BULLETIN OF THE INTERNATIONAL MATHEMATICAL VIRTUAL INSTITUTE
ISSN (p) 2303-4874, ISSN (o) 2303-4955

www.imvibl.org /JOURNALS / BULLETIN

Bull. Int. Math. Virtual Inst., Vol. 11(3)(2021), 555-568

DOI: 10.7251/BIMVI21035550

Former
BULLETIN OF THE SOCIETY OF MATHEMATICIANS BANJA LUKA
ISSN 0354-5792 (o), ISSN 1986-521X (p)

A NEW GENERALIZATION OF
TRIBONACCI HYBRINOMIALS

Arzu Ozkog Oztiirk

ABSTRACT. In this study, we describe the (p, g, r)-tribonacci hybrinomial se-
quence which is established the generalization of the tribonacci sequence. Also,
the (p, g, r)-tribonacci polynomial sequence are studied in the same paral-
lel with the (p,gq,r) - tribonacci hybrinomial. Special cases of the (p,q,r)-
tribonacci hybrinomial sequence are obtained. We present Binet-like formula,
and also generating function of these sequences. In addition we give some
identities such as Catalan identity, Cassini identity, d’Ocagne identity for these
polynomial sequences.

1. Introduction
Let p and ¢ be non-zero integers such that D = p? —4q # 0. U,, and V,, are
(11) Un = Un(pv q) :pUnfl - qUn72 3 Vo = Vn(pa q) - an,1 - an72

for n > 2 with initial values Uy = 0,U; = 1,Vp = 2 and V; = p. The sequences
U, and V,, are named the first Lucas sequences and companion Lucas sequence
with parameters p and ¢ respectively. The characteristic equation of U,, and V,, is
22 — pz 4+ ¢ = 0 and hence the roots of it are ; = % and zo = #. So their

n n
Ty —Toy

Binet formulas are hence U, = 22—% and V,, = z{ +a5 for n > 0. The generating
and V(z) = —2=2% ;. Fibonacci,

functions of U,, and V,, are U(x) = W Tpates?

Lucas, Pell and Pell-Lucas numbers can be derived. Indeed for p =1 and ¢ = —1,
the numbers U,, = U, (1, —1) are named the Fibonacci numbers, while the numbers
V., = Vo(1,—1) are named the Lucas numbers. Similarly, for p = 2 and ¢ = —1,
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the numbers U, = U,(2,—1) are named the Pell numbers, while the numbers
Vi, = Vi (2, —1) are called the Pell-Lucas numbers (for further details see [4, 11]).

After Fibonacci numbers, there are numerous studies on tribonacci numbers,
which are another research topic. A few studies on the subject are (see [22, 13, 9,
23]). Recurrence relation of the Tribonacci numbers is

Tn =1p-1+ Tn—2 + Tn—S

for n > 4, with beginning conditions T} = 1,75 = 1,73 = 2. A few tribonacci
numbers are 1,1,2,4,7,13,24,44,81,149, - -- . The n—th tribonacci number can be
given by Binet formula

O/L—i—l 6n+1 ,yn+l

@—Ba- B-aB-7_ G-a0-5

where a, 3,7 are three roots of the characteristic polynomial P(z) = 2% —2?—2—1.

The generating functions for the Tribonacci sequence are
o0
EOTnac” = 3 (see [22]).
n=

Polynomials can be defined by Fibonacci-like recurrence relations are called
Fibonacci polynomials. Later there have been different mathematicians studying
Fibonacci polynomials, such as P. F. Byrd, M. Bicknell-Johnson, Hoggatt and Bick-
nell (see [2]) considered tribonacci polynomials T, (x) are defined by the recurrence
relation

(1.2) Tpio(z) = 2*Tpy1(z) + 2T (2) + Tho1 ()
for n > 1 with initial conditions Ty(x) = 0, Ty (x) = 1, Ta(x) = x2. Also continuation
of the terms are T3(z) = z* + z, Ty(z) = 25 + 223 + 1, Ts(x) = 2® + 32° +
322, To(w) = 210 + 427 + 62% + 22, Ty(x) = 212 4+ 52% + 102 + 723 + 1, Tg(z) =
2 + 621 + 1528 + 162° + 622, - - - .

In ([12]), in another generalization is generalized tribonacci polynomials which
are defined by recurrence relation

To(z) = 2Ty 1 (x) + 2T o () + T _3(z)
for n > 4 where by, ¢, c4 positive integers and others parameters are nonnegative
integers with initial conditions

Ti(z) = a, To(z) = bax® + byw + by, T3(x) = cqz® + c323 + c22® + 12 + ¢o.

In [15], the (p, g, r)-tribonacci polynomials which is a generalization that in-
cludes other generalizations. For example T,,(z) were extended to the (p,q,r)-
tribonacci polynomials

TP,(z) =p(x)TP,—1(x) + q(z)TP,—2(x) + r(x)TP,_3(x)

for n > 3, with initial values TFPy(z) = 0, TPi(z) = F,41(z), and TPs(z) =
Fp.q.2(z) where p(zx), q(z), r(x) are non-zero polynomials with real coefficients and
Fp q.n(z) are the (p, q)—Fibonacci polynomials (see [6] ) which is defined for n > 2
by

T, =

Fpgn() =p(@)Fpgn-1(2) + q(2) Fp g n—2(z)
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with F, O(m) 0, Fp,q) () = 1. A few terms are
TPy(x) =0, TP(z) =1, TPy(x) = p(x), TPs(x) = p*(x) + q(2),
TPi(z) = ( )+ 2p(z)q(x) + r(z),
TPs(x) = p'(z) + 3p°(x)q(x) + ¢*(2) + 2p(2)r(w),
In [8], Ozdemir characterized the hybrid numbers as a generalization of com-

plex, hyperbolic and dual numbers.
The set H of hybrid numbers z, has the form

(1.3) H={z=a+bi+ce+dh; a,b,c,d e R}

where i, ¢, h are operators such that i = —1, €2 =0, ih = —hi = ¢ + i. For more
information about these operators see [8]. The conjugate of hybrid number z is
defined by

Z=a+bi+ce+dh=a—bi —ce — dh.

The real number C(z2) = 2Z = Zz = a® + b? — 2bc — d? is called the character of
the hybrid number z and the real number /|C(z)| will be called the norm of the
hybrid number z and it will be denoted by ||z|| (See [8]).

In [18], Fibonacci hybrit sequence is defined first time. Jacobsthal and Jacobst-
hal-Lucas hybrid numbers are introduced by Liana and Wloch [19] and also they
investigated some of their properties. In [17, 14], the authors have refered the
different properties of the Horadam hybrid numbers. In [1], modified k—Pell hybrid
sequence is defined and also some identities are obtained. In addition Polath in [10],
defined hybrid numbers with Fibonacci and Lucas hybrid number coefficients. In
[16], Soykan and Tagdemir introduced the generalized Tetranacci hybrid numbers
and presented some combinatorial properties of these hybrid numbers.

In [20], Fibonacci and Lucas hybrinomials, which can be investigated that the
Fibonacci and Lucas hybrid numbers. The Fibonacci and Lucas hybrinomials are
defined by

FH,(z) = F,(z) +iF,41(x) + eFyyo(x) + hF, 1 3(x)
for n > 0 and
LH,(z) = Ly(z) +iLpt1(x) + eLpia(z) + hL,3(2)

for n > 0 where F,(x) is the n — th Fibonacci polynomial, and L,(z) is the
n — th Lucas polynomial. In [3], the author generalized the recurrence rela-
tions of the second type of hybrinomials. In [7], Wloch introduced Pell hybri-
nomial sequences and presented results about the sequence. Also, the same au-
thors A. Szynal-Liana and 1. Wloch considered generalized Fibonacci-Pell hybri-
nomials in [21]. In this paper, we introduced the (p, g, )—tribonacci polynomials
and (p, ¢, r)—tribonacci hybrinomials. We obtained Binet-like formula, generating
function for these polynomial sequences. Also, we obtained some identities and
summation formulas about the (p, ¢, r)—tribonacci hybrinomial sequence.
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2. Main Results of the (p,q,r)—Tribonacci Polynomials and
(p, q,7)—Tribonacci Hybrinomials

In this section we define (p,q,r) - tribonacci hybrinomials. We prove some
theorems and give some identities for these sequences.

DEFINITION 2.1. The (p,q,r)—tribonacci hybrinomial sequence denoted by
{HT, (z)} is defined by

(2.1) HT, (x) =TP,(z) + TPpy1(x)i + TPhy2(x)e + TPyi3(x)h,

where {T'P,(x)} is the (p, q,r)—tribonacci polynomial sequence. Thus the initial
values of the (p, ¢, r)—tribonacci hybrinomial sequence are:

HT,(x) = 0+i+p(x)e+ p*(x) +q(x))h
HT\(x) = 1+p(@)i+ (p*(2)+q(x))e + (p*(x) + 2p(x)q(x) + r(2))h
HTy(x) = pl(x)+ (p°(z) + q(2))i + (p°(x) + 2p(x)g(z) + r(2))e
+(p'(2) + 3p%(2)q(x) + ¢*(x) + 2p(a)r(x))h
HTy(z) = (0*(z)+q(x)) + (3($)+2p()() r(z))i
+(p'(x) + 3p*(2)q(x) + ¢*(x) + 2p(a)r(x))e
+(p° () + 4p° (x)q(x) + 3p(x)g” (x) + 3p*(z)r(x) + 2q(x)r(z))h.

Now we will give some special cases of the (p,q,r)—tribonacci hybrinomial
sequence. Explicit examples involving Tribonacci, Padovan, Narayana, third order
Jacobsthal polynomials are stated to highlight the results.

COROLLARY 2.1. In (2.1) for special choices of p(x),q(x) and r(x) and initial
conditions, the following cases can be obtained.

(1) If p(z) = 2%, q(x) =z, r(x) = 1 are selected, Tribonacci polynomials
(1.2) are got with To(z) =0, Ti(z) = 1, Ta(x) = 2? initial conditions.
(2) If p(x) =0, ¢(x) ==z, r(z) =1 are selected, Padovan polynomials

P, (z) =2P,—2(z) + P,_3(x)

with Py(xz) =0, Pi(z) =1, Pa(x) =0 initial conditions.
(3) If p(x) =z, q(x) =0, r(x) =1 are selected, Narayana polynomials

Np(z) = xNp—1(x) + Np—3()

with No(x) =0, Ni(z) =1, No(z) = 22 initial conditions.
(4) If p(z) =1, q(z) =z, r(z) = 22° are selected, third order Jacobsthal
polynomials

Jo(x) = Jp_1(z) + 2Jp_o(2) + 222 T, _3(z)
with Jo(x) =0, Ji(z) =1, Ja(x) =1 initial conditions.

Now let’s find the recurrence relation we most need to be able to prove in
theorems.
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LEMMA 2.1. Let {HT, (z)} is the (p,q,r)-tribonacci hybrinomial sequence and
n > 3 be an integer. Then the recurrence relation of {HT,, ()} is

HT,(z) = p(e)HT, _(z) + q(x)HT, _5(x) + r(x)HT, _3(z).
Proor. By (2.1), we get
HT, () — 2HT, _,(2) — HT, _y(x)
= (TPu(z) — p(x)TPp_1(x) — ¢(x)T Pyp_o(x) — r(x)TP,—_3(x))
+(TPpi1(z) — p(x)TPy(z) — q(2)T Py (z) — r(z )TPn o(x))i
+(TPoy2(x) = p(2)T Py i1 (2) — q(@)T Po(x) — 7(2)T Py ())e
(T Poys(z) = p@)T Prsa(z) — a(@)T P () — r(z)TPa(2))h.

Since {T'P,,(z)} is the (p,q,r)—tribonacci polynomial sequence, consequently the
right side of the above equality is equal to zero. Therefore we conclude that

HT,(z) — p(x)HT, _(x) — q(x)HT, _,(x) — r(z)HT, _3(x) = 0.
Thus the proof is completed. O

THEOREM 2.1. Let {HT, (x)} is the (p,q,r)—tribonacci hybrinomial sequence.
The generating function for {HT, (z)} is
{ HTy(x) + (HT, () — p(x) HTy(x)) ¢ }
S 1, ey — L)~ T ) )Ty )
n(x) - 2 3
2 = p(a)t — ()2 — ()i

PROOF. Suppose that the generating function for the (p, ¢, r)—tribonacci hy-
brinomials, {T P, (z)} has the following formal power series

t)= iHTn(af)t" = HT,(z) + HT, ()t + HT,(2)t*> + HTy(z)t> + - --

Then we have
p(x)tg(t) = p(x) HTo(x)t + p(x) HTy (2)t? + p(x) HTy(2)t? + p(x) HT3 (x)t* + - -
q(2)t?g(t) = q(x) HTy(2)t* + q(x) HT, (2)t* + q(x) HTy(2)t* + q(a) HT5(x)t” + - -
r(x)tg(t) = r(x) HTy(2)t2 + r(x)HTy (2)t* + r(z) HTy(2)t> + r(x) HT;(x)t0 + - - -
Therefore we get
9(t) = p(2)tg(t) — q(x)t?g(t) — r(2)t?g(t) =
(HTy(z) + HTy (z)t + HTy(2)t* + HTy(x)t* + - - - )
— (p(@) HTy (@)t + p(x) HT, (£)62 + p(a) HT, (2)8 + p(a) HT, (2t + - )
(q(x)HT,(2)t? + q(x) HT, (2)t* + q(x) HTy(z)t* + q(x) HTy(x)t> + - )
— (r@ HTY (@)t + r(@) HT] (2)t" + r(@) HT, (2)8 + r(@) HT)(2)t" + - )
= HTy(z) + (HT\(z) — p(x) HTy(2))t + (HT,(x) — p(z) HT, () — q(z) HTy(2))t?
(HT3(x) — p(x)HTy(x) — q(x)HT, (2 ) r(x)HT,(x )) + -
+(HT,,(x) = p(x)HT,, _y(x) — q(x)HT,, 5(x) — r(z)HT,, _3(x))t" + -

+
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By Lemma 2.1 we find that
gt)(1 = p(x)t — q(x)t* = r(2)t*) = HTy(x) + (HT () — p(x) HTy(2))t
+(HTy(x) — p(x)HT, () — q(x) HTy(2))t>.
So, we get
HTo(x) + (HT, (x) — p(a) HTy(x)) ¢ }
HT,(z) — p(x)HT) (z) — q(x) HT(x)) 2
1—p(a)t — q(x)t? — r(x)t3

iHTn(x)t” - { *

O

LEMMA 2.2. Let {T'P,(x)} is the (p,q,r)—tribonacci polynomial sequence and
n > 0 be an integer. The Binet-Like formula for {TP,(x)} is
TP,(z) =via" +v28" +v3y",
where
o= @ =—B+y) P -(ety) - bE)-(a+h))
(@ = B)(a=7) (B=a)(B =) (v =)y = B)

and «, 3,7 are the roots of the characteristic equation t3 —p(x)t?> —q(x)t —r(x) = 0.

PRrROOF. We know that the recurrence relation
TP, (x) =p(x)TPy_1(x) + q(x)T Pp_2(z) + r(x)T P,—_5(x)

has the characteristic equation f(t) = 3 — p(x)t?> — g(z)t — r(z) = 0. For an
arbitrary value of x we know that this equation has three distinct roots «, 3,7.
Hence I, %, % are the roots of h(t) = f(}) =1 — p(x)t — q(x)t* — r(x)t>. We have
h(x) = 1 - p(a)t — qla)t® — (@)t = (1 — at)(1 - BH(1L - 1t).
With the help of the generating function of the (p, ¢, )—tribonacci polynomials we
have
t

1 —p(z)t — q(x)t2 — r(z)t3
A N B N C
l—at 1-pt 1—n~t

G(t) =

(2.2) = A (at) + BY (Bt +C > (yt).
Jj=0 j=0 j=0

In this way, we know from [5] that the generating function for the (p, ¢, r)-tribonacci
polynomial sequence is G(t) = So,
t
1 —p(2)t — q(z)t? — r(z)t?
Al = Bt)(1 —~t) + B(1 —at)(1 —~t) + C(1 — at)(1 — Bt)

(1 —at)(1 = pt)(1 —~t)

t
1—p(z)t—q(x)t2—r(z)t3 "

Glt) =
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For this reason, by comparison of the left and right sides of this equality we obtain,
=A(1-pt) (1 —~t)+ B(l —at)(1 —~t) + C(1 — at)(1 — St).

So, we derive

Similarly we get

_ = (@)~ (Bt))ad (@)= (a+ B 4j | <= (p(x)—(a+B))Y’
G(t) = X Ha P ¥+ Z RN R ; GmaoB)

_ o [ @)= (B+)e? (p(r)—(a+'v))/3j (p(z)—(a+8))¥’
—Z{ o) ) ey el vy e }

As a result, we obtain

{0 = BN pa) = ) (pla) = @+ 8
4(@) { @ Ba-v  B-aB-1 T (oG8 }

_ @) = (B+7)) o () = (@+7)) (p(z) —(a+8))
TR = = Bla— T G- T a—a6-8
Thus the proof is completed. O

g+

THEOREM 2.2. Let {HT, (x)} is the (p,q,r)—tribonacci hybrinomial sequence
and n > 0 be an integer. The Binet-Like formula for {HT, (z)} is

HT, (x) = t1a™ + t28" + t37"

where
p, = @@= (B+7)(1+aita’e +ao’h)
(= B)(a—1) ’
ty = (p(z) = (0 +7))(1 + Bi + B + 5°h)
(B=a)(B=7) ’
f, = W)= (et B))A+rita’e+1°h)
(v=a)(v—=8)

PrROOF. By (2.1), we have
HT,(2) = TPy(2) + TPuy1(2)i + TPyso(x)e + TPoys(x)h.

By Lemma 2.2 we get,
(@) = B+7) o, ()= (a+7))
(a=pB)(a=7) (6 —a)(B =)

TP,(z) = 8"+

So we get

(p(®)—(B+1)) (p(@)=(a+7) gn , (p@)—(a+8))
HT,(z) = (<a Ba—) ¢ T Boay—y B T (7 (- ﬁﬂ)
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(p(z)=(B+7) n+1 | @E)—(at+7)) gn+1 | @x)—(a+B)) ~n+1)
+((a*6)(a*v) ot 4 EESEER prt + BTy )Z

@) —(B+1) nt2 | BE)—(@+1) gnt2 | (PE)—(@+8) 42
Jr((a—ﬁ)(a—'v) S e v ¢y A ey e ey )5

(p(@)=(B+7)) n+3 | (p(x)—(a+7)) pn+3 | (p(z)—(a+B)) . n+3
+((a—6)(a—v) Sl e 1y Bl v ey )h~

Consequently by some computations we have

(par) N _ f (@) =(B4+7)(A+aita’e+a’h) (p(x)—(a+))(1+8i+8%c+B8%h) | on
HTn (“”)—< (@—H)a—) ) +( B-a)(F—) )5

(p(x)=(a+8)) (1+~it~y?e+y>h)
+( =) (7-7) ) 0

COROLLARY 2.2. Let {HT, (x)} is the (p, g, r)-tribonacci hybrinomial sequence.
The exponential generating function for {HT, (x)} is

ZHT — = tleo‘t —+ tgeﬂt + t36’yt

where

t = @@ =B (taitaeta’h) , _ (p@)=(a+7))(148i+%+5h)
L= (a=B)(a—7) r 2 (B—a)(B—) ’
ty = _ (p@)=(a+8)) (I4+vitye+y° h)

(y—a)(v—=5)

PROOF. By using the Binet-like formula for the (p,q,r)—tribonacci hybrino-
mial sequence, we have

ZHTn(x)L
n=0
0o ((p(w) (62))}5&&1:? ?et+a’h)
- nz::O + ((p(r) (azrgl);%ﬁ_zj)ﬁ%w%)) gn
(p(x) = (a+B) (A +yi++°++°H)\ ] t"
*( (" —a)v-B) ) ]n'
_ (p(z) — (B+7)(1 + ai + a?c + a’h)\ <= (at)”
a ( (= B)(a—7) )nz% n!
(p(z) — (0 +7))(1 + Bi+ B + B°h) | o (Bt)"
*( B-a)(B-7) >Z !
(p(x) — (a+ B)) (1 +7i + 7% +7°h) | = (11)"
*( (- a)y - B) )E nl
So, we get the result. O

3. Special Identities

LEMMA 3.1. Let {T'P,(x)} is the (p,q,r)—tribonacci polynomial sequences and
{HT, (z)} is the (p, q,r)—tribonacci hybrinomial sequence respectively. Then
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(1) The sum of {TP,(x)} is

o TP (@) + (g(@) 4 r(@)TP(x) + ()T y(z) 1
2TP;@) = p(a) + a@) T r(z) — 1

for 5 =0 be an integer and for every positive integer n.
(2) The sum of {HT,(x)} is

+r(x n-ilx)—L+1+ec+
HT,(z) =
jgo 5(@)

p(@) + q(z) +r(z) — 1 —e—(1+p(@)h

for 7 =0 be an integer and for every positive integer n.
PRrOOF. (1) By the (p, ¢, r)—tribonacci polynomial sequences we know that
TP, (x) —p(x)TPy-1(x) = q(2)TPp—a(x) + r(2)T Pp_3(x).

Thus, we have

TPy(x) —p(x)TPy(x) = q(x)TPi(x)+r(z)TP(x),
TPy(x) —p(x)TP3(x) = qx)TPy(z)+r(x)TP(x),
TPs(z) —p(x)TPy(z) = q()TPs(x)+r(z)TP(x),
TP, (x) —p(x)TPy_1(x) = q@)TPy—o(x)+r(x)TP,_3(x),
TPur(2) — p(e)TPu(x) = q(e)TPar(2) + ()T P o(a).

As a result of some calculations, we get

(b(a) + a(x) + (@) =) S TH (@) =

Jj=

r(@)TP,1(x) + (q(z) + 7(2))TPo(z) + TPoya(z) — 1.

Consequently we obtain the result.
(2) As we know

zn:HTj(x) = HT,(z)+ HT,(z) + HTy(z) + --- + HT,,(x).
=0

So we obtain
> HTj(x) = (TPy(x)+ TP(x)i+TPy(z)e+ TPs(x)h)

+ (TP (x) + TPy(x)i + TPs(x)e + TPy(x)h)
+---+ (TP,(z) + TPyt1(x)i + TPyta(x)e + TPyy3(x)h)

563
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= (TPy(x)+ TP (z)+TPy(z)+ -+ TP,(x))
+{ TP2($)+TP3( +Tpn+2(.%')+TPO(l') }6

)+
) —
—TP1<.'I,‘) TP2< )

n n+1 n+2
= > TP;(z)+ (ZTRj(x)) i+ ( TP,(x) — 1) €
=0 j=0

3=0
n+3
+ (ZTPJ(.T) -1 —p(a:)) h.
§=0

Consequently using Lemma 3.1 we get,

ZHTj(:E)
_ ( Pria(z () + r(z)) TP (z) + (I)TPn 1(z) — 1)
p(z) +q(z) + r(z) —
TPoy2(z) + (g(z) + (Z))Tpn-&-l(x) r(@)Th,(z) —1Y .
+< p(@) +q(z) +r(z) — 1 )
TPisle) + (o) + T Poso) + (o) Pasal) 1
a p(@) + 4(a) + r(z) - “1)
N (TPM x; Z;(m))(Tan((;) 1( SLERUES Y
{ HT,  (z) + (¢(z) +r(x
B +r(x)HT, _1(x) — 1+z+5+h e+
- p(@) + (@) + () P
Thus the proof is completed. O

THEOREM 3.1. Let {HT, (x)} is the (p, q,)—tribonacci hybrinomial sequences
and {TP,(x)} is the (p,q,r)—tribonacci polynomial sequences respectively. Then:

(1) The Catalan identity for {HT, (x)} is
HTH-H”( )HTn T(x) - (HTn(x))Q (J?) =
(lllga”B"( rﬁ ro_ 2)an+15n—1 + 12116n+1an—1)
+(hlza™y™(a"y ™" = 2) + 131" a ) + (lala By (87" = 2) + I3l B
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where
4 = (p(z) — (B+))(1 + i + a’c + a>h)
(a—B)(a="7) ’
ty = (p(z) = (a+))(1 + Bi + % + 5°h)
(B—a)(B—") ’
- (p(x) — (+ B))(1 4+ 7vi + 7 +7°h)
(v —a)(v=B) ’

and for every positive integer n, r.
(2) The Catalan identity for {T Py (x)} is
TPy ir(x)TP,_,(x) — TP?(x)
= vz’ = ) (aB)" T +uivs(@” — ") (@) +vaus (BT — ") ()",
where
(p(@) —(B+) (@) = (a+7)) vy = (p(z) — (@ +B))
(a@=B)a=7)’ (B—a)(B=7)" (Y—a)(y=8)’

and for every positive integer n, r.

v =

PrOOF. (1) With the help of Binet-Like formula of the (p,gq,r)—tribonacci
hybrinomial sequence, we write

2
HT, . (x)HT, . (x) = (HT,(x))" (x) =
(tlan+r+t26n+r+t37n+r) X (tlan—r_~_t26n—r+t3,yn—r)_(tlan_‘_tQﬁn_‘_t?),yn)Z’
where

(p(z) — (B4+)(1 + ai + a’c + a>h)

b (@ A)a—7) |

p, = W)= (et +Fit et fh)
B=a)(B—7) ’

ty = (p(z) — (e + B)) (1 +7i + 7% +7°h)
(y—a)(y—B)

By some calculation,
2
HT,,(2)HT,_,(x) — (HT,())* (2)
—_ (t%Oan T t1t2an+r6n—r + t1t3an+r7n—r 4 t2t16n+7"an—r + t%BZn 4
t2t3ﬁn+r'7n_r + t3t1’7n+TOln_T
n+r gn—r 2_2n 2 2n 2 n2n 2.n nan
Ftatoy" T BT HH5yT) — (HaT + 1587 + 5y + 2t B +
2t1t3a™ Y™ + 2tat3 S7™)
— <t1t2an+rﬂn—r + tQtlﬁn—&-ran—T _ 2t1t2a”/6’”)
—|—(t1t3a"+r'y"_r + tgtw”'”a”_r _ 2t1t30¢n’}/n) + (tthﬁn-&-r,yn—r +
tatoy" BT — 2ot f7Y")
the proof is completed.
(2) Tt can be proved similar to (1). O
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COROLLARY 3.1. Let {HT, (x)} is the (p, q,r)—tribonacci hybrinomial sequence
and {TP,(z)} is the (p,q,r)—tribonacci polynomial sequences respectively. Then:

(1) The Cassini identity for the (p,q,r)—tribonacci hybrinomial sequence is
2
HT,, y(x)HT,_(x) — (HT, (2))" (z) =
(t1t2a™ B (aff —2)a™ LBt f ot BT a1 + (titza™y (ary — 2) + 3ty o t)
+(tat3 "y (By — 2) + tatay" 1A — 2Uat357y"),
where

- (p(z) — (B+7))(1 + ai+ o’e + &’h)

(a=pB)(a—7)
s (p(x) = (@ +7))(1 + i + B% + B°h)
(B=a)(B—7) ’
ty = (p(x) = (a+ B))(1 + i+~ ++°h)
(v =) (v = B) ’

and for every positive integer n.

(2) The Cassini identity for the (p,q,r)—tribonacci polynomial sequence is
TP,i1(x)TP,_1(x) — TP3(x) =
(vrva(a — B)%)(@B)" + (vyvs(a — 7)2)(en)"" + (vyus(8 — 7)2)(B1)",
where

_ @) -B+y) ) -(a+9y) (@) - (a+5))

T A== B-0B-1""T a8

and for every positive integer n.

ProOOF. (1) It can be proved by replacing » = 1 in Catalan identity for the
(p, q, 7)—tribonacci hybrinomial sequence.

(2) It can be proved by replacing » = 1 in Catalan identity for the (p,q,7)-
tribonacci polynomial sequence. O

THEOREM 3.2. Let {HT, (z)} is the (p,q,r)—tribonacci hybrinomial sequence
and {TP,(x)} is the (p, q,r)—tribonacci polynomial sequences respectively . Then:
(1) The d’Ocagne identity for the (p,q,r)—tribonacci hybrinomial sequence is

HT, (x)HT, (x) — HT,, (x)HT, () =t1t2a (B — @) + tat1 7" (a — )
+tats BV (v — B) + taty" B (B — )

itz " (v — ) + tst1y"a" (o = B),

where
b = @)= (B +aita’eta’h)
(a—=B)(a—7) ’
g, = @) —(et+y)(A+pEi+ B% + B°h)
(B=a)(B=7) ’
t = @@= (at+ A +ritye+°h)

(v —a)(y—B)
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and for every positive integer m, n.
(2) The d’Ocagne identity for the (p,q,r)—tribonacci polynomial sequences is
TP ()T Poy1(x) = TPpi1 (@) Ty qrn(z) = viva(a—B)(a"B™ —a™pB")
Furvs(a —7)(a"y™ —a™y")
+oa03 (8 = 7)(B"™ — ™)
where

)= (B+7) () =(a+7) (@)= (a+F))

N a=Ba—""T B-0B-1""" —a)-8)

and for every positive integer m, n.

Proor. (1) Using the Binet-Like formula of the (p, ¢, r)—tribonacci hybrino-
mial sequence, we get
HT, (x)HT,  (x) — HT,,  (x)HT, (x)
= (t1a™ + 68" + t3y™) (" T + 17T + 3y
— (1™ 1 gy ) (10" + 12 B + 37"
where
b = (p(x) — (B+7))(1 + ai + a’e + a3h)
(a=p)a—7) ’
ty = (p(z) = (a+7))(1 + Bi + B + B°h)
(B=a)(B—1) ’
(p(z) = (a+ B))(1 +7i +7% +7°h)
(v —a)(y—5)

So, we get
HT, (x)HT,  (x) — HT,,  ,(x)HT, ()
= (o™ titpa™ BT 4 titza™y ot ST 4 g
Ftata BTy gty QT 4 tgtay™ BT 4 13y
—(BamT L Lt ta™ B 4 tytza™ I
Hat1 SN + AT ot f "
sty T " + bty ™ T BT + 13y
= {1t B" (8 — @) + titsa™ Y (v — @) + tat1 f7 " (o — )
FiatsB"Y" (v — B) + tstiy™a" (a — B) + tstay™ B (B — 7).
(2) Tt can be proved similar to (1) O
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