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AMICABLE SETS OF GENERALIZED
ALMOST DISTRIBUTIVE FUZZY LATTICES

Yohannes Gedamu Wondifraw and Berhanu Assaye Alaba

ABSTRACT. In this paper we introduce the concept of a compatible set, maxi-
mal set and amicable set of a Generalized Almost Distributive Fuzzy Lattices
(GADFLs) and we study their properties in a GADFL. We also show any two
amicable sets are isomorphic in an associative GADFL.

1. Introduction

The concept of Generalized almost distributive lattices (GADLs) was intro-
duced by Rao, Bandaru and Rafi [6] as a generalization of Almost distributive
lattices (ADLs) [8] which was a common abstraction of almost all the existing ring
theoretic generalization of a Boolean algebra on one hand and Distributive lattice
on the other. The concept of amicable set was first introduced by Subrahmanyam
[7] in the class of triple systems. Later studied by Swamy and Rao [8] in the class
of ADLs. Bandaru [2] also studied about a compatible set, maximal set and ami-
cable set and their properties in a GADL. On the other hand, L. A. Zadeh [9] in
1965 introduced the notion of fuzzy set. Again in 1971, Zadeh [10] defined a fuzzy
ordering as a generalization of the concept of ordering, that is, a fuzzy ordering
is a fuzzy relation that is transitive. In particular, a fuzzy partial ordering is a
fuzzy ordering that is reflexive and antisymmetric. In 1994, Ajmal and Thomas [1]
defined a fuzzy lattice as a fuzzy algebra and characterized fuzzy sublattices. In
2009, Chon [5], considering the notion of fuzzy order of Zadeh [10], introduced a
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new notion of fuzzy lattice and studied the level sets of fuzzy lattices. He also intro-
duced the notions of distributive and modular fuzzy lattices and considered some
basic properties of fuzzy lattices. In 2017, Berhanu et al. [3] introduce the concept
of Almost distributive fuzzy lattices (ADFLs) as a generalization of Distributive
fuzzy lattices and characterized some properties of an ADL using the fuzzy par-
tial order relations and fuzzy lattices defined by I. Chon. Later on Berhanu and
Yohannes [4] introduce the concept of Generalized almost distributive fuzzy lattices
(GADFLs) as a generalization of Almost distributive fuzzy lattices (ADFLs). As
a continuation in this paper we introduce the concept of compatible set, maximal
set and amicable set of a Generalized almost distributive fuzzy lattices.

2. Preliminaries

First we recall certain definitions and properties of a Generalized almost dis-
tributive lattices.

DEFINITION 2.1. ([2]) An algebra (L, V, A) of type (2, 2) is called a Generalized
almost distributive lattice if it satisfies the following axioms:
(AsA) (zAy)Az=xzA(yAz),
(LD A) 2A(yVz)=(xAy)V(zAz),
(LD V) 2V (yAz)=(xVy) AzVz),
(A1) zA(zVy) ==,
(A2) (zVy) Az =,
(A43) (zAy)Vy=y
for all z,y,z € L.

LEMMA 2.1 ([2]). For any a € L,
(1) aVa=a
(2) aNa=a.

In addition to the 3 absorption laws A1, Ay, A3 given in Definition 2.1, we also
get the following:

LEMMA 2.2 ([2]). For any a,b € L,
(Ag) aV (aNb) =a,
(45) aV (bAa) =a.

DEFINITION 2.2 ([2]). For any a,b € L we say that a is less than or equal to b
and write a < b, if a A b = a or equivalently, a Vb =b.

LEMMA 2.3 ([2]). For any a,b,c € R,aANbAc=bAaAc

DEFINITION 2.3. ([5]) Let X be a set. A function 4 : X x X — [0, 1] is
called a fuzzy relation in X. The fuzzy relation A in X is reflexive iff A(z,z) =1
for all z € X, A is transitive iff A(z,2) > sup,cyx min(A(z,y), A(y, 2)), and A is
antisymmetric iff A(x,y) > 0 and A(y,x) > 0 imply z = y. A fuzzy relation A is a
fuzzy partial order relation if A is reflexive, antisymmetric and transitive. A fuzzy
partial order relation A is a fuzzy total order relation iff A(z,y) > 0 or A(y,z) >
0 for all z,y € X. If A is a fuzzy partial order relation in a set X, then (X, A)



AMICABLE SETS OF GENERALIZED ALMOST DISTRIBUTIVE FUZZY LATTICES 141

is called a fuzzy partially ordered set or a fuzzy poset. If B is a fuzzy total order
relation in a set X, then (X, B) is called a fuzzy totally ordered set or a fuzzy chain.

DEFINITION 2.4. ([5]) Let (X, A) be a fuzzy poset and let B C X. An element
u € X is said to be an upper bound for a subset B iff A(b,u) > 0 for all b € B.
An upper bound wug for B is the least upper bound of B iff A(ug, u) > 0 for every
upper bound u for B. An element v € X is said to be a lower bound for a subset
B iff A(v,b) > 0 for all b € B. A lower bound v, for B is the greatest lower bound
of B iff A(v, vg) > 0 for every lower bound v for B.

We denote the least upper bound of the set {z,y} by « V y and denote the
greatest lower bound of the set {z,y} by = A y.

DEFINITION 2.5. ([5]) Let (X, A) be a fuzzy poset. (X, A) is a fuzzy lattice iff
xVyand z Ay exist for all z,y € X.

DEFINITION 2.6. ([5]) Let (X, A) be a fuzzy lattice. (X, A) is distributive if
andonlyifx A(yVz)=(@xAy)V(@Az)and (zVy) A(zVz)=xV (yAz).
We define a Generalized Almost Distributive Fuzzy Lattice (GADFL) as fol-

lows:

DEFINITION 2.7. ([4]) Let (R, V, A) be an algebra of type (2, 2) and (R, A)
be a fuzzy poset. Then we call (R, A) is a Generalized almost distributive fuzzy
lattice if it satisfies the following axioms:

(1) A((lanb)Ac,an(bAce))=AlaN(bAc),(aNb)Ac)=1;
(2) A(an(bVe),(anb)V(anc)=A((anb)V(anc),aN(bVc)) =1;
(3) A(av (bAc),(avbd)A(aVe)=A((aVb)A(aVe),aV (bAc)) =1;
(4) A(aA(aVb),a)=A(a,a N (aVb))=1;
(5) A((aVb)Aaya)=A(a,(aVb)Na)= 1,
(6) A((anb)Vb,b)=A(D, (aAb) Vb) =

for all a,b,c € R

Now, we give some elementary properties of a GADFL.

THEOREM 2.1 ([4]). Let (R, A) be a fuzzy poset . Then R is a GADL iff (R, A)
is a GADFL.

THEOREM 2.2 ([4]). Let (R,A) be a GADFL . Then a = b < A(a,b) =
A(b,a) =

DEFINITION 2.8. ([4]) Let (R, A) be a GADFL . Then for any a,b € R, a <b
if and only if A(a,b) > 0.

In view of the above definition, we have the following theorem.

THEOREM 2.3 ([4]). If (R, A) is a GADFL then a ANb = a if and only if
A(a,b) >0

LEMMA 2.4 ([4]). Let (R, A) be a GADFL and a,b € Rsuch that a # b. If
A(a,b) > 0 then A(b,a) =0.
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LEMMA 2.5 ([4]). Let (R, A) be a GADFL. Then for each a and b in R
(i) A(@anb,b) > 0 and A(bAa,a) > 0.
(ii) A(a,aVvb) > 0 and A(b,bVa) > 0.

DEFINITION 2.9. ([4]) The fuzzy poset (R, A) is directed above if and only if
the poset (R, <) is directed above.

Now, we give the following conditions for a GADFL to become a distributive
fuzzy lattice.

THEOREM 2.4 ([4]). Let (R, A) be a GADFL. Then the following are equivalent.
1) (R, A) is distributive fuzzy lattice;

2) The fuzzy poset (R, A) is directed above;

3) A(an (bVa),a)> 0and A(a,a A (bVa)) > 0;

4) A(aVvb,bVa)> 0and AbV a,aVb)> 0;

5) Alanb,bAa)> 0 and A(bAa,aANb) > 0;

6) The relation = {(a,b) € Rx R| A(b,a Ab) > 0} is antisymmetric.

3. Amicable Sets of a GADFL

In this section we define compatible set, maximal set and amicable set in a
Generalized Almost Distributive Fuzzy Lattices and we study their properties.

DEFINITION 3.1. Let (R, A) be a GADFL. For any a,b € R, we say that a is
compatible with b (written a ~4 b) if A(a Ab, bAa) > 0and A(bAa, aAb) >0 or
equivalently A(aVb, bVa) > 0and A(bVa, aVb)> 0. A subset S4 of R is said to
be compatible if a ~4 b for all a,b € S4. By a maximal set, we mean a maximal
compatible set where maximal in the usual sense.

DEFINITION 3.2. Let M4 be a maximal set in a GADFL (R, A). Then an
element x € R is said to be M 4— amicable if there exists d € M4 such that

A(z,dNx) > 0.
Now we give the definition of an amicable set in a GADFL

DEFINITION 3.3. A maximal set M4 is said to be an amicable set in a GADFL
(R, A) if every element of R is M 4— amicable.

ExAMPLE 3.1. Let R = {a, b, c} and M4 = {a,b}. Define two binary operations
V and A on R as follows:

Vial|blec Alal|bdb]|c
alalala alal|b|c
b lal|b|b and ARE
clclclec clblb]|c

Define a fuzzy relation A : R x R — [0, 1] as follows: A(a,a) = ) =
1, A(b,a) = A(b,c) = A(c,a) = A(e,b) = 0, A(a,b) = 0.2 and A(a,c) = 0.4.
Clearly, (R, A) is a GADFL.
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Now, consider M4 C R. For a,b € My, A(aAb,bAa) > 0and A(bAa, aANb) >0
Hence M 4 is a compatible set and it is a maximal compatible set. Now, let x € R,
then there exists d in M4 such that A(xz,d A x) > 0. Hence every element of R is
M 4— amicable. Therefore M4 is amicable set in a GADFL (R, A).

LEMMA 3.1. Let (R, A) be « GADFL. For any a,b € R,
aNb~ga = AlaNbbAa)=1.

PROOF. Suppose (R, A) is a GADFL and a,b € R. Assume a Ab ~4 a. Then
A(anb,a) > 0 and A(a,aAb) > 0 by definition 3.1, hence by antisymmetry property
of A, a ANb=a. Now,

A(anb,bAa) =A(aNb,bAaAb) =AlaAb,aANbAD) = AlaNb,aAD) =1
Therefore A(a Ab,bAa) = 1. O
Now we prove the following

LEMMA 3.2. Let (R, A) be a GADFL and a,b,c € R. Then
a~ab= A(aVe)Ab (aAb)V (cAD) =1

PRrROOF. Let (R, A) be a GADFL and a,b,c € R. Let a ~4 b. Then A(a A b,
bAa)>0and A(bAa, aAb) > 0 then by antisymmetry propperty of A, a Ab =
b A a. Now,
aNb)V (cAD))
aVe)ANbAD, (a
bA(aVe)Ab, (a
{(bAa)V (bAc) , (@A b))V (cAD))
{land)Vv(bAc) aAb)V (cADb))
{ b
bA
[

—~

Ab)V (cAD))

Ab)V (¢ AD))

}ADb(

FADb(

[(@aAD) VO A(aAb) V]t Ab, (aAD)V (cAD))
AN[(anNb) Ve Ab, (aAb)V (cADb))

(aAD)V | AbAD, (aAb)V (cAD))

{lanb)Ve)} Ab, (anb)V (cAD))

{(a Nb) Vel A{(anb) VDY, (aADb)V (cAD))

aAb)V (cAb), (aAb)V (cAD))

—~

= 1
Therefore A((aVe) Ab, (aAb)V (cAD)) = 1. O

LEMMA 3.3. Let (R, A) be a GADFL. For any a,b € R, a ~ b if and only if
A(aVz,bVva)>0and ADVz, aVa)> 0 for somex in R.

PROOF. Suppose (R, A) is a GADFL and a,b € R,

(=) Suppose a ~4 b. Then A(aVb, bVa) > 0and A(bVa, aVb) > 0. Hence by
antisymmetry property of A, aVb = bVa. Put x = aVb. Then a = aA(aVb) = aAz.
Therefore a < z and hence a Vo = x. Also, b = b A (bV a) = bAx. Therefore
b < = and hence bV x = z. Hence aVa = bV x. Therefore A(aV z, bV x) > 0 and
AV ez, aVz)>D0.

(<) Suppose A(aVx,bVe)>0and AbVz,aVe) >0 ThenavVze=>V
xz. Let aVe=bVae =t ThenaAt=aA(aVz)=aand bAt=bA (bVa)=h.
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Now, aAb=aAbAt=bAaAt=0bAa. Therefore A(aAb,bAa)>0and A(bAa,
a Ab) > 0 and hence a ~4 b. O

LEMMA 3.4. Let M s be a maximal set in a GADFL (R, A) and x € R be such
that © ~4 a for alla € M4. Then x € My4.

PROOF. Sinc a ~4 z for all a € M4 and M4 is a compatible set, we get M4
U {z} is a compatible set and hence, by maximality of M4, x € M4. O

Now we prove every maximal set M4 in a GADFL (R, A) is distributive fuzzy
lattice.

THEOREM 3.1. If M4 is a mazimal set in a GADFL (R, A) then (My, A) is a
distributive fuzzy lattice under the induced operations V and A.

PROOF. Let M4 be a maximal set in a GADFL (R, A) and a,b € M 4. Then
for any ¢ € Ma, A( (aAD)Ac, cA(aAb)) =AlaNbAc,cA(and)) =A(aANcAD,
cAN(and) =AlchaAnb, cA(anb)) = AlcA(aADb), cA(aADb)) =1. Hence
A((aNb) Ne, ¢ A (aAb)) > 0. Similarly, A(c A (a AD), (a Ab) Ac) > 0. Therefore
a/ANb~ycforall c € My, and hence by Lemma 3.4, we get a Ab € My.

Again,

A(cA(aVb),(aVb)Ac) = A(leNa)V(cAb),(aVb)Ac))

A((ane)V(bAc),(aVb)Ac))

(anc) Vbt A{(anc)Ve}, (aVd)Ac))
bV (ance)}Ae,(aVbd)Ac))

bva)A(bVe)}Ace (aVb)Ac))

A{(aVbd) A(ecVb)} Ac,(aVDb)Ac))
A((aVb)A(cVb)Ac,(aVbd)Ac))

= A((lavb)AcAe (aVd)Ac)

= A((aVbd)Ac),(aVDd)Ac))

1.

Hence A(cA(aVb), (aVb)Ac) > 0. Similarly, A((aVb)Ac, ¢cA(aVb)) > 0. Therefore
aVb~y cforall c € My and hence by lemma 3.4, we get a V b € M4. Thus
(My, A) is a sub GADFL of (R, A). Since M4 maximal, it is maximal compatible

set and hence for any a,b € M4, a ~4 b. Hence A(aAb, bAa) > 0 and A(bAa,
aAb) > 0 for all a,b € M 4. Therefore (M4, A) is distributive fuzzy lattice. O

| I T |
A s

{
{
{
{

(
(
(
(
(
(
(
(
(

PROPOSITION 3.1. Let M4 be a maximal set. Then My is an initial segment
in the fuzzy poset (R, A). That is for any x € R and a € M4, A(z,a) > 0 implies
r € My.

PROOF. Let € R, a € M4 and A(x,a) > 0. Then for any b € M4, A(z A b,
bAz) = AlxANaAnb, bAz) [Alz,a) > 0= axAhNa=2z] = Al ANbAa, bAx)
=AbANzANa,bAz)=AbAx, bAz) =1. Hence A(x Ab, bAx) > 0. Similarly,
A(b Az, x ANb) > 0. Therefore x ~4 b and hence by lemma 3.4, x € May4. O
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COROLLARY 3.1. Let M4 be a mazimal set in @ GADFL (R, A) and a € My.
Then, for any x € R, x\ a € My4.

PROOF. Since (zAa)Va=a=xAa<a= A(x Aa,a) > 0. Hence by
proposition 3.1, x Aa € My. (]

LEMMA 3.5. Let M4 be a mazimal set in a GADFL (R, A) and x € R be Ma—
amicable. Then there exists an element a € M4 with the following properties:
(1) A(z,anzx) >0
(2) be R, A(x,bAx)> 0= A(a,bNa) > 0.

PROOF. (1) Since x is M 4— amicable, then there exists ¢ € M4 such that A(z,
cAx) > 0. Since A(cAx, z) > 0, by antisymmetry property of A, we have x = cAx.
Write a = « A ¢. Then by Corollary 3.1 a € M4 and Az, a Ax) = A(z, z AcAx)
=A(z, chzNz)=A(z, chNz) = Az, ) = 1. Hence A(x, a Ax) > 0.

(2) Ifb € Rand A(x, bAz) > 0. Since A(bAz, x) > 0. Then by antisymmetry
property of A, we have x = b A x. Now,

Ala, bANa) = Ala, bAx ANc) = Ala, z Ac) = A(a,a) = 1.
Hence A(a, bAa) > 0. O

If b € M4 in (2) of the above lemma, since M4 is a maximal set a ~4 b and
hence A(a Ab, bAa) > 0 and A(bAa, a Ab) > 0 which implies

aNb=bAa ... (%).
By (2) of the above lemma A(a, bAa) > 0 and we know that A(bAa, a) > 0. Hence
a=bAa ... (%)

From (x) and (xx) a =bAa = a Ab and hence A(a,b) > 0.

Hence we have the following corollary.

COROLLARY 3.2. Let M4 be a mazimal set in a GADFL (R, A) and x € R
is Ma— amicable, then there is a smallest element a of M with the property
A(z,aNzx) > 0.

We denote the element a of M, in the above corollary by ™. That is if M4
is a maximal set and € R is M4 — amicable, then there is a smallest element 2
of M4 with the property A(z, 2™ A x) > 0.

LEMMA 3.6. Let M4 be a mazimal set in a GADFL (R, A), © € R be M,—
amicable and a € R such that A(a,xAa) > 0. Then a is Mao— amicable and A(a™,
M) > 0.

PROOF. Suppose x € R is M,— amicable, then there exists 2™ € M, such
that A(z, ™ Ax) > 0. To show that a is Ma— amicable.
Ala, 2 Na) = Ala, tM ANz Aa) = Ala,  Aa) = Ala,a) =1
= A(a, 2™ Na) > 0 for 2™ € M.
Hence a is M4— amicable, as a is M4— amicable then there exists a smallest
element a™ such that A(a, a™ A a) > 0 and hence A(a™, 2) > 0 by Corollary
3.2 as a™ is smaller than ™. (]
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COROLLARY 3.3. Let M4 be a mazimal set in a GADFL (R, A) and x € R be
M — amicable. Then x™ is the largest element of My with the property A(z™,
zAxM) > 0.

PROOF. Suppose x € R is M 4— amicable. There exists ¢ € M4 such that A(z,
cANz)>0. Nowlet b=z Ac, since z Ac < cthenb=2xAcé€ Muy. Hence by
Lemma 3.5(1), A(z, bAz) > 0. On the other hand by Corollary 3.2, we have A(z,
M Ax) > 0 for ™M € My. Since both 2™, b€ My = b~y M.

Claim: A(b, ™) > 0.
AbAZM b) = A Ab, b) = A(zM Az Ae, b) = Az Ae, b) = A(b,b) = 1.

Hence A(b A zM, b) > 0. Similarly, A(b, bA ™) > 0. Then by antisymmetry
property of A we have

bAZM =b=b<aM = A, 2M) >0 ... (%)
Hence 2 is the largest. To show A(z™, z A 2M) > 0. Since A(z, b A z) > 0 and
Az, M A x) > 0 for b, 2™ € M. Then by Corollary 3.2, ™ is the smallest.

=aM b= A@EM,b) >0 ... (x*)
From (%), (x*) and antisymmetry property of A, we have 2™ = b=z A c¢. Now,

AM, 2 naM) = A@@M e Az AaM) = A@M, 2 Ae A ™)
= A(aM | M A 2M) = A(xM ) 2M) = 1.

Hence A(zM, z A M) > 0. O

COROLLARY 3.4. Let M4 be a mazimal set in a GADFL (R, A) and x € R be
Ma— amicable. Then for any a € R, A(z,aAz) > 0 and A(a,xz ANa) > 0if and
only if a is Ma— amicable and A(z™, a™) > 0 and A(a™, 2M) > 0.

Now we prove the following.

THEOREM 3.2. Let My be a mazimal set in « GADFL (R, A) and x € R be
M s— amicable. Then x™ is the unique element of M4 such that

AM, 2A M) > 0 and A(z, 2™ Az) > 0.

PROOF. Let € R be M4— amicable. Then there exists ™ € M4 such that
Az, 2™ Ax) > 0 and A(zM, 2A 2M) > 0 by Corollary 3.2 and Corollary 3.3. Let
b € M4 such that A(z,bAz) > 0 and A(b,z AD) > 0.

Claim: b = M.

Now, b € My, A(z,bAx) > 0= A(z™,b) > 0 by Corollary 3.2 and b € My,
A(b,z Ab) > 0 implies A(b,z™) > 0 by Corollary 3.3. Hence A(z™, b) > 0 and
A(b,z™) > 0 implies b = 2. O

DEFINITION 3.4. Let (R, A) be a GADFL. Then (R, A) is said to be associative

if the operation V in R is associative.

If M4 is a maximal set in a GADFL (R, A), then we denote the set of all M4—
amicable elements of R by Ma(R).
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THEOREM 3.3. Let My be a mazimal set in a GADFL (R,A). Then
(Ma(R),A) is a sub GADFL of (R, A). More over, if (R, A) is associative then for
any z,y € R, we have

A((zvy)M, 2™ v yM) > 0 and A(z™ v y™, (Vv y)™) > 0 and
A((x AM, 2™ A yM) > 0 and A(z™ A y™M, (zAy)M) > 0.

PROOF. Let x,y € Ma(R).

WTS: zVy, x ANy € Ma(R) Now, x,y € Ma(R) = xz,y are M — amicable
elements of R. Then there exist 2™, y™ € M such that A(z,2™ Ax) > 0 and
Ay, y™ Ny) > 0.

Claim: (i) A(z Vy, (z™ v yM) A (zVy)) > 0.

(i) A(z Ay, (@M A y™M) A (xAy)) > 0.

(). Az vy, (@™ vyM)A(zVy)
= A(z Vy, {(l‘M VM) Axt v (M vy Ayd)

(zVy, {&M vy na Azt v vy Ayt Ay))
(z vy, {zM Ax}v{(zMVyM)}AyMAy)
(@Vvy, zv{E" vy} Ay™ Ay)
(z Vy, w\/{(y VwM)}/\yM AYy)
(zVy, zv (y™ Ay))
(

Hence A(m\/y, (@M v yM)A(zVy)) > 0.
(if)
Az Ay, (@M AyMYA (zAy) = Ay, z™M Ay Az Ay)
= Alxry, 2™ Az Ay™ Ay)
Az Ny, z Ay)
1

Hence A(z Ay, (zM AyM) Az Ay) > 0. Therefore (M4(R), A) is a sub GADFL of
(R, A).

Suppose (R, A) is associative and z,y € M4(R). Then,

A@M v yM (zvy) A (@M v yM))

=AM vyM {@vy) AaM} v {(zVy) AyMD)

MyvyM @ vy) Aa AaMyv{(z vy) AyMY)
MyvyM o naMyv{(zvy) AyM})
MvyMo M v {(zvy) Ayt
MyvyM fzM v (z vy} A @M vy))
MyvyM @M va) vyl A vyt))
My, @M vy) A (@M v yh)
Vv (y AyM)
Moy yM)

I
N
8

A/-\A/Q/-\/-\/-\A

8

8

8]

8
S
<
S
S
S

I
8

8
S

<

S
S

[
N N

Hence A(z M\/y (ac\/y)/\(xM\/y )) > 0. Also, A(zVy, (z™MVvyM)A(zVy)) > 0.
Since by Theorem 3.2, (xVy)M is the unique element of M4 such that A((zVy)™,
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(xVy) AzVvy)M)>0and A(zVy, (zVy)™ A(zVy)) >0 Hence we have
(xvy)M = M v yM. Therefore A((z VvV y)M, 2M v yM) > 0 and A(zM v yM,
(zVy)M) > 0. Similarly,
A Ay @Ay AT AYM)) = AEM Ay e Ay At Ay
= A@M AyM z A 2™ Ay AyM)
= Al Ay M Ay
= 1
Hence A(z™ AyM | (zAy) A (M AyM)) > 0. Also, A(z Ay, (M AyM)A(zAy)) > 0.
Since by Theorem 3.2, (z Ay)™ is the unique element of M, such that A((z Ay)™,
(xAY)A(@Ay)M) > 0and A(x Ay, (xAy)M A(zAy)) > 0. Hence we have (z Ay)M
= oM A yM. Therefore
A((x Ay)M, M AyM) > 0 and A(z™ AyM, (z Ay)M) > 0.
U
PROPOSITION 3.2. Let M4 be a maximal set, x,y € R be Ma— amicable and
x~ay. Then A(x™, y™) > 0 and A(yM, M) > 0 if and only if A(z,y) > 0 and
Ay, z) > 0.
PROOF. (=) Suppose A(z™, y™) > 0 and A(yM, M) > 0.
Claim: A(z,y) > 0 and A(y,x) > 0. Now,
Az, Ny) = A(z,yNzx)
= Alz,y™ Ay Aa).JAy,y™ Ay) > 0,A@M Ay y) > 0]
= A

1
PN

Hence A(x, x Ay) > 0. Similarly A(x Ay, ) > 0. Hence we have x Ay = x and
then A(z,y) > 0. Again,

Alyynz) = A

([
s

Hence A(y, y A ) > 0. Similarly A(y A z, y) > 0. Then z Ay = y and hence
A(y,z) > 0.
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(<) Suppose A(z,y) > 0 and A(y,z) > 0

A@M M AyMy =AM yM A 2M) M yM e My = 2™~y yM
= A(zM 7y/\y A 2M)
= A@M, yM Ay A M)
=AM,y nzM)
=A™,z A ™)
=AM, yM)

1.
Hence A(zM oM yM > 0. Similarly A(@™ AyM, 2M) > 0. Then 2™ A yM =
M and hence A(zM | y™) > 0. By similar approach as above we can obtain A(z™
Yy ) > 0. O

Now we prove that there exist an isomorphism between any two amicable sets
in an associative GADFL.

THEOREM 3.4. Let (R, A) be an associative GADFL. Let My be a mazimal
set and M/ is an amicable set in a GADFL (R, A). Then the mapping a — M’
is an isomorphism of the distributive fuzzy lattice (Ma, A) in to the distributive
fuzzy lattice (M'y, A). Further if Ma is also amicable then the above mapping is
surjective.

PROOF. Define f : My — M/, by f(a) = a™’ for all a € M4. To show f is
homomorphism. Let a,b € M4, then

A(f(aVvb), fla) v f(b) = A((aVb) f(a) Vv f(b))
= A VoM, f(a)V f(b))......[by Theorem 3 3]
= A(f(a ) (), (a) v f (b))
=1

Hence A(f(aVb), f(a)V f(b)) > 0. Similarly,

A(
A(fand) f@) A fB) = All@nb)™, f(a) A f())
= A@@™ AWM, f(a) A f(b))......[by Theorem 3.3
= A(f(a) A f(b), f(a) A F(D))
= 1
Hence A(f(a AD), f(a) A f(b)) > 0. Similarly, A(f(a) A f(b), f(a) A f(b)) >0

Therefore f is homomorphism. To show f is one-to-one,

Let a,b € M, such that A(f(a), f(b)) > 0 and A(f(b), f(a)) > 0. Then A(a™
bYM') > 0 and AWM, a™') > 0. Hence A(a,b) > 0 and A(b,a) > 0 by proposition
3.2. Therefore f is one-to-one. Suppose M4 is also amicable. Let x € M;‘. Then
x € R, hence there exists #™ € M, such that A(z,2™ Az) > 0 and A(z™, zA M)
> 0 by theorem 3.2. On the other hand z™ € M, implies 2 € R, then there exists
(MM e M, such that A(z™, (zM)M' A 2M) > 0and A((@™)M', zM A (£M)M)

F(@)V FB), FlaV b)) > 0.
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> 0. Therefore A(z, (z™)M") > 0 and A((z™)M' z) > 0 by Theorem 3.2. That
is for z™ € R, there exists a unique z = (xM)M, € M,/q with the above property.
Hence, A(f(zM),z) = A((z™)M'2) > 0 and A(z, f(z™)) = A(z, (2M)M') > 0.
Therefore f is surjective. O
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