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EXISTENCE RESULTS FOR SECOND-ORDER
MULTI-POINT IMPULSIVE TIME SCALE BOUNDARY
VALUE PROBLEMS ON INFINITE INTERVALS

Ismail Yaslan and Esma Tozak

ABSTRACT. In this paper, we consider nonlinear second order m-point impul-
sive time scale boundary value problems on infinite intervals. We establish
criteria for the existence of positive solutions to the nonlinear impulsive time
scale boundary value problems on infinite intervals by using a result from the
theory of fixed point index.

1. Introduction

Impulsive problems describe processes which experience a sudden change in
their states at certain moments. Impulsive differential equations have been de-
veloped in modeling impulsive problems in physics, chemical technology, popu-
lation dynamics, ecology, biological systems, biotechnology, industrial robotics,
optimal control, economics, and so forth. For the introduction of the theory
of impulsive differential equations, we refer to the books [4, 14, 17]. Espe-
cially, the study of impulsive dynamic equations on time scales has also attracted
much attention since it provides an unifying structure for differential equations
in the continuous cases and finite difference equations in the discrete cases, see
1, 2, 3, 22, 21, 8, 10, 11, 12, 13, 16, 18, 19, 20, 24, 25| and references
therein. Some basic definitions and theorems on time scales can be found in the
books [5, 6]. In recent years, there are a few authors studied the existence of
positive solutions for time scale boundary value problems on infinite intervals.
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528 YASLAN AND TOZAK

Zhao, Ge [27] studied the existence of at least three positive solutions for the
nonlinear time scale boundary value problems

(p(u(1)))Y +a(®)f (u(t),u ) € [0,00)r
u(0) = But(n), lim uB(t ) = 0

t—o00

by using Leggett-Williams fixed point theorem, where ¢, (s) = |s|P~2s, p > 1.
Zhao, Ge [28] considered the following m-point boundary value problem on
time scale

(@p(uA(t)))V_‘g h(t) f (¢, u(t), u™(t)) :_20a t € [0,00)r
w(0) = Y ou(n), u(co) = ; Biu (ns),

i=1
where u?(00) = tlim u®(t),pp(s) = |s[P"2s, p > 1, m1, M2y -+, m2 € T, 0(0) <
—00
M <M <...<fmg<o00,a; 20,08 >0fori=1,2,...,m— 2. They obtained
the criteria for the existence of positive solutions by using Avery-Peterson theorem.
Karaca, Tokmak [9] discussed the nonlinear multi-point impulsive time scale
boundary value problems

(P ()7 + 00 (t2(1),22(1) =0, ¢ € (0,00)z
r(0) =T (). Jim 2(1) =0

where f € C([0,00)r X [0,00) X [0,00),[0,00)). o; 2 0 (1 <i<m—2)0<
m < m < ...<Nm_2 <00,  : R = R is an increasing homeomorphism and
positive homomorphism with ¢(0) = 0. They established the sufficient conditions
for the existence of three positive solutions for m-point time scale boundary value
problems on infinite intervals by using the Leggett-Williams fixed point theorem
and five functionals fixed point theorem.

Yaslan, Haznedar [23] obtained the criteria for the existence of at least one,
two and three positive solutions to the nonlinear impulsive multi-point time scale
boundary value problems

(o> ()Y + h(t)f ( y(£),y2(t)) = 0, t € [a,00)r, t;&tk, k=12 ..n
y(ty) — y(gz)z w(y(te), k=1,2,...n
y(a) — By*(a) = ; y20n), Jim y2(t) =0, m>3

by using Leray-Schauder fixed point theorem, Avery-Henderson fixed point the-
orem and the five functionals fixed point theorem, respectively, where «; > 0
(1 <Z<m72)7 ﬂ>07 nyn2y, -5 Nm—2 GTa 0<CL<7]1 < <... < Npmoz < OO,
f € C([a,00)T x [0,00) X [0,00),[0,00)) and ¢ : R — R is an increasing homeo-
morphism and positive homomorphism with ¢(0) = 0.
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Karaca, Sinanoglu [26] investigated the criteria for the existence of at least one
positive solution to the m-point time scale boundary value problems

(ep(u (&)Y 4+ h(t)f (t,u(t),u?(t)) =0, t € (0, ) t#ty, k=1,2,...n
m—2
u0) =5 awd ), woe) = 5 prut)
u(ty) —ulty) = In(u(tr), ¢p(u(t))) — p(u®(ty)) = —Ii(ult)), k€N
by using the four functionals fixed point theorem, where 1y,...,9m—2 € T, 0(0) <
m < m < ... < mez < 00, ut(o0) = tlim ud(t), @p(s) = |s[P~2s, p > 1,

I € C([0,00),[0,00)) and I}, € C([0, 00), [0,00)).
We consider the following boundary value problem (BVP)

yAV () +h(t)f (t,y(t ) y ( )) =0, t€a,00), t#ty, k=1,2,...,n

y(a) =y (a) = Y aiy™(m), tlggoyA(t) = Z Biy(ni), m=>3

=1

(1.1)

where T is a time scale, @; >0, 5, 20(1<i<m—2),7v>20,0<a<m<...<
Nm—2 < 00 and f € C ([a,00)r x [0,00) x [0, 00), [0,00)).
We will assume that the following conditions are satisfied:

(H1) h e C ([a,00)r, [0,0)), fh )Vs < o0;

(H2) f(t,1+t)u,v) <w (max{\u|7 [v]}) with w € C ([0, ), [0, c0)) nondecreasing;
(H3) > I(y(tk)) < oo, I € C(R,RT), t € [a,00)r and y(t]) = }lligby(tk +

a<tp<oo
h), y(t,) = ’llirr%) y(tr — h) represent the right and left limits of y(t) at t = t,
—

k=1,...,n

2. Preliminaries
To state and prove the main results of this paper, we will need the following

lemmas.

LEMMA 2.1. Assume (H3) holds. If x € C ([a,0)T,[0,0)) and f t)Vt < oo,

then the boundary value problem

yAV(t) +2(t) =0, t € [a,00)r, t#ty, k= 1,2,...,n
y(th) —y(ty) = In(y(tr)), k= 1,2,
m—2
y(a) =) = X aw(n), lim y* Z Biy(mi), m >3
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has a unique solution

o o t m—2

y(t) = (r—a) / £(s)Vs + t / 2(5)Vs + / s2(s)Vs + (v +t—a) 3 Biy(n)

a t a i=1

+ mlzai[gﬁjy(nj)—i—]ox(s)vs}'F > Ly(tr)
ni

i= a<tp<t

PROOF. Since we have y2V (t) = —x(t) for t € [a, 0o)T, we get

oo

(22) v (0) = Jim 20+ [ ol6)ve

By using the second boundary condition we obtain

m—2 o0

= Z Biy(n:) +/I(£)V€-

Integrating the above equality from a to ¢, we have

t oo

m—2
I (y(te)) = (t —a) > Biy(ni) + 2(s)VSAE.
> Iyl ; y(n //

a<tp<t a ¢

By using the first boundary condition we obtain

y(t) = wA<a>+iaiyﬂni)ﬂt—a)iﬂiy(m )+ / 5= a)
(t—a) /a: Vs + Z Iy (y

a<tp<t

Thus, from (2.2) we have (2.1).

O

By Lemma 2.1, the solutions of the BVP (1.1) are the fixed points of the

operator A defined by

Aylt) = (=) [ IS (5009 52(5)) Vs + ¢ [ B(6)1 (5:0(9).0°(5) Vs

m—2

sh(s)f (s,9(s),y>()) Vs + (v +t —a) D Buy(n:)

=1

+
3 @\M

.
I

a<tp<t

2 oo
' az[zﬂgy )+ [H6)F (59662 0) T3] + T Buloien)
1 N
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Let B be the Banach space defined by

_ A y(t)
B={vectuoe): s M <oty Zﬂl o

with the norm ||y|| = max{”yl, ||yA||OO}, where

y(t
= s POLa = gt
tela,00)r + tela,00)r
and define the cone P C B by
P = {y € B:y(a) Z a;y=(n;), y is concave, non-decreasing and

(2.3)  nonnegative on [a, OO)']I‘}.

LEMMA 2.2. Ify € P, then we have ||y|l1 < M|y*||o0, where

(2.4) M:max{ —a—&—Zal, }
PRrooOF. For y € P and t € [a, 00)T, we have

m—2
y(t) 1 t*CL+'}/+ZOLi

t m—2
A A A i=1 A
T Ht(/y (s)As +y (a)+i§:1ay (n)) T (7

a

< My® |-

Hence, the proof is complete. O

LEMMA 2.3. If (H1)-(H3) hold, then the operator A : P — P is completely
CONLINUOUS.

PrROOF. First, we will show that A: P — P. For y € P, we have

(Ay)(a) —2(Ay)2(a) = 'S ai(Ay)® (),
(A9)2¥ (1) = ~h(D)f (1,9(0), 5> (1)) <O,
(A)2(0) =S B + ] (5)S (50(s).3(5)) Vs >0,

oo

(Ay)(a) = w(7x<s>vs+Zlﬁiym))f_jaz[mzzﬁjy )+ [ ()]

a = v

i

+ ) Ik(y(tk) = 0.

a<tp<t

Hence, A: P — P.
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Now, we will show that A : P — P is continuous. If y, — y as n — oo
in P, then there exists 7 such that sup ||y,|| < 7. From (H2), for all ¢ € [a, c0)T
neN

we have f (tyn (1), y2 (1) < w (max { %01 2 0)[}) < w(lyl) < w(r) and
f(ty(t),y2 (1)) <w(lyl) < w(r) by the continuity of norm function. Since
[ OIS (5000512 (9) = 1 (5:0(9).55(5)) 95 < 2(7) [ b5)¥s < o0
t a
by using (H1), we get
—2

3

|(Ayn)2 () = (Ay)2 ()] <

B, () — y(m))‘

1

+ h(s)

7 (5,9m(8),52()) —  (5,5(), () \Vs

— 0, n—>
by using the Lebesgue dominated convergence theorem. Hence, we obtain
1(Ayn)® = (Ay)®[loc — 0,
as n — 0o. Since
1Ayn — Ayll < M|[(Ayn)® = (Ay)*[loo = 0,

A : P — P is continuous.

Now we will show that the image of any bounded subset of P under A is
relatively compact in P. If €2 is any bounded subset of P, then there exists K > 0
such that ||y|| < K for Yy € Q. By (H1) and (H2), for Vy € €, we have

(oo}

49> = Y B+ [ B (50061, (5)) Vs

m—2
< K Z Bi(1+mn;) +w(K)/h(s)Vs < o0
i=1 s
Since [|AQ|| < M[[(AQ)? o < 00, AQ is uniformly bounded.
Now, we show that AQ is equicontinuous on [a,00)r. For any R > 0, t,p €

[a, R]r, and for all y € Q, without loss of generality we may assume that ¢t < p. By
(H2), we have

(A)2 (1) — (Ap)> ()| = / W(s)f (5.9(s), v ()) Vs| < w(E) / h(s)Vs — 0,

uniformly as ¢ — p. Since ||(Ay)2(t) — (Ay)>(p)||c — 0, uniformly as t — p, we
obtain ||(Ay)(t) — (Ay)(p)|| — 0, uniformly as ¢ — p, by Lemma 2.2. Thus, AQ is
equicontinuous on any compact interval of [a, c0)r.
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Now, we show that AQ) is equiconvergent on [a,o0)r. For any y € 2, we have
(4)20) ~ (0)>(0)| = | [ W (503060 V5| 0
t

as t — oo. Then, we obtain ||(Ay)(t) — (Ay)(c0)|| — 0, as t — oo, by Lemma 2.2.
Therefore A is equiconvergent on [a, co)r.
Hence, the operator A : P — P is completely continuous. O

3. Positive solutions

DEFINITION 3.1. Remember that a subset K # () of X is called a retract of X
if there is a continuous map R : X — K, a retraction, such that Rz =z on K. Let
X be a Banach space, K C X retract, 2 C K open and f : Q@ — K compact and
such that Fiz(f) N O = (). Then we can define an integer ix (f, ) which has the
following properties.

(a) ix(f,Q) =1 for f(Q) €.

(b) Let f : © — K be a continuous function and assume that Fiz(f) is a
compact subset of Q. Let 27 and 29 be disjoint open subsets of {2 such
that Fiz(f) C Q1 UQs. Then we obtain ix (f, Q) = ix (f, 1) +ix(f, Q).

(¢) Let G be an open subset of K x[0,1] and F' : G — K be a continuous map.
Assume that Fiz(F) is a compact subset of G. If G, = {z : (z,t) € G}
and Fy = F(.,t), then we have ik (Fy, Go) = ix (F1,G1).

(d) If Ko C K is a retract of K and F(Q) C Ko, then ix(F,Q) =ik, (F,QnN
Ky).

We will apply the following well-known result of the fixed point theorems to
prove the existence of positive solutions to the (1.1).

LEMMA 3.1. [7, 15] Let P be a cone in a Banach space B, and let D be an
open, bounded subset of B with Dp := DN P # 0 and Dp # P. Assume that
A: Dp — P is a compact map such that y # Ay for y € 0Dp. The following
results hold.

(1) If | Ay|l < ||lyll for y € ODp, then ip(A,Dp) = 1.
(ii) If there exists an b € P~ {0} such that y # Ay + Ab for ally € 0Dp and
all A >0, then ip(A, Dp) = 0.
(iii) Assume U be open in P such that Up C Dp. If ip(A,Dp) = 1 and
ip(A,Up) = 0, then A has a fized point in Dp ~ Up. The same result
holds if ip(A,Dp) =0 and ip(A,Up) = 1.

For the cone P given in (2.3) and any positive real number r, define the convex

set

Po={yeP:|y|<r}
and the set

oy . A
Q. ={yeP: min —= < Mr, min t)<r
el T ey ¥ 0 <7}
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where M is defined in (2.4). The following results are proved in [15].
LEMMA 3.2. The set Q. has the following properties.

(1) Q.is open relative to P.
(’LZ) Py, CQ, CP,
y(®)

(#i1) y € 0Q,. if and only if min = Mr.

te[ny,00) 1+t
() If y € 00, then Mr(1+1t) < y(t) < fort € [m,00).

For convenience, we introduce the following notations. Let

t
frge = min{ter[?irlo) M cu €0, Mr(1+m)], ve [O,r]},
t
5= max{ten[;a;(o)w cu€0,00), ve€ [O,T]}.

In the next two lemmas, we give conditions on f guaranteeing that ip(A4, P,.) =
1orip(A,Q,)=0. Define

(3.1) N = /h(S)VS
and '
(3.2) L= /h(s)Vs.

m
LEMMA 3.3. If the conditions

m—2
1-M ; Bi(1+ ;)

f5 < — and y # Ay fory € 9P,

hold, then ip(A, P.) = 1.

PROOF. If y € OP,, then we have 0 < 1{(—3 <rand 0 < yA(t) <r.

Ayl < M sup |Ay>(1)]

tela,00)r

M ( mgj Biy(ni) + 7h(8)f (5,5(), 2 (5)) V8>

m—2 1- Mmi2 Bi(1+n;)
< M(T Bi(L+mn;) + l?\/}N r/h(s)Vs)

i=1 a

= lyll
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It follows that ||Ay|| < ||y|| for y € OP,. By Lemma 3.1(i), we get ip(A, P.) =1. O
LEMMA 3.4. If the conditions

1+m
[
f]\/['r OélL

andy # Ay fory € 09),,

hold, then ip(A, Q) =0.

PROOF. Let b(t) = 1 for t € [a,00)r, then b € OP;. Assume there exist
Yo € 0. and A9 > 0 such that yo = Ayo + Aob. Then for t € [a, c0)r we have

Yo(t) = Ayo(t) + Xob(2)
00)
> an [ B (5:0(9).5°(5) T+ o

o)
aa” fary / h(s)Vs + Ao

m

WV

o)

/ h(s)Vs+ Ao
m

= MT(1+771)+)\()

I+m
aq

> arM

But this implies that Mr(1+n1) > Mr(14+m1) + Ao, a contradiction. Hence, yg #
Ayo + Aob for yo € 9Q, and Ay > 0, so by Lemma 3.1(47), we get ip(A,Q,) =0. O

THEOREM 3.1. Assume (H1)-(H3) hold. Let M, N and L be as in (2.4),(3.1),
and (3.2), respectively. Suppose that one of the following conditions holds.

(C1) There exist constants ¢1,ca,c3 € R with 0 < ¢1 < ¢co < ecs such that

m—2
1—=M > Bi(1+mn:)
c1 c3 M1+771 c2 i=1

MerdMes = 55 gy, 700 MN

, andy # Ay fory € OP,,.

(C2) There exist constants c1,ca,c3 € R with 0 < ¢1 < ecy and ¢y < c3 such
that

m—2
1=M > Bi(1+mn) 14
c1 gos i=1 25 7S m
0770 = MN TiMe: T o L

Then (1.1) has two positive solutions. Additionally, if in (C2) the condition

, andy # Ay fory € 08),.

m—2
1-M Zl Bi(1+m;)
i=
MN

it <
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is replaced by
m—2
1—=M > Bi(1+m)
cy < =1
0 MN ’

then (1.1) has a third positive solution in P,,.

PROOF. Assume that (C1) holds. We show that either A has a fixed point
in 0, or in P, \ Q. If y # Ay for y € 09,,, then by Lemma 3.4, we have
ip(A, Q) =0. Since

m—2

1=M > Bi(1+m)

i=1

MN

and y # Ay for y € 9P,,, from Lemma 3.3 we get ip(A, P.,) = 1. By Lemma
3.2(ii) and ¢; < cg, we have Q., C P., C P,,. From Lemma 3.1(iii), A has a fixed
point in P., \ Q. If y # Ay for y € 9Q.,, then from Lemma 3.4 ip(A,Q,,) = 0.
By Lemma 3.2(ii) and ca < Mcz, we get P., C Pyre, C Qc,. From Lemma 3.1(iii),
A has a fixed point in Q., \ P.,. The proof is similar when (C2) holds and we
omit it here. ]

c
0" S

As a special case of Theorem 3.1, we have the following result.

THEOREM 3.2. Suppose (H1)-(H3) hold. Let M, N and L be as in (2.4),(3.1),
and (3.2), respectively. Assume that one of the following conditions holds.

(C3) There exist constants c1,co € R with 0 < ¢1 < ¢ such that

m—2
1—M > Bi(1+m)
o> M1 i and [$? < i=1
Mcy = OélL 0 = MN

(C4) There exist constants c¢1,co € R with 0 < ¢; < Mcy such that

m—2
1—M > Bi(1+m)
c i=1 c
£ < N and fi3, > M

Then (1.1) has a positive solution.

1+m
OélL '
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