, we defined soft intersectional maximal ideal.
We finally some basic properties of this concept are discussed and the related result
are investigated.

2. Preliminary

Throughout this chapter, U refers to an initial universe, X is a set of parame-
ters, P (U) is the power set of U .

Definition 2.1. ([20]) A soft set (φ̃,X) over U is a function defined by

φ̃ : X → P (U)

A soft set (φ̃,X) over U can be represented by the set of ordered pairs

(φ̃,X) = {(e, φ̃(e)) : e ∈ X}

Definition 2.2. ([19]) Let (φ̃,X) be a soft set over U . If φ̃(e) = ∅ for all

e ∈ X, then (φ̃,X) is called an empty soft set, denoted by Φ̃.
If φ̃(e) = U for all e ∈ X, then (φ̃,X) is called universal soft set, denoted by

Ẽ.

Definition 2.3. ([7]) Let (φ̃,X) and (χ̃,X) be soft sets over U . Then, (φ̃,X)

is a soft subset of (χ̃,X), denoted by (φ̃,X)⊆̃(χ̃,X), if φ̃(e) ⊆ χ̃(e) for all e ∈ X.
(φ̃,X) is called a soft proper subset of (χ̃,X), denoted by (φ̃,X)⊂̃(χ̃,X), if

φ̃(e) ⊆ χ̃(e) for all e ∈ E and φ̃(e) ̸= χ̃(e) for at least one e ∈ E.
(φ̃,X) and (χ̃,X) are equal, denoted by (φ̃,X) = (χ̃,X) if φ̃(e) = χ̃(e) for all

e ∈ X.
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Definition 2.4. ([7]) Let (φ̃,X) and (χ̃,X) be two soft sets over U . Then,
union (φ̃,X)∪̃(χ̃,X) and intersection (φ̃,X)∩̃(χ̃,X) of (φ̃,X) and (χ̃,X) are de-
fined by,

(φ̃ ∪ χ̃)(e) = φ̃(e) ∪ χ̃(e), (φ̃ ∩ χ̃)(e) = φ̃(e) ∩ χ̃(e)
for all e ∈ X, respectively.

Definition 2.5. ([7]) Let (φ̃,X) be a soft set over U . Then, complement
(φ̃c̃, X) of (φ̃,X) is defined by,

φ̃c(e) = U r φ̃(e)

for all e ∈ X.

It is easy to see that ((φ̃,X)c̃)c̃ = (φ̃,X) and Φ̃c̃ = X̃.

Proposition 2.1 ([7]). Let (φ̃,X) be a soft set over U . Then,

(1) (φ̃,X)∪̃(φ̃,X) = (φ̃,X), (φ̃,X)∩̃(φ̃,X) = (φ̃,X)

(2) (φ̃,X)∪̃Φ̃ = (φ̃,X), (φ̃,X)∩̃Φ̃ = Φ̃

(3) (φ̃,X)∪̃X̃ = X̃, (φ̃,X)∩̃X̃ = (φ̃,X)

(4) (φ̃,X)∪̃(φ̃,X)c̃ = X̃, (φ̃,X)∩̃(φ̃,X)c̃ = Φ̃

Proposition 2.2 ([7]). Let (φ̃,X), (χ̃,X) and (ψ̃,X) be soft sets over U .
Then,

(1) (φ̃,X)∪̃(χ̃,X) = (χ̃,X)∪̃(φ̃,X),
(φ̃,X)∩̃(χ̃,X) = (χ̃,X)∩̃(φ̃,X)

(2) ((φ̃,X)∪̃(χ̃,X))c̃ = (χ̃,X)c̃∩̃(φ̃,X)c̃,
((φ̃,X)∩̃(χ̃,X))c̃ = (χ̃,X)c̃∪̃(φ̃,X)c̃

(3) ((φ̃,X)∪̃(χ̃,X))∪̃(ψ̃,X) = (φ̃,X)∪̃((χ̃,X)∪̃(ψ̃,X)),

((φ̃,X)∩̃(χ̃,X))∩̃(ψ̃,X) = (φ̃,X)∩̃((χ̃,X)∩̃(ψ̃,X))

(4) (φ̃,X)∪̃((χ̃,X)∩̃(ψ̃,X)) = ((φ̃,X)∪̃(χ̃,X))∩̃((φ̃,X)∪̃(ψ̃,X)),

(φ̃,X)∩̃((χ̃,X)∪̃(ψ̃,X)) = ((φ̃,X)∩̃(χ̃,X))∪̃((φ̃,X)∩̃(ψ̃,X))

Definition 2.6. ([9]) Let R be a ring and (φ̃, R) be a soft set over U . Then,
(φ̃, R) is called a soft intersectional ring over U iff

(1) φ̃(r1 − r2) ⊇ φ̃(r1) ∩ φ̃(r2)
(2) φ̃(r1r2) ⊇ φ̃(r1) ∩ φ̃(r2)

for all r1, r2 ∈ R.

Definition 2.7. ([9]) Let R be a ring and (φ̃, R) be a soft set over U . Then,
(φ̃, R) is called a soft intersectional ideal over U iff

(1) φ̃(r1 − r2) ⊇ φ̃(r1) ∩ φ̃(r2)
(2) φ̃(r1r2) ⊇ φ̃(r1) ∪ φ̃(r2)

for all r1, r2 ∈ R.

Proposition 2.3 ([9]). If (φ̃, R) is a soft intersectional ring/ideal over U , then
φ̃(0R) ⊇ φ̃(x) for all x ∈ R.
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Proposition 2.4 ([9]). Let R be a ring with identity. If (φ̃, R) is a soft inter-
sectional ideal over U , then φ̃(x) ⊇ φ̃(1R) for all x ∈ R.

Definition 2.8. Let P be an ideal of a ring R. λP is called soft characteristic
function, defined by

λP (r)=

{
U, r ∈ P ,
∅, r /∈ P.

where λP : R −→ P (U) for all r ∈ R.

Theorem 2.1. Let P be an ideal of a ring R. Then, characteristic function λp
is a soft intersectional ring over U .

Proof. Firstly, we will show that λP (r1−r2) ⊇ λP (r1)∩λP (r2) for all r1, r2 ∈
P . Since P is an ideal of R, then r1 − r2 ∈ P for all r1, r2 ∈ P . Then, λP (r1) = U
and λP (r2) = U , and λP (r1 − r2) = U . Thus, λP (r1 − r2) ⊇ λP (r1)∩λP (r2). And,
λP (r1) = ∅, λP (r2) = ∅ for all r1, r2 /∈ P . Therefore, λP (r1) ∩ λP (r2) = ∅ and so,
λP (r1−r2) ⊇ λP (r1)∩λP (r2). And, λP (r1) = U , λP (r2) = ∅ for all r1 ∈ P, r2 /∈ P .
Hence, λP (r1) ∩ λP (r2) = ∅ and so, λP (r1 − r2) ⊇ λP (r1) ∩ λP (r2).

Now, we will show that iin λP (r1 ·r2) ⊇ λP (r1)∩λP (r2) for all r1, r2 ∈ R. Since
P is an ideal of R, then r1 · r2 ∈ P for all ∀r1, r2 ∈ P . Therefore, λP (r1) = U and
λP (r2) = U , and λP (r1 ·r2) = U Thus, λP (r1 ·r2) ⊇ λP (r1)∩λP (r2). Since P is an
ideal of R, then r1 · r2 ∈ P ve r1 · r2 ∈ P for all r1, r2 /∈ P . Then, λP (r1 · r2) = U
and λP (r1) = U , and λP (r2) = ∅. Thus, λP (r1 · r2) ⊇ λP (r1) ∩ λP (r2). �

Theorem 2.2. Let P be an ideal of a ring R. Then, characteristic function λp
is a soft intersectional ideal over U .

Proof. Firstly, we will show that λP (r1−r2) ⊇ λP (r1)∩λP (r2) for all r1, r2 ∈
P . Since P is an ideal of R, then r1 − r2 ∈ P for all r1, r2 ∈ P . It follows that
λP (r1) = U and λP (r2) = U , and λP (r1 − r2) = U . Thus, λP (r1 − r2) ⊇ λP (r1) ∩
λP (r2). And, λP (r1) = ∅, λP (r2) = ∅ for all r1, r2 /∈ P . Then, λP (r1)∩ λP (r2) = ∅
and so, λP (r1 − r2) ⊇ λP (r1) ∩ λP (r2). And, λP (r1) = U , λP (r2) = ∅ for all
r1 ∈ P, r2 /∈ P . Thus, λP (r1) ∩ λP (r2) = ∅ and so, λP (r1 − r2) ⊇ λP (r1) ∩ λP (r2).

Now, we will show that λP (r1 · r2) ⊇ λP (r1) ve λP (r1 · r2) ⊇ λP (r2) for all
r1, r2 ∈ R. Since P is an ideal of R, then r1 · r2 ∈ P for all r1, r2 ∈ P . Therefore,
λP (r1) = U and λP (r2) = U , and λP (r1 · r2) = U . Thus, λP (r1 · r2) ⊇ λP (r1) and
λP (r1 · r2) ⊇ λP (r2). Since P is an ideal of R, then r1 · r2 ∈ P and r1 · r2 ∈ P for
all r1, r2 /∈ P . Therefore, λP (r1 · r2) = U and λP (r1) = U , and λP (r2) = ∅. Thus,
λP (r1 · r2) ⊇ λP (r1) and λP (r1 · r2) ⊇ λP (r2). �

3. Soft Intersectional Prime Ideals

In this section, soft intersectional prime ideals will be defined by a ring. Also,
some properties of soft intersectional prime ideals will be investigated. Throughout
this section, we assume that R is a ring.

Definition 3.1. Let (φ̃, R) and (χ̃, R) be two soft set over U . (φ̃, R) and
(χ̃, R) are called a common soft set if φ̃(r1) ∩ χ̃(r2) ̸= ∅ for all r1, r2 ∈ R.
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Definition 3.2. (φ̃, R) be a soft intersectional ideal over U . A soft intersec-
tional ideal (φ̃, R) is called a soft intersectional prime ideal over U , if

(χ̃, R)(ψ̃, R)⊆̃(φ̃, R) implies either (χ̃, R)⊆̃(φ̃, R) or (ψ̃, R)⊆̃(φ̃, R)

where (χ̃, R) and (ψ̃, R) are common soft intersectional ideals over U .

Theorem 3.1. If P is a prime ideal of R, then the characteristic function λP
is a soft intersectional prime ideal over U .

Proof. Let (χ̃, R) and (ψ̃, R) be common soft intersectional ideals over U such

that (χ̃, R)(ψ̃, R)⊆̃λP , (χ̃, R)*̃λP and (ψ̃, R)*̃λP . Thus, there exist r1, r2 ∈ R such

that χ̃(r1)*̃λP (r1) and ψ̃(r2)*̃λp(r2). Therefore, χ̃(r1) ̸= ∅ and ψ̃(r2) ̸= ∅. Also,
λP (r1) ̸= U and λP (r2) ̸= U . Hence λP (r1) = ∅ and λP (r2) = ∅. Thus, r1 /∈ P and
r2 /∈ P . Since P is a prime ideal of R, then r1r2 /∈ P and so, λp(r1r2) = ∅. Since

(χ̃, R)(ψ̃, R)⊆̃λp, then χ̃ψ̃(r1r2) = ∅.
Let r3 = r1r2. Then χ̃ψ̃(r3) =

∪
r3=r1r2

(χ̃(r1) ∩ ψ̃(r2)) ⊇ χ̃(r1) ∩ ψ̃(r2).

Since (χ̃, R) and (ψ̃, R) are common soft intersectional ideals over U , then χ̃(r1) ∩
ψ̃(r2) ̸= ∅. Thus, χ̃ψ̃(r1r2) ̸= ∅. But, this is a contradicts. Therefore, λP is a soft
intersectional prime ideals over U . �

Theorem 3.2. Let P be an ideal of R. If λP is a soft intersectional prime
ideal over U , then P is a prime ideal of R.

Proof. Let λP be a soft intersectional prime ideal over U . Let A ve B be two
ideals of R such that AB ⊆ P . If λAλB = ∅ for r1 ∈ R, then (λAλB)(r1) ⊆ λP (r1).
Suppose that (λAλB)(r1) ̸= ∅. Then,

(λAλB)(r1) =
∪

r1=r2r3

{λA(r2) ∩ λB(r3)}

Since (λAλB)(r1) ̸= ∅, then ∪
r1=r2r3

{λA(r2) ∩ λB(r3)} ̸= ∅

Thus, there exist r2, r3 ∈ R such that r1 = r2r3 and λA(r2) ̸= ∅, λB(r3) ̸= ∅.
Hence, λA(r2) = U and λB(r3) = U . This implies r2 ∈ A and r3 ∈ B. Then,
r1 = r2r3 ∈ AB ⊆ P . Therefore, λP (r1) = U . It follows that (λAλB)(r1) ⊆ λP (r1)

for all r1 ∈ R. Then, λAλB⊆̃λP . Since λP is a soft intersectional prime ideal over
U , then λA⊆̃λP or λB⊆̃λP . Thus, λA(r1) ⊆ λP (r1) or λB(r1) ⊆ λP (r1) for all
r1 ∈ R. If r1 ∈ A then λA(r1) = U . And, λP (r1) = U . So, r1 ∈ P .

Similarly, if r1 ∈ B then r1 ∈ P . That is, A ⊆ P or B ⊆ P . Hence, P is a
prime ideal of R. �

4. Soft Intersectional Maximal Ideals

In this section, soft intersectional maximal ideals will be defined by a ring.
Also, some properties of soft intersectional maximal ideals will be investigated.
Throughout this section, we assume that R is a ring.
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Definition 4.1. Let (φ̃, R) be a soft set over Uand ∅ ⊆ P ⊆ U . Then, the set
(φ̃, R)P = {r ∈ R : φ̃(r) ⊇ P} is called a level set of (φ̃, R).

Let (φ̃, R) be a soft intersectional left (right) ideal over U . (φ̃, R)P is a left
(right) ideal over U for any ∅ ⊆ P ⊆ φ̃(OR). (φ̃, R)P is called a level left (right)
ideal over U with respect to (φ,R). If P1, P2 ∈ Im(φ̃, R), then
(φ̃, R)P1 = (φ̃, R)P2 if and only if P1 = P2.

Definition 4.2. Let (φ̃, R) be a soft set over U . A set (φ̃, R∗) is denoted by
(φ̃, R∗) = {r ∈ R : φ̃(r) = φ̃(OR)}. If (φ̃, R) is a soft intersectional left (right)
ideal over U , then (φ̃, R∗) is a left (right) ideal of R.

Proposition 4.1. Let (φ̃, R) and (χ̃, R) be two soft intersectional ideals over
U . Then, (φ̃, R∗) ∩ (χ̃, R∗) ⊆ ((φ̃, R) ∩ (χ̃, R))∗.

Proof. Let r ∈ (φ̃, R∗) ∩ (χ̃, R∗) for all r ∈ R. Then, φ̃(r) = φ̃(OR) and
χ̃(r) = χ̃(OR). It follows

(φ̃ ∩ χ̃)(r) = φ̃(r) ∩ χ̃(r)
= φ̃(OR) ∩ χ̃(OR)

= (φ̃ ∩ χ̃)(OR)

Thus, we have r ∈ ((φ̃, R) ∩ (χ̃, R))∗. It is clear that

(φ̃, R∗) ∩ (χ̃, R∗) ⊆ ((φ̃, R) ∩ (χ̃, R))∗

�
In general, the equality in the above proposition need not hold, as shown by

the following example.

Example 4.1. Let R be a ring. Let (φ̃, R) and (χ̃, R) be two soft sets over
U such that φ̃(r) = ∅ for all r ∈ R and if r ̸= OR then χ̃(r) = ∅, if r = OR then
χ̃(r) = U . Then, (φ̃, R) and (χ̃, R) be soft intersectional ideals over U . Thus,
(φ̃, R∗) ∩ (χ̃, R∗) = R ∩ {OR} = {OR} and ((φ̃, R) ∩ (χ̃, R))∗ = R.

Proposition 4.2. Let (φ̃, R) and (χ̃, R) be two soft intersetional ideals over
U such that φ̃(OR) = U = χ̃(OR). Then, (φ̃, R∗) ∩ (χ̃, R∗) = ((φ̃, R) ∩ (χ̃, R))∗.

Proof. Suppose that r ∈ ((φ̃, R)∩ (χ̃, R))∗. Then, (φ̃∩ χ̃)(r) = (φ̃∩ χ̃)(OR).
Thus, φ̃(r) ∩ χ̃(r) = φ̃(OR) ∩ χ̃(OR) = U . Therefore, φ̃(r) = U = χ̃(r). Then,
r ∈ (φ̃, R∗) ∩ (χ̃, R∗). Thus, ((φ̃, R) ∩ (χ̃, R))∗ ⊆ (φ̃, R∗) ∩ (χ̃, R∗). Also, (φ̃, R∗) ∩
(χ̃, R∗) ⊆ ((φ̃, R) ∩ (χ̃, R))∗ by Proposition 4.1. It follows that (φ̃, R∗) ∩ (χ̃, R∗) =
((φ̃, R) ∩ (χ̃, R))∗. �

Theorem 4.1. Let (φ̃, R) be a soft intersectional left (right) ideal over U such
that φ̃(r1) ̸= U for some r1 ∈ R. Then, there exist a soft intersectional left (right)

ideal (χ̃, R) over U such that χ̃(r2) ̸= U for some r2 ∈ R and (φ̃, R)⊆̃(χ̃, R).

Proof. Case 1: Let φ̃(OR) ̸= U and φ̃(OR) ⊂ P ⊂ U . Let (χ̃, R) be a soft
set over U such that χ̃(r) = P for all r ∈ R .Then, (χ̃, R) is a soft intersectional

left ideal over U such that χ̃(r) ̸= U and (φ̃, R)⊆̃(χ̃, R) for all r ∈ R.
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Case 2: Let φ̃(OR) = U . By the hypothesis, there exist r ∈ R such that
φ̃(r) ̸= U . Let φ̃(r) ⊂ P ⊂ φ̃(OR). Thus, (φ̃, R)

P is a left ideal of R. Let (χ̃, R) be
a soft set uver U such that χ̃(u) = U if u ∈ (φ̃, R)P and χ̃(u) = P if u /∈ (φ̃, R)P .
Then, (χ̃, R) is a soft intersectional left deal over U . Since r /∈ (φ̃, R)P , then

χ̃(r) = P ̸= U . Also, it can be easily checked that (φ̃, R)⊆̃(χ̃, R). �

Definition 4.3. Let (φ̃, R) be a soft intersectional ideal over U . (χ̃, R) is
called a soft intersectional maximal left (right) ideal over U if φ̃ is not constant

and for any soft intersectional left (right) ideal (φ̃, R) over U , if (φ̃, R)⊆̃(χ̃, R) then
either (φ̃, R∗) = (χ̃, R∗) or (χ̃, R) = λR.

Theorem 4.2. Let (φ̃, R) be a soft intersectional maximal left (right) ideal over
U . Then, φ̃(OR) = U .

Proof. Suppose that φ̃(OR) ̸= U . Let φ̃(OR) ⊂ P ⊂ U and (χ̃, R) be a soft
set over U such that χ̃(r) = P for all r ∈ R. Then, (χ̃, R) is a soft intersectional ideal
over U . It can be easily checked that (φ̃, R)⊂̃(χ̃, R), (χ̃, R∗) = R and (χ̃, R) ̸= λR.
Thus, (φ̃, R)⊂̃(χ̃, R) but (φ̃, R∗) ̸= (χ̃, R∗) and (χ̃, R) ̸= λR. This contradicts the
hypothesis that (φ̃, R) is a soft intersectional maximal left ideal over U . Hence,
φ̃(OR) = U . �

Theorem 4.3. Let (φ̃, R) be a soft intersectional maximal left (right) ideal over
U . Then, |Im(φ̃, R)| = 2.

Proof. By Teorem 4.2, it follows that φ̃(OR) = U . We claim that if

P ∈ Im(φ̃, R) then (φ̃, R)P = R for ∅ ⊆ P ⊂ U .

Let ∅ ⊆ P ⊂ U and P ∈ Im(φ̃, R). Then, (φ̃, R)P is a left ideal of R and since
P ⊂ U then (φ̃, R∗) ⊂ (φ̃, R)P . Let (χ̃, R) be a soft set over U such that χ̃(r) = U
if r ∈ (φ̃, R)P and χ̃(r) = P if r /∈ (φ̃, R)P . Then, (χ̃, R) is a soft intersectional left

ideal over U and so, (χ̃, R∗) = (φ̃, R)P . Clearly, (φ̃, R)⊆̃(χ̃, R). Since (φ̃, R) is a
soft intersectional maximal ideal over U and (φ̃, R∗) ⊂ (φ̃, R)P = (χ̃, R∗), then we
have (χ̃, R) = λR. Thus, χ̃(r) = U for all r ∈ R. Hence, (φ̃, R)P = (χ̃, R∗) = R.
This proves our claim. Now, we have (φ̃, R)P1 = R = (φ̃, R)P2 iff P1 = P2 for any
P1, P2 ∈ Im(φ̃, R), ∅ ⊆ P1, P2 ⊂ U . Thus, (φ̃, R) is two-valued. �

Theorem 4.4. Let (φ̃, R) be a soft intersectional maximal left (right) ideal over
U . Then, (φ̃, R∗) is a maximal left (right) ideal of R.

Proof. Since (φ̃, R) is not constant, then (φ̃, R∗) ̸= R. By Teorem 4.3, (φ̃, R)
two-valued. Let Im(φ̃, R) = {P,U} where ∅ ⊆ P ⊂ U . Let M be a left ideal
of R such that (φ̃, R∗) ⊆ M . Let (χ̃, R) be a soft set over U such that χ̃(m) =
U if m ∈ M and χ̃(m) = K if m /∈ M for P ⊂ K ⊂ U . Then, (χ̃, R) is a

soft intersectional left ideal over U . Clearly, (φ̃, R)⊆̃(χ̃, R). Since (φ̃, R) is a soft
intersectional maximal left ideal over U , then (φ̃, R∗) = (χ̃, R∗) or (χ̃, R) = λR.
If (φ̃, R∗) = (χ̃, R∗) then (χ̃, R∗) = M since (φ̃, R∗) = M . If (χ̃, R) = λR then
M = R. Thus, (φ̃, R∗) is a maximal left ideal of R. �
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Theorem 4.5. Let (φ̃, R) be a soft intersectional left (right) ideal over U . If
(φ̃, R∗) is a maximal left (right) ideal of R then (φ̃, R) is two-valued.

Proof. Since (φ̃, R∗) is a maximal left ideal of R, then (φ̃, R∗) ̸= R. Thus,
there exist r ∈ R such that φ̃(r) ̸= φ̃(OR). Hence, (φ̃, R) is at least two-valued.
Let ∅ ⊆ P ⊂ φ̃(OR) and P ∈ Im(φ̃, R). Then, (φ̃, R)P is a left ideal of R such that
(φ̃, R∗) ⊂ (φ̃, R)P . Since (φ̃, R∗) is a maximal left ideal, then (φ̃, R)P = R. Thus,
if P1, P2 ∈ Im(φ̃, R) and P1 ̸= φ̃(OR), P2 ̸= φ̃(OR) then (φ̃, R)P1 = R = (φ̃, R)P2

iff P1 = P2. Thus, (φ̃, R) is two-valued. �

Theorem 4.6. Let (φ̃, R) be a soft intersectional left (right) ideal over U . If
(φ̃, R∗) is a maximal left (right) ideal of R and φ̃(OR) = U , then (φ̃, R) is a soft
intersectional maximal left (right) ideal over U .

Proof. By Theorem 4.5, (φ̃, R) is two-valued. Let Im(φ̃, R) = {P,U} where
∅ ⊆ P ⊂ U . Let (χ̃, R) be a soft intersectional left ideal over U such that

(φ̃, R)⊆̃(χ̃, R). Then, χ̃(OR) = U . Let r ∈ (φ̃, R∗). Thus, U = φ̃(OR) = φ̃(r) ⊆
χ̃(r). So, χ̃(r) = U = χ̃(OR) and hence r ∈ (χ̃, R∗). Thus, (φ̃, R∗) ⊆ (χ̃, R∗).
Since (φ̃, R∗) is a maximal left ideal of R, then (φ̃, R∗) = (χ̃, R∗) or (χ̃, R∗) = R.
If (χ̃, R∗) = R then (χ̃, R) = λR. Hence, (φ̃, R) is a soft intersectional maximal left
ideal over U . �

5. Conclusion

In this study, we defined prime and maximal ideal based on soft intersectional
rings. Then, we defined prime ideal based on soft intersectional rings and in-
vestigated their some properties. Also, we defined maximal ideal based on soft
intersectional rings and investigated their some properties. To extend our work,
further research could be done in other algebraic structures such as semiring.
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