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Q-RUNG PICTURE FUZZY MATRICES

I. Silambarasan

Abstract. The q-rung picture fuzzy matrix model, superior to picture and

spherical fuzzy matrix models, broaden the space of uncertain and vague in-
formation due to its outstanding feature of vast depiction space of admissible
triplets. In this paper, we introduce q-rung picture fuzzy matrices (q-RPFMs)
and discuss several properties. Then some algebraic operations, such as max-

min, min-max, complement, algebraic sum, algebraic product are defined and
investigated their desirable properties. Further, scalar multiplication (nA) and
exponentiation (An) operations of a q-RPFM A using algebraic operations are
constructed, and their desirable properties are studied. Finally, we define a

new operation(@) on q-rung picture fuzzy matrices and discuss distributive
laws in the case where the operations of ⊕q ,⊗q ,∧q and ∨q are combined each
other.

1. Introduction

The concept of an intuitionistic fuzzy matrix (IFM) was introduced by Pal
et al. [11] and simultaneously Im et al. [3] to generalize the concept of Thoma-
son’s [27] fuzzy matrix. Each element in an IFM is expressed by an ordered pair⟨
ζaij , δaij

⟩
with ζaij , δaij ∈ [0, 1] and 0 6 ζaij +δaij 6 1. Since the presence of IFM,

a few analysts have significantly added to the improvement of Fuzzy matrix, IFM
hypothesis and its applications [4, 5, 7, 9, 8, 10, 11, 13, 14, 15, 12, 16, 17].
Now and again a portion of their participation degrees are better than 1. In such
a circumstance, to accomplish a sensible result IFM falls flat. In this way, man-
aging such circumstance [18, 21] in 2020, established the concept of Pythagorean
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570 I. SILAMBARASAN

fuzzy matrices (PyFM) by assigning membership degree say ζaij along with non-

membership degree say δaij with condition that 0 6 ζ2aij
+ δ2aij

6 1. After the
introduction of PFM, Fermatean fuzzy matrix, Generalized orthopair fuzzy matrix
theory, we have developed [19, 20, 21, 22, 26].

Cuong [1] introduced picture fuzzy set (PFS) model in 2013 as direct exten-
sion of intuitonistic fuzzy sets, which may be adequate in situations when human
opinions are of types: yes, abstain, no, refusal. Picture fuzzy set gives three de-
grees to an element named; degree of positive membership µ : X → [0, 1], degree
of neutral/abstinence membership η : X → [0, 1], and degree of negative mem-
bership δ : X → [0, 1], under the condition 0 6 ζ(x) + η(x) + δ(x) 6 1, where
ϕ(x) = 1 − (ζ(x) + η(x) + δ(x)) is the degree of refusal membership. Dogra and
Pal [2] construction of picture fuzzy matrices (PFM) is of exceptional reputation
but decision makers are some how restricted in assigning values due to the condi-
tion on ηaij , ζaij and δaij . In [23, 24], some algebraic operations of Picture fuzzy
set and matrices are defined and their desirable properties are proved. Sometimes
sum of their membership degrees are superior then 1. In such situation, to attain
reasonable outcome PFM fails. To describe this situation, we take an example,
for provision and in contradiction of the membership degrees. The alternatives are
0.2, 0.6 and 0.6 respectively. This gratifies the situation that their sum is superior
then 1 and PFM fails to deal such type of data. Dealing with such kind of circum-
stances, we proposed new structure by defining spherical fuzzy matrices (SFMs)
which enlarge the space of membership degrees ηaij , ζaij and δaij somehow bigger
than that of picture fuzzy matrices. In SFM, membership degrees are satisfying
the condition 0 6 ζ2aij

+ η2aij
+ δ2aij

6 1 [25].

Li et al. [6] studied the conception of -rung picture fuzzy set (q-RPFS) with
constraint ζq + ηq + δq 6 1 in 2018. The proposed q-rung picture fuzzy ma-
trix not only express the degree of neutral membership, but also relax the con-
straint of Picture and spherical fuzzy matrices. The lax constraint of q-RPFM
0 6 ζqaij

+ ηqaij
+ δqaij

6 1 (q > 1) can be considered as its eminent characteristic.
As q increases, the representation space of acceptable triplets membership grade
increases. Thus q-RPFMs can provide more stronger model ability, more flexibility,
freedom and sophistication for a system modeler in representing their understand-
ing of concept. For instance, if a decision maker provides the degree of positive,
neutral and negative memberships as 0.7, 0.5 and 0.6, respectively. It is readily
seen that 0.7+0.5+0.6 6 1 and (0.72)2 +(0.52)2 +(0.62) > 1. Thus this situation
can neither be illustrated by PFM nor by SFM. However it is appropriate to apply
q-RPFM since (0.7)q + (0.5)q + (0.6)q 6 1 for sufficiently large q. Thus q-RPFM
model is considerably close to human nature than that of earlier concepts. More-
over, the concept of interdependence of membership functions ζ, η and δ makes this
notion more close to real world situations.

The part of this paper is as follows. In section 2, Preliminaries. In section
3, q-rung picture fuzzy matrices and its algebraic operations are defined and their
desirable properties are developed. In section 4, we define a new operation(@) on
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q-rung picture fuzzy matrices and their algebraic properties are investigated. We
write the conclusion of the paper in the last Section 5.

2. Preliminaries

In this section, some basic concepts related to the intuitionistic fuzzy matrix
(IFM), Pythagorean fuzzy matrix (PFM), Picture fuzzy matrix (PFM), Spherical
fuzzy matrix (SFM) have been given.

Definition 2.1. ([11]) An Intuitionistic fuzzy matrix (IFM) of order m×n is
defined as A =

(⟨
ζaij , δaij

⟩)
where ζaij ∈ [0, 1] and δaij ∈ [0, 1] are the membership

and non-membership values of the ijth element in A satisfying the condition

0 6 ζaij + δaij 6 1

for all i, j.

Definition 2.2. ([18, 21]) A Pythagorean fuzzy matrix (PyFM) of order
m × n is defined as A =

(⟨
ζaij , δaij

⟩)
where ζaij ∈ [0, 1] and δaij ∈ [0, 1] are the

membership and non-membership values of the ijth element in A satisfying the
condition

0 6 ζ2aij
+ δ2aij

6 1

for all i, j.

Definition 2.3. ([2, 23]) A Picture fuzzy matrix (PFM) A of the form, A =(⟨
ζaij , ηaij , δaij

⟩)
of a non negative real numbers ζaij , ηaij , δaij ∈ [0, 1] satisfying

the condition

0 6 ζaij + ηaij + δaij 6 1

for all i, j. Where ζaij ∈ [0, 1] is called the degree of membership, ηaij ∈ [0, 1] is
called the degree of neutral membership and δaij ∈ [0, 1] is called the degree of
non-membership.

Definition 2.4. [25] A spherical fuzzy matrix (SFM) A of the form, A =(⟨
ζaij , ηaij , δaij

⟩)
of a non negative real numbers ζaij , ηaij , δaij ∈ [0, 1] satisfying

the condition

0 6 ζ2aij
+ η2aij

+ δ2aij
6 1

for all i, j. Where ζaij ∈ [0, 1] is called the degree of membership, ηaij ∈ [0, 1] is
called the degree of neutral membership and δaij ∈ [0, 1] is called the degree of
non-membership.

3. q-rung picture fuzzy matrices and their basic operations

In this section, q-rung picture fuzzy matrix and their algebraic operations are
defined. Then some algebraic properties, such as idempotency, commutativity,
associativity, absorption law, distributivity and De Morgan’s laws over complement
are proved.

Now, we are going to define Algebraic operations of q-rung picture fuzzy ma-
trices by restricting the measure of positive, neutral and negative membership but
keeping their sum in the interval [0, 1].
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Definition 3.1. A q-rung picture fuzzy matrix (q-RPFM) A of the form, A =(⟨
ζaij , ηaij , δaij

⟩)
of a non negative real numbers ζaij , ηaij , δaij ∈ [0, 1] satisfying

the condition

0 6 ζqaij
+ ηqaij

+ δqaij
6 1

for all i, j. Where ζaij ∈ [0, 1] is called the degree of membership, ηaij ∈ [0, 1] is
called the degree of neutral membership and δaij ∈ [0, 1] is called the degree of
non-membership.

Example 3.1. A =

[
(0.7, 0.5, 0.6) (0.2, 0.4, 0.2)
(0.3, 0.4, 0.2) (0.4, 0.4, 0.2)

]
is not a PFM, SFM, but

it A is a q-RPFM.
Each element in an PFM is expressed by an ordered pair

⟨
ζaij , ηaij , δaij

⟩
with

ζaij , ηaij and δaij ∈ [0, 1] and 0 6 ζaij + ηaij + δaij 6 1. It was clearly seen
that 0.7 + 0.5 + 0.6 > 1, and thus it could not be described by PFM. To describe
such evaluation in this paper we have proposed q-rung picture fuzzy matrix (q-
RPFM)and its algebraic operations. Each element in an q-RPFM is expressed by
an ordered pair

⟨
ζaij , ηaij , δaij

⟩
with ζaij , ηaij and δaij ∈ [0, 1] and 0 6 ζqaij

+ ηqaij
+

δqaij
6 1. Also, we can get (0.7)q + (0.5)q + (0.6)q 6 1 (q > 1) , which is good

enough to apply the q-RPFM to control it.

Definition 3.2. The q-rung picture fuzzy matrices A and B of the form,
A =

(⟨
ζaij , ηaij , δaij

⟩)
and B =

(⟨
ζbij , ηbij , δbij

⟩)
. Then

• A < B iff ∀i, j, ζaij 6 ζbij , ηaij 6 ηbij or ηaij > ηbij , δaij > δbij

• AC =
(⟨
δaij , ηaij , ζaij

⟩)
• A ∨q B =

(⟨
max

(
ζaij , ζbij

)
,min

(
ηaij , ηbij

)
,min

(
δaij , δbij

)⟩)
• A ∧q B =

(⟨
min

(
ζaij , ζbij

)
,min

(
ηaij , ηbij

)
,max

(
δaij , δbij

)⟩)
• A⊕q B =

(⟨
q

√
ζqaij + ζqbij − ζqaijζ

q
bij

, ηaijηbij , δaijδbij

⟩)
• A⊗q B =

(⟨
ζaijζbij , q

√
ηqaij + ηqbij − ηqaijη

q
bij

, q

√
δqaij + δqbij − δqaijδ

q
bij

⟩)
.

Definition 3.3. The scalar multiplication operation over q-RPFM A and is
defined by

nA =
(⟨

q
√
1− [1− ζqaij ]

n, [ηaij ]
n, [δaij ]

n
⟩)

Definition 3.4. The exponentiation operation over q-RPFM A and is defined
by

An =
(⟨

[ζaij ]
n, q
√
1− [1− ηqaij ]

n, q
√

1− [1− δqaij ]
n
⟩)

.

Let Sm×n denote the set of all the q-rung picture fuzzy matrices. The following
theorem relation between algebraic sum, and algebraic product of q-RPFMs.

Theorem 3.1. For A,B q-rung picture fuzzy matrices, then A⊗q B 6 A⊕q B.
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Proof. Let A⊕q B =
(⟨

q

√
ζqaij + ζqbij − ζqaijζ

q
bij

, ηaijηbij , δaijδbij

⟩)
and

A⊗q B =
(⟨

ζaijζbij ,
q

√
ηqaij + ηqbij − ηqaijη

q
bij

, q

√
δqaij + δqbij − δqaijδ

q
bij

⟩)
Assume that

ζaij
ζbij 6 q

√
ζqaij + ζqbij − ζqaijζ

q
bij

i.e ζaijζbij − q

√
ζqaij + ζqbij − ζqaijζ

q
bij

> 0

i.e ζqaij
(1− ζqbij ) + ζqbij (1− ζqaij

) > 0

which is true as 0 6 ζqaij
6 1 and 0 6 ζqbij 6 1 and

ηaijηbij 6 q

√
ηqaij + ηqbij − ηqaijη

q
bij

i.e ηaijηbij − q

√
ηqaij + ηqbij − ηqaijη

q
bij

> 0

i.e ηqaij
(1− ηqbij ) + ηqbij (1− ηqaij

) > 0

which is true as 0 6 ηqaij
6 1 and 0 6 ηqbij 6 1 and

δaijδbij 6 q

√
δqaij + δqbij − δqaijδ

q
bij

i.e δaijδbij − q

√
δqaij + δqbij − δqaijδ

q
bij

> 0

i.e δqaij
(1− δqbij ) + δqbij (1− δqaij

) > 0

which is true as 0 6 δqaij
6 1 and 0 6 δqbij 6 1. Hence A⊗q B 6 A⊕q B. �

Theorem 3.2. For any q-rung picture fuzzy matrix A, then

(i) A⊕q A > A,

(ii) A⊗q A 6 A.

Proof. (i) Let A⊕q A =
(⟨
ζaij , ηaij , δaij

⟩)
⊕q

(⟨
ζaij , ηaij , δaij

⟩)
A⊕q A =

(⟨
q
√
2ζaij

− (ζaij
)q, (ηaij

)q, (δaij
)q
⟩)

q
√

2ζaij − (ζaij )
q = q

√
ζaij + ζaij (1− ζaij ) > ζaij for all i, j

and (ηaij )
q 6 ηaij for all i, j and (δaij )

q 6 δaij for all i, j. Hence A⊕q A > A.
Similarly, we can prove that (ii) A⊗q A 6 A. �
Theorem 3.3. For A,B and C q-rung picture fuzzy matrices, then

(i) A⊕q B = B ⊕q A,

(ii) A⊗q B = B ⊗q B,

(iii) (A⊕q B)⊕q C = A⊕q (B ⊕q C),

(iv) (A⊗q B)⊗q C = A⊗q (B ⊗q C).

Proof. (i) A⊕q B =
(⟨

q

√
ζqaij + ζqbij − ζqaijζ

q
bij

, ηaijηbij , δaijδbij

⟩)
=
(⟨

q

√
ζqbij + ζqaij − ζqbijζ

q
aij , ηbijηaij , δbijδaij

⟩)
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= B ⊕q A.

(ii) A⊗q B =
(⟨

ζaijζbij , q

√
ηqaij + ηqbij − ηqaijη

q
bij

, q

√
δqaij + δqbij − δqaijδ

q
bij

⟩)
=
(⟨

ζbijζaij , q

√
ηqbij + ηqaij − ηqbijη

q
aij , q

√
δqbij + δqaij − δqbijδ

q
aij

⟩)
= B ⊗q A.

(iii) (A⊕q B)⊕q C

=
(⟨(

q

√
ζqaij + ζqbij − ζqaijζ

q
bij

, ηaijηbij , δaijδbij

)
⊕q

(
ζcij , ηcij , δcij

)⟩)
=
[

q

√(
q

√
ζqaij + ζqbij − ζqaijζ

q
bij

)q
+ ζqcij −

(
q

√
ζqaij + ζqbij − ζqaijζ

q
bij

)q
ζqcij ,

ηaijηbijηcij , δaijδbijδcij

]
=
[

q

√
ζqaij + ζqbij + ζqcij − ζqaijζ

q
bij

ζqcij − ζqaijζ
q
cij − ζqbijζ

q
cij + ζqaijζ

q
bij

ζqcij ,

ηaijηbijηcij , δaijδbijδcij

]
=
[

q

√
ζqaij + ζqbij + ζqcij − ζqaijζ

q
bij

− ζqaijζ
q
cij − ζqbijζ

q
cij + ζqaijζ

q
bij

ζqcij ,

ηaijηbijηcij , δaijδbijδcij

]
A⊕q (B ⊕q C)

=
[

q

√
ζqaij +

(
q

√
ζqbij + ζqcij − ζqbijζ

q
cij

)q
− ζqaij

(
q

√
ζqbij + ζqcij − ζqbijζ

q
cij

)q
,

ηaijηbijηcij , δaijδbijδcij

]
=
[

q

√
ζqaij + ζqbij + ζqcij − ζqaijζ

q
bij

− ζqaijζ
q
cij − ζqbijζ

q
cij + ζqaijζ

q
bij

ζqcij ,

ηaijηbijηcij , δaijδbijδcij

]
.

Hence (A⊕q B)⊕q C = A⊕q (B ⊕q C).

Similarly, we can prove that (iv)(A⊗q B)⊗q C = A⊗q (B ⊗q C). �

Theorem 3.4. For A,B q-rung picture fuzzy matrices, then

(i) A⊕q (A⊗q B) > A,
(ii) A⊗q (A⊕q B) 6 A.

Proof. (i) Let A⊕q (A⊗q B)

=
(⟨
ζaij , ηaij , δaij

⟩)
⊕
(⟨

ζaijζbij , q

√
ηqaij + ηqbij − ηqaijη

q
bij

, q

√
δqaij + δqbij − δqaijδ

q
bij

⟩)
=
[

q

√
ζqaij + ζqaijζ

q
bij

− ζqaij [ζ
q
aijζ

q
bij

], ηaij [ q

√
ηqaij + ηqbij − ηqaijη

q
bij

],

δaij [ q

√
δqaij + δqbij − δqaijδ

q
bij

]
]

=
[

q

√
ζqaij + ζqaijζ

q
bij

[1− ζqaij ], ηaij

(
q

√
1− [1− ηqaij ][1− ηqbij ]

)
,
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δaij

(
q

√
1− [1− δqaij ][1− δqbij ]

) ]
> A.

Hence A⊕q (A⊗q B) > A.
Similarly, we can prove that (ii) A⊗q (A⊕q B) 6 A. �

The following theorem is obvious.

Theorem 3.5. For A,B q-rung picture fuzzy matrices, then

(i) A ∨q B = B ∨q AE,
(ii) A ∧q B = B ∧q A.

Theorem 3.6. For A,B q-rung picture fuzzy matrices, then

(i) A⊕q (B ∨q C) = (A⊕q B) ∨q (A⊕q C),
(ii) A⊗q (B ∨q C) = (A⊗q B) ∨q (A⊗q C),
(iii) A⊕q (B ∧q C) = (A⊕q B) ∧q (A⊕q C),
(iv) A⊗q (B ∧q C) = (A⊗q B) ∧q (A⊗q C).

Proof. In the following, we shall prove (i), and (ii) − (iv) can be proved
analogously.

(i) A⊕q (B ∨q C) =[
q

√
ζqaij +max

(
ζqbij , ζ

q
cij

)
− ζqaij .max

(
ζqbij , ζ

q
cij

)
,

ηaij .max
(
ηbij , ηcij

)
, δaij .max

(
δbij , δcij

) ]
=
[

q

√
max

(
ζqaij + ζqbij , ζa

q
ij
+ ζqcij

)
−max

(
ζqaijζ

q
bij

, ζqaijζ
q
cij

)
,

min
(
ηaijηbij , ηaijηcij

)
,min

(
δaijδbij , δaijδcij

) ]
=
[

q

√
max

(
ζqaij + ζqbij − ζqaijζ

q
bij

, ζqaij + ζqcij − ζqaijζ
q
cij

)
,

min
(
ηaijηbij , ηaijηcij

)
,min

(
δaijδbij , δaijδcij

) ]
= (A⊕q B) ∨q (A⊕q C). �

Theorem 3.7. For A,B q-rung picture fuzzy matrices, then

(i) (A ∧q B)⊕q (A ∨q B) = A⊕q B,
(ii) (A ∧q B)⊗q (A ∨q B) = A⊗q B,
(iii) (A⊕q B) ∧q (A⊗q B) = A⊗q B,
(iv) (A⊕q B) ∨q (A⊗q B) = A⊕q B.

Proof. In the following, we shall prove (i), and (ii) − (iv) can be proved
analogously.

(i) (A ∧q B)⊕q (A ∨q B)

=

[
q

√
min

(
ζqaij , ζ

q
bij

)
+max

(
ζqaij , ζ

q
bij

)
−min

(
ζqaij , ζ

q
bij

)
.max

(
ζqaij , ζ

q
bij

)
,
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max
(
ηaij , ηbij

)
.min

(
ηaij , ηbij

)
, max

(
δaij , δbij

)
.min

(
δaij , δbij

) ]
=
(⟨

q

√
ζqaij + ζqbij − ζqaijζ

q
bij

, ηaijηbij , δaijδbij

⟩)
= A⊕q B. �
In the following theorems, the operator complement obey th De Morgan’s laws

for the operation ⊕,⊗,∨q,∧q.

Theorem 3.8. For A,B q-rung picture fuzzy matrices, then

(i) (A⊕q B)C = AC ⊗q B
C ,

(ii) (A⊗q B)C = AC ⊕q B
C ,

(iii) (A⊕q B)C 6 AC ⊕q B
C ,

(iv) (A⊗q B)C > AC ⊗q B
C .

Proof. We shall prove (iii), (iv), and (i), (ii) are straightfforward.

(iii) (A⊕q B)C =
(⟨

δaijδbij , q

√
ηqaij + ηqbij − ηqaijη

q
bij

, q

√
ζqaij + ζqbij − ζqaijζ

q
bij

⟩)
.

AC ⊕q B
C =

(⟨
q

√
δqaij + δqbij − δqaijδ

q
bij

, ηaijηbij , ζaijζbij

⟩)
.

Since δaijδbij 6 q

√
δqaij + δqbij − δqaijδ

q
bij

, we have q

√
ηqaij + ηqbij − ηqaijη

q
bij

> ηaijηbij

and q

√
ζqaij + ζqbij − ζqaijζ

q
bij

> ζaijζbij . Hence (A⊕q B)C 6 AC ⊕q B
C .

(iv) (A⊗q B)C =
(⟨

q

√
δqaij + δqbij − δqaijδ

q
bij

, ηaijηbij , ζaijζbij

⟩)
.

AC ⊗q B
C =

(⟨
δaijδbij ,

q

√
ηqaij + ηqbij − ηqaijη

q
bij

, q

√
ζqaij + ζqbij − ζqaijζ

q
bij

⟩)
.

Since q

√
δqaij + δqbij − δqaijδ

q
bij

> δaijδbij , we have ηaijηbij 6 q

√
ηqaij + ηqbij − ηqaijη

q
bij

and ζaijζbij 6 q

√
ζqaij + ζqbij − ζqaijζ

q
bij

. Hence (A⊗q B)C > AC ⊗q B
C . �

Theorem 3.9. For A,B q-rung picture fuzzy matrices, then

(i) (AC)C = A,
(ii) (A ∨q B)C = AC ∧q B

C ,
(iii) (A ∧q B)C = AC ∨q B

C .

Proof. (i) is obvious.
We shall prove (ii) only,

A ∨q B =
(⟨
max

(
ζaij

, ζbij
)
,min

(
ηaij

, ηbij
)
,min

(
δaij

, δbij
)⟩)

(A ∨q B)C =
(⟨
min

(
δaij , δbij

)
,min

(
ηaij , ηbij

)
,max

(
ζaij , ζbij

)⟩)
It implies AC =

(⟨
δaij , ηaij , ζaij

⟩)
and BC =

(⟨
δbij , ηbij , ζbij

⟩)
. from here it follows

AC ∧q B
C =

(⟨
min

(
δaij , δbij

)
,min

(
ηaij , ηbij

)
,max

(
ζaij , ζbij

)⟩)
.

Hence (A ∨q B)C = AC ∧q B
C .

Similarly, we can prove that (iii) (A ∧q B)C = AC ∨q B
C . �
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Based on the Definition 3.2, definition 3.3 and Definition 3.4., we shall next
prove the algebraic properties of q-rung picture fuzzy matrices under the operations
of scalar multiplication and exponentiation.

Theorem 3.10. For A,B q-rung picture fuzzy matrices, then n > 0,

(i) n(A⊕q B) = nA⊕q nB, n > 0,
(ii) n1A⊕q n2A = (n1 + n2)A, n1, n2 > 0,
(iii) (A⊗q B)n = An ⊗q B

n, n > 0,

(iv) An
1 ⊗q A

n
2 = A(n1+n2), n1, n2 > 0.

Proof. For the two q-RPFMs A and B, and n, n1, n2 > 0, according to defi-
nition, we can obtain

(i) Let n(A⊕q B)

= n
(⟨

q

√
ζqaij + ζqbij − ζqaijζ

q
bij

, ηaijηbij , δaijδbij

⟩)
=
(⟨

q
√
1− [1− ζqaij ]

n[1− ζqaij ]
n, [ηaijηbij ]

n, [δaijδbij ]
n
⟩)

=
(⟨

q

√
1− [1− ζqaij + ζqbij − ζqaijζ

q
bij

]n, [ηaijηbij ]
n, [δaijδbij ]

n
⟩)

nA⊕q nB

=
(⟨(

q
√
1− [1− ζqaij ]

n, [ηaij ]
n, [δaij ]

n
)
⊕q

(
q

√
1− [1− ζqbij ]

n, [ηbij ]
n, [δbij ]

n
)⟩)

=
[

q

√(
1− [1− ζqaij ]

n + 1− [1− ζqaij ]
n
)
−
(
1− [1− ζqaij ]

n
) (

1− [1− ζqbij ]
n
)
,

[ηaijηbij ]
n, [δaijδbij ]

n
]

=
(⟨

q

√
1− [1− ζqaij ]

n[1− ζqbij ]
n, [ηaijηbij ]

n, [δaijδbij ]
n
⟩)

=
(⟨

q

√
1− [1− ζqaij + ζqbij − ζqaijζ

q
bij

]n, [ηaijηbij ]
n, [δaijδbij ]

n
⟩)

= n(A⊕q B).

(ii) n1A⊕q n2B

=
[ (

q
√

1− [1− ζqaij ]
n1 , [ηaij ]

n1 , [δaij ]
n1

)
⊕q(

q
√

1− [1− ζqaij ]
n2 , [ηaij ]

n2 , [δaij ]
n2

) ]
=
[

q

√
1− [1− ζqaij ]

n1 + 1− [1− ζqaij ]
n2 −

(
1− [1− ζqaij ]

n1
) (

1− [1− ζqaij ]
n2
)
,

[ηaij ]
n1 [ηaij ]

n2 , [δaij ]
n1 [δaij ]

n2

]
=
(⟨

q
√
1− [1− ζqaij ]

n1+n2 , [ηaij ]
n1+n2 , [δaij ]

n1+n2

⟩)
= (n1 + n2)A.

(iii) (A⊗q B)n =
[ (

ζaijζbij
)n

, q

√
1− [1− ηqaij + ηqbij − ηqaijη

q
bij

]n,

q

√
1− [1− δqaij + δqbij − δqaijδ

q
bij

]n
]

=
[ (

ζaijζbij
)n

, q

√
1− [1− ηqaij ]

n[1− ηqbij ]
n, 1− [1− δqaij ]

n[1− δqbij ]
n
]

An ⊗q B
n =

[ (
ζaijζbij

)n
,



578 I. SILAMBARASAN

q

√
1− [1− ηqaij ]

n + 1− [1− ηqbij ]
n −

(
1− [1− ηqaij ]

n
) (

1− [1− ηqbij ]
n
)
,

q

√
1− [1− δqaij ]

n + 1− [1− δqbij ]
n −

(
1− [1− δqaij ]

n
) (

1− [1− δqbij ]
n
)]

=
(⟨(

ζaijζbij
)n

, q

√
1− [1− ηqaij ]

n[1− ηqbij ]
n, q

√
1− [1− δqaij ]

n[1− δqbij ]
n
⟩)

= (A⊗q B)n.

(iv) An1 ⊗q A
n2 =

[ (
ζaij

)n1+n2
,

q

√
1− [1− ηqaij ]

n1 + 1− [1− ηqaij ]
n2 −

(
1− [1− ηqaij ]

n1
) (

1− [1− ηqaij ]
n−2
)
,

q

√
1− [1− δqaij ]

n1 + 1− [1− δqaij ]
n−2 −

(
1− [1− δqaij ]

n1
) (

1− [1− δqaij ]
n2
) ]

=
(⟨(

ζaij

)n1+n2
, q
√
1− [1− ηqaij ]

n1+n2 , q
√
1− [1− δqaij ]

n1+n2

⟩)
= A(n1+n2).
Hence proved. �

Theorem 3.11. For A,B q-rung picture fuzzy matrices, then n > 0,

(i) nA 6 nB,
(ii) An 6 Bn.

Proof. (i) Let A 6 B. Then ζaij 6 ζbij and ηaij > ηbij and δaij > δbij

for all i, j. Further on q
√
1− [1− ζqaij ]

n 6 q

√
1− [1− ζqbij ]

n, [ηaij ]
n > [ηbij ]

n and

[δaij ]
n > [δbij ]

n. for all i, j.

(ii) Also, we have [ζaij
]n > [ζbij ]

n and q
√
1− [1− ηqaij ]

n 6 q

√
1− [1− ηqbij ]

n and

q
√

1− [1− δqaij ]
n 6 q

√
1− [1− δqbij ]

n, for all i, j. �

Theorem 3.12. For A,B q-rung picture fuzzy matrices, for n > 0, then:

(i) n(A ∧q B) = nA ∧q nB,
(ii) n(A ∨q B) = nA ∨q nB.

Proof. (i) n(A ∧q B)

=
[

q

√
1− [1−min

(
ζqaij , ζ

q
bij

)
]n,max

(
[ηaij

]n, [ηbij ]
n
)
,max

(
[δaij

]n, [δbij ]
n
) ]

=
[

q

√
1− [max

(
1− ζqaij , 1− ζqbij

)
]n,max

(
[ηaij ]

n, [ηbij ]
n
)
,max

(
[δaij ]

n, [δbij ]
n
) ]

=
[

q

√
1−

(
max

(
[1− ζqaij ]

n, [1− ζqbij ]
n
))

,max
(
[ηaij ]

n, [ηbij ]
n
)
,

max
(
[δaij ]

n, [δbij ]
n
) ]

=
[
max

(
q
√
1− [1− ζqaij ]

n, q

√
1− [1− ζqbij ]

n
)
,

max
(
[ηaij ]

n, [ηbij ]
n
)
,max

(
[δaij ]

n, [δbij ]
n
) ]

= nA ∧q nB. Hence n(A ∧q B) = nA ∧q nB,

Similarly, we can prove that (ii) n(A ∨q B) = nA ∨q nB. �
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Theorem 3.13. For A,B q-rung picture fuzzy matrices, for n > 0 then:

(i) (A ∧q B)n = An ∧q B
n,

(ii) (A ∨q B)n = An ∨q B
n.

Proof. (i) (A ∧q B)n

=
[
min

(
[ζaij

]n, [ζbij ]
n
)
, q

√
1− [max

(
1− ηqaij , 1− ηqbij

)
]n,

q

√
1− [max

(
1− δqaij , 1− δqbij

)
]n
]

=
[
min

(
[ζaij ]

n, [ζbij ]
n
)
, q

√
1−

(
min

(
[1− ηqaij ]

n, [1− ηqbij ]
n
))

,

q

√
1−

(
min

(
[1− δqaij ]

n, [1− δqbij ]
n
))]

=
[
min

(
[ζaij ]

n, [ζbij ]
n
)
,max

(
q
√

1− [1− ηqaij ]
n, q

√
1− [1− ηqbij ]

n
)
,

max
(

q
√
1− [1− δqaij ]

n, q

√
1− [1− δqbij ]

n
) ]

An ∧q B
n

=
[ (

[ζaij ]
n, q
√
1− [1− ηqaij ]

n, q
√
1− [1− δqaij ]

n
)∧(

[ζbij ]
n, q

√
1− [1− ηqbij ]

n, q

√
1− [1− δqbij ]

n
) ]

=
[
min

(
[ζaij ]

n, [ζbij ]
n
)
,max

(
q
√

1− [1− ηqaij ]
n, q

√
1− [1− ηqbij ]

n
)
,

max
(

q
√
1− [1− δqaij ]

n, q

√
1− [1− δqbij ]

n
) ]

= (A ∧q B)n.
Hence (A ∧q B)n = An ∧q B

n,
Similarly, we can prove that (ii) (A ∨q B)n = An ∨q B

n. �

Theorem 3.14. For A,B q-rung picture fuzzy matrices, n > 0, then

(A⊕q B)n ̸= An ⊕q B
n.

Proof. Let (A⊕q B)n

=
[ (

q

√
ζqaij + ζqbij − ζqaijζ

q
bij

)n
, q

√
1− [1− ηqaijη

q
bij

]n, q

√
1− [1− δqaijδ

q
bij

]n
]

An =
(⟨

[ζaij ]
n, q
√
1− [1− ηqaij ]

n, q
√
1− [1− δqaij ]

n
⟩)

Bn =
(⟨

[ζbij ]
n, q

√
1− [1− ηqbij ]

n, q

√
1− [1− δqbij ]

n
⟩)

An ⊕q B
n

=
[

q

√
[ζnaij

]q + [ζnbij ]
q − [ζnaij

]q[ζnbij ]
q,
(

q
√
1− [1− ηqaij ]

n
)n

.
(

q

√
1− [1− ηqbij ]

n
)n

,(
q
√
1− [1− δqaij ]

n
)n

.
(

q
√
1− [1− δqaij ]

n
)n ]

Hence (A⊕q B)n ̸= An ⊕q B
n. �
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4. New operation (@) on q-rung picture fuzzy matrices

In this section, we define a new operation(@) on q-rung picture fuzzy matrices
and proved their algebraic properties. Further, we discuss the Distributive laws in
the case where the operations of ⊕,⊗,∨q and ∧q combined each other.

Definition 4.1. A q-rung picture fuzzy matrices A and B of the form, A =(⟨
ζaij , ηaij , δaij

⟩)
and B =

(⟨
ζbij , ηbij , δbij

⟩)
. Then

A@B =

⟨ q

√
ζqaij

+ ζqbij
2

,
q

√
ηqaij

+ ηqbij
2

,
q

√
δqaij

+ δqbij
2

⟩.

Remark 4.1. Obviously, for every two q-rung picture fuzzy matrices A and B,
then A@B is a q-rung picture fuzzy matrix. Simple illustration given: For A@B,

0 6
ζaij + ζbij

2
+

ηaij + ηbij
2

+
δaij + δbij

2
and

6
ζaij + ηaij + δaij

2
+

ζbij + ηbij + δbij
2

6 1

2
+

1

2
= 1.

Theorem 4.1. For any q-rung picture fuzzy matrix A, then A@A = A.

Proof. A@A =

(⟨
q

√
ζqaij

+ ζqaij

2
,

q

√
ηq
aij

+ηq
aij

2 ,
q

√
δqaij

+ δqaij

2

⟩)

=

(⟨(
q

√
ζqaij

+ ζqaij

2

)q

,

(
q

√
ηqaij

+ ηqaij

2

)q

,

(
q

√
δqaij

+ δqaij

2

)q⟩)

=

(⟨
2ζqaij

2
,
2ηqaij

2
,
2δqaij

2

⟩)
=
(⟨
ζaij , ηaij , δaij

⟩)
. Since ζqaij

6 ζaij , η
q
aij

6 ηaij , δ
q
aij

6 δaij

= A. �

Remark 4.2. For a, b ∈ [0, 1],then ab 6 a+b
2 , a+b

2 6 a+ b− ab.

Theorem 4.2. For A,B q-rung picture fuzzy matrices, then

(i) (A⊕q B) ∨q (A@B) = A⊕q B,
(ii) (A⊗q B) ∧q (A@B) = A⊗q B,
(iii) (A⊕q B) ∧q (A@B) = A@B,
(iv) (A⊗q B) ∨q (A@B) = A@B.

Proof. we shall prove (i) and (iii), (ii) and (iv) can be proved analogously.

(i) (A⊕q B) ∨q (A@B)

=

[
max

 q

√
ζqaij + ζqbij − ζqaijζ

q
bij

,
q

√
ζqaij

+ ζqbij
2

 ,min

ηaijηbij ,
q

√
ηqaij

+ ηqbij
2

 ,
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min

δaijδbij ,
q

√
δqaij

+ δqbij
2

]
=
(⟨

q

√
ζqaij + ζqbij − ζqaijζ

q
bij

, ηaijηbij , δaijδbij

⟩)
= A⊕q B.

(iii) (A⊕q B) ∧q (A@B)

=

[
min

 q

√
ζqaij + ζqbij − ζqaijζ

q
bij

,
q

√
ζqaij

+ ζqbij
2

 ,max

ηaijηbij ,
q

√
ηqaij

+ ηqbij
2

 ,

max

δaijδbij ,
q

√
δqaij

+ δqbij
2

]

=

⟨ q

√
ζqaij

+ ζqbij
2

,
q

√
ηqaij

+ ηqbij
2

,
q

√
δqaij

+ δqbij
2

⟩ = A@B. �

Remark 4.3. The q-rung picture fuzzy matrix forms a semi-lattice, associa-
tivity, commutativity, idempotent under the q-rung picture fuzzy matrix operation
of algebraic sum and algebraic product. The distributive law also holds for ⊕q,⊗q

and ∧q,∨q,@ are combined each other.

5. Conclusion

In this paper, q-rung picture fuzzy matrices and its algebraic operations are
defined. Then some properties, such as idempotent, commutativity, associativity,
absorption law, distributive, De Morgan’s laws over complement are proved. Fi-
nally, we have defined a new operation(@) on q-rung picture fuzzy matrices and
discussed distributive laws in the case where the operations of ⊕q,⊗q,∧q and ∨q

are combined each other. This result can be applied further application of q-rung
picture fuzzy matrix theory. For the development of q-rung picture fuzzy semi-
lattice and its algebraic property the results of this paper would be helpful. In the
future, the application of the proposed aggregating operators of q-RPFMs needs
to be explored in the decision making, risk analysis and many other uncertain and
fuzzy environment.

Acknowledgement. The authors would like to thank the reviewers for their
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