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NEW APPLICATIONS ON FOURTH-ORDER
DIFFERENTIAL SUBORDINATION FOR
MEROMORPHIC UNIVALENT FUNCTIONS

Waggas Galib Atshan, Azhar Haider Saeed, and Sibel Yalgin

ABSTRACT. In the present paper, we introduce new applications on fourth-
order differential subordination associated with differential linear operator
Is r1(n, ) in the punctured open unit disk U*. Also, we obtain some new
results.

1. Introduction, definitions, and preliminaries

Denote by C be a complex plane H = H(U) be the class of functions which are
analytic in the open unit disk U={z:2 € C, |z|] <1}, fora € Cand n € N, N
being the set of positive integers, let

Hla,n] ={f €H: f(2) =a+anz" + 12"+ }, and Hy = HI[1,1].
Let ¥ denote the class of functions f(z) of the form:

(1.1) f(z)= % + Zakzk,
k=0

which are analytic and meromorphic univalent in the punctured open unit disk
U*={z€eC,0<|z| <1} =U\{0}.
Ali et al. [2] introduced and investigated the linear operator

Jin,\) 18— %,
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that is obtained as follows:

(1.2) Jﬂn,A)f(z)zi%—Z(iii\) arpz®, (2 €U, A > 1).
k=0

The general Hurwitz-Lerch Zeta function

(z,8,7) Z =, 7 €C\Zy, s € Cwhen 0<|[z] <1
il
A linear operator I, ,1(n,A) : ¥ — X (see [9]) is defined
(1.3)
D(z,s,7) - r kA",
I = 2&sn) ! .
R A RVICEEEDY () (551) o=

It is easily verified from (1.3) that
(1.4) 2 (L1 (n, M) f(z ))/ A=DLri(n+ 1,0 f(2) = Msri(n, A) f(2).

Io,r1(n, A) f(2) = Ji(n, A) f(2) and Jo,r1(0, M) f(2) = f(2).
In 2011, Antonino and Miller [3] presented basic concepts and extended the the-
ory of the second-order differential subordination in the open unit disk introduced
by Miller and Mocanu [13] to the third-order case. Many scholar have discussed
and dealt with second-order differential subordination and superordination the-
ory in recent years, like [1, 8, 9, 10, 11, 12, 14|. There are many authors
who discussed the theory of the third-order differential subordination for exam-
ple [4, 5, 15, 16, 17, 18, 19|, few authors introduced the theory of fourth-order
differential subordination for example ([6, 7]). In this paper, using methods of
fourth-order differential subordination, sufficient conditions obtained.
To prove our main results, we need the basic concepts in theory of the fourth-
order.

DEFINITION 1.1. ([13]) Let f(z) and F(z) be members of the analytic function
class H. The function f(z) is said to be subordinate to F'(z), or F'(z) is superordinate
to f(z), if there exists a Schwarz function w(z) analytic in U with w(0) = 0 and
|lw(z)| < 1, such that f(z) = F(w(z)) (¢ € U). In this case, we write f < F or
f(z) < F(z). If the function F(z) is univalent in U, then

f(z) < F(2) (z € U) < f(0) = F(0), and f(U) c F(U).

DEFINITION 1.2. ([3])Let Q be the set of analytic and univalent functions g on
the set U \ E(q), where

E(q) = {c €oU: T g(z) = oo} |

and are such that min |¢'({)| = p > 0 for ¢ € OU \ E(q). Further, let the subclass
of @ for which ¢(0) = a be denoted by Q(a) with Q(0) = Qo and Q(1) = Q, Q; =
{g€Q:q(0) =1}
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DEFINITION 1.3. ([6]) Let ¢ : C5xU — C and suppose that h(z) be univalent
function in U. If p(z) is analytic function in U and satisfies the following fourth-order
differential subordination:

(1.5) @(p(z), 20/ (2), 22" (2), 2°p®(2), z4pW (2); z) =< h(z),

then p(z) is called a solution of the differential subordination (1.5 ). A univalent
function ¢(z) is called a dominant of the solution of (1.5), or, more simply, a
dominant if p(z) < ¢(z) for all p(z) satisfying (1.5). A dominant G(z) which satisfies
4(z) < q(z) for all dominants ¢(z) of (1.5) is said to be the best dominant.

LEMMA 1.1. ([6]) Let 29 € U with ro = |29|. For n > 3. Let
f(2) = an2"™ + angp 12"+ ap 02T+
be continuous on U,, and analytic in U,, U {z}, with f(z) # 0.If
(16) 17 (20)] = max {| ()] : 2 € Trg},

then there exists m > n such that

20f'(z0)
(1.7) F0) m,
z0f" (20) }
(1.8) Re {f’(zo) +1;>m,
and
OE LOEE TG
(1.9) Re{ 20/ (20) > m”.
Then
RS UGS E ERT LIRS LTy S
of'(20
LEMMA 1.2. ([6]) Let p € H[a,n] and q € Q with ¢(0) = a for z € U,,. Let
(1.11) s=q"'[p(2)] = f(2).

If there exists points zg = roe'®® € U and so € OU \ E(q) such that p(z0) = q(s0)
and p(U,,) C q(U),

2 /
(1.12) Re {SO?(SO)} >0, ZZ? (2) <k
q'(s0) q'(s)
and
2 .(3) 2,11
(1.13) Re {Soql(so)} >0, c ? (2) 2
q'(s0) q'(s)
where rog = |z9|. Then there exists m = n > 3 such that
(1.14) z0p' (20) = msoq (o),

(1.15) re {H0E) 1 s e {2004
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and
(1 16) Re { Zo0p (Zo)+3z§p//(20)+z0p(3)(zo) } S m2R6 { soq (30)""333(1”(80)-1-90(1(3)(so) }

. zZop ( = 504 (so) .
Then

Re { 200/ (20)+ 720" (20)+628p ) (20)+23p (20)

(1.17) 208" (70)

. > m>Re { 504’ (30) +7534" (s0) 6530 (s0) 53 (4)(90)}

- s0q’(s0) )
or
(L18) R{W}>M{q<><>}
p/(ZO) q/(SO)

DEFINITION 1.4. ([6]) Let ©2 be a set in C, ¢ € Q and n € N\{2}. The class
V,,[€, ] of admissible functions consists of those functions ¢ : C> x U — C that
satisfy the following admissibility condition:

QO(’I”, S,t,U7U; Z) ¢ Qa

whenever
= — ko t ¢q" (<)
T—q(C)vs—qu(C),Re{st } kRe { 710 +1},
and
2 (3 3 (4
Re{} > ke {10 } )5 e {S00Y,

where z € U, ( € OU \ E(q) and k >

The next theorem is the foundation result in the theory of fourth-order differ-
ential subordinations.

THEOREM 1.1. (See [6]) Let p € Hla,n] with n € N\{2}. Also, let ¢ € Q(a)
and satisfy the following admissibility conditions:

¢2¢®(Q) } 2p"(2)| _ o
1.19 Red >——%720, and < k7
(19 e /0
where z € U, ( € OU \ E(q) and k = n. If Q is a set in C, ¢ € V,,[Q, q] and
(1.20) go(p(z)7 2p'(2), 2%p"(2), 22p®(2), 2*pW(2); z) €Q,
then

p(2) <q(z) (2€0).

2. Fourth-order differential subordination with I, 1(n, \)f(2)

We first define the following class of admissible function, which are required in
proving the differential subordination theorem involving the operator I .1 (n, A) f(2)
defined by (1.3).
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DEFINITION 2.1. Let © be a set in C, and ¢ € Q. The class A;[€, ¢] of ad-
missible functions consists of those functions ¢ : C> x U — C which satisfy the
following admissibility condition:

¢((l7 b7 ¢, d7 €] Z) ¢ Qv

whenever ked'(€) 4 Aa(0)
q + Aq
= b =
a=q(¢), T
1
Re [ O=DO=2c20=Da _ 5y _ >kRe{Cq (€) +1}
{ (A=1)b—Xa ( )} q (O
2 (3)
(A—1)(A—=2)(A—3)d—3A(A—1)(A—2)c+2A(A>—1)a 2 ¢?q™ (<)
Re{ 01 I+ >k Re{q/(o :
and
A=1)(A=2)(A=3)A—4)e—4AA—-1)(A=2)(A=3)d+6A(N2=1)(A—=2)c—3A(A\3+202—1+2)a
R
€ (—1)b—ra

2 3 (STAA(9)
—4N(A +9>\+2)}/kRe{ = }
where z € U, ( € OU \ E(q) and k > 3.

THEOREM 2.1. Let ¢ € Ay[Q, q]. If the function f € ¥ and q € Q1 satisfy the
following conditions:

Ispa(n+2,))f(2)

<2q(3)(C) 2
@1) Re{ 7(¢) } >0 7(¢) S
and
(2 2) {¢( srl(n A)f( )a Isrl(n""]- )\)f( ) I ,r,l(n+27>\)f(z)v
’ Isr1(n+3,N)f(2), Ispa(n+4,N)f(2);2): 2 € U} C Q,

then
Is,r,l(n? /\)f(z) =< q(Z) (Z € U)
PROOF. Define the analytic function F(z) in U by
(2.3) F(z) =Is,1(n, ) f(2).
By differentiating (1.3) with respect to z with using (2.3), we deduce that
2F'(2) + A\F(z
(2.4 La(n+1,2)f(z) = T
By a similar argument, we get
22F"(2) + 2X2F'(2) + M\ — 1) F(2)
A=1(A-2) ’

(2.5) Lra(n+2,0)f(z) =

2B3F®) 32 F" SA(A—1)2F" ANOZ_3A42)
B0)  Tanaln 3 050 = SN QNG e

and
A FW () 44028 F®) (2) +6A(A—1)22F"' (2)
@7 Liya(n+4,0)f(2) = ( )(A DO—2)(A—3)(A—3)
’ AANA2=3A42)2F' (2)+ A (A3 =6 % +11A— G)F(z)

+ -1 0—2)(>—3) (A —1)
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Define the transformation from C® to C by

A t+ 2\ AN =1
a(r, s, t,u,v) =71, b(r, s, t,u,v) = S;—_ 17*, c(r, s, t,u,v) = +()\jj_)(>\(_ ) )T,
3AM+3ANA -1 AA2 =31 +2
d(r,s,t,u,v):u+ + 3X( )s 4 A( + )7“,
A=1DA=-2)(A=3)
and
VAHAAUFBAA—1)E+AA (A2 —32A4+2) s+ A(AS—6A24+117A—6
e(r, s,t,u,0) = G B ) x,
Let
1/’(73 5, ty u, v; Z) = ¢(a7 ba ¢ d7 € Z)
_ sHAr tH2ASHFAN=1)T  uF3At+3AA—1)s+A (A2 —314+2)r
(2.8) =¢(r 52T, O 1)(§\ 2)) ) ) (1)(>\) 2)(>(\ 3) r,

VFAAUAFBAA—1)E+AA(AZ—32A4+2) s+ A(AZ—6AZ+11A—6)r |
GC-DO—2(A3) (A9 2

The proof will make use of Lemma 1.1. Using (2.3) to (2.7) and from (2.8), we have

Y (F(2), 2F'(z), 22F"(2), 23FO)(2), 22FW(2); 2)
(2.9) = ¢ (Lsr1(n, A f(2), Lspa(n+1,0)f(2), Lsrai(n+2,A)f(2),
I r1(n+3, M) f(2), Lspa(n+4,0)f(2);2).

Hence (2.2) becomes

¥ (), 2 (), 22 (2), 2Dz, 2D (2); 2) €

Note that
t A=1A=2)c—AA—1)a
-+1= — (22 -1
s + (A=1)b—Aa ( )
% _ (/\71)(A72)(A73)d(;\fS_Al())}\]:IA)(J(A72)c+2/\()\271)a L3N+ 1),
and
Vo D=D(A=2)A=3)(A—4)e—4A(A—1)(A—2) (A—3)d+6A(A\>—1) (A=2)c—3A(N\*+2X° —A+2)a
- (A=1)b—Xa
S

—4A(N? 49X + 2).

Thus, the admissibility condition for ¢ € A;[Q, ¢] in Definition 2.1 is equivalent to
the admissibility condition for ¢ € ¥3[Q, ¢] as given in Definition 1.4 with n =3 .
Therefore, by using (2.1) and Lemma 1.1, we have

F(2) = L1 (n, M) f(2) < q(2).
This completes the proof of Theorem 2.1. O

Our next corollary is an extension of Theorem 2.1 to the case when the behavior
of ¢(z) on AU is not known.
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COROLLARY 2.1. Let Q C C, and let the function q be univalent in U with
q(0) = 1. Let ¢ € A[Q,q,] for some p € (0,1), where q,(2) = q(pz). If the
function f € ¥ and q, satisfy the following conditions:

(2.10)
§2qg3)(<) Isrl(n+ 2,)\)]0(2’) k?
eq——1 7 >0, | == <k* (z€e U,k > 3, ou ,
and
& (Lsr1(n, A f(2), Lsra(n+1,0)f(2), Isr1(n+2,0)f(2),
Iip1(n4+ 3,0 f(2), Israi(n+4,0)f(2);2) € Q,
then

Lira(n+2,0)f(2) <q(2) (z€0).
PrROOF. By using Theorem 1.1, we get

Is,'r‘,l(n7 )\)f(Z) = Qp(z) (Z S U)
Then, we obtain the result from

9p(2) < q(z) (z€U).
O

If © # C is a simply connected domain, then 2 = h(U) for some conformal
mapping h(z) of U onto €. In this case, the class A;[h(U), ¢ is written as A;[h, q].
The following theorem is an immediate consequence of Theorem 2.1.

THEOREM 2.2. Let ¢ € Ai[h,q|. If the function f € ¥ and q € Qg satisfy the
condition (2.1), and

(2.11) ¢ (Lor1(n, N f(2), Topa(n+1,0)f(2), Liri(n+2,X)f(2),
’ Lopa (n+ 3, ) F(2), T (n + 4, 0) f(2); 2) < h(2),

then Is »1(n, A f(2) < ¢(z) (2 €U).
The next result is an immediate consequence of Corollary 2.1.

COROLLARY 2.2. Let Q C C, and q be univalent function in U with q(0) = 1.
Let ¢ € Ailh,q,] for some p € (0,1), where q,(2) = q(pz). If the function f € ¥
and q, satisfy conditions (2.10), and (2.11), then

Lora(n, A f(2) < go(2) (2 €1).

The following theorem yield the best dominant of the differential subordination
(2.11).

THEOREM 2.3. Let h be univalent function in U. Also, let ¢ : C> x U — C
and suppose that the differential equation:
(2.12)
2q' (2)+Xq(z) 2%2¢" (= Azq' (2)+A( A\ — z
o q(z), q (/\)+1q( )7 q’( H?,\ (11)((,\”2)( Dg( )’
3¢ (2)+322%¢" (2)+32A(A—1)z¢’ (z)+>\()\2—3>\+2)q(z)
(A=1)(A=2)(A—3)
22 (2)44222¢® (2)+6A(A—1)22¢" (2) +4A (A2 =324+2) 2¢" (2) FAA® =622+ 11— 6)q(z) —h
G=D(-2)(A—3)(x—9) = h(2)
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has a solution q(z) with q(0) = 1, which satisfies the condition (2.1 ). If the function
f € X that satisfies condition (2.11), and if the function

¢(IS7Tyl(n /\)f( )7 Isrl(n+1 )‘)f( )a Isrl(n+2 )‘)f(z)7
Ispa(n+3,0)f(2), Lsra(n 4+ 4 A) f(2); 2)

is analytic in U, then
Is,r,l(nv )\)f(Z) = q(Z),
and q(z) is the best dominant.

ProOOF. From Theorem 1.1, we see that ¢(z) is a dominant of (2.11). Since g(2)
satisfies (2.12), it has also a solution of (2.11) and therefore ¢ will be dominated by
all dominants. Hence ¢(z) is the best dominant. O

In view of Definition 2.1 and in a special case when ¢(z) = Mz, (M > 0), the
class of admissible functions A;[€2, ¢], denoted by A;[Q2, M], is described as follows.

DEFINITION 2.2. Let © be a set in C, and M > 0. The class A;[Q, M] of
admissible functions consists of those functions ¢ : C3 x U — C such that
(2.13)

0 k+\ 19 LH[22k+A(A=1)]Me?®  N43AL+[3AA=1)k+A(AZ—37+2)|M
o (M, 53 0e G-D0-2) B-D-2(—3) )
A+4)\N+6>\()\ 1) L4[AAAZ =32 +2)k+A(A2 =622 +111—6)| M e )¢Q

(A=1)(A—2)(A=3)(A—4)
whenever z € U, Re(Le™) > (k — 1)kM, Re(Ne~") > 0 and Re(Ae™ %) >0(0 €
R; k > 3).
COROLLARY 2.3. Let ¢ € A[Q, M]. If the function f € X that satisfies
e,a(n+2,0)| <k*M (2€U, k>3, M>0),

and

¢(IS7T1(n /\) ( )7 S,T71(n+1 )‘)f( )’ ISTl(n+27)‘)f(Z)7
Lira(n+3, M) f(2), Lsra(n+4,M)f(2);2) € Q,

then
| Zs r1(n, N)| < M.

In the special case, when Q = ¢(U) = {w : |w| < M}, the class A[Q, M] is
simply denoted by A;[M]. Corollary 2.3 can now be written in the following form:

COROLLARY 2.4. Let ¢ € A[Q, M|. If the function f € ¥ that satisfies
Lra(n+2,0)f(2)| <M (2€U, k>3, M >0),

and
|¢(Is,r,1(n7>\)f(z)v Isrl(n+1 )\)f( )7 Isrl(n+2 )‘)f(z)v
Iir1(n4+3,N)f(2), Isra(n+4,X)f(2);2)] < M,

then
|Is,’r‘,1(na )\)f(Z)| < M.
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