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POLYNOMIALS ASSOCIATED WITH CLOSED
NEIGHBORHOOD CORONA AND NEIGHBORHOOD
COMPLEMENT CORONA OF GRAPHS
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ABSTRACT. The closed neighborhood of a vertex v € V(G) is, Ng[v] =
Ng(v) U {v}, where Ng(v) is the set of all vertices which are adjacent to
v. Motivated by the concept of closed neighborhood, we define a new corona
called as, closed neighborhood corona. Further, we study polynomials associ-
ated with adjacency matrix, Laplacian matrix and signless Laplacian matrix
of the same structure. Also, we study polynomials associated with adjacency
matrix, Laplacian matrix and signless Laplacian matrix of the structure of
neighborhood complement corona.

1. Introduction

In a graph G, two vertices are neighbors, whenever there is an edge connecting
them. The set of all neighbors of a vertex is called its neighborhood. By taking into
account of the concept of neighborhood, in 2011, Indulal [6] defined a new corona
product, called it as neighborhood corona, hence studied the adjacency, Laplacian
and signless Laplacian spectrum when both the graphs forming the corona product
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are regular. Later, in 2014, Liu and Zhou [7] studied the same structure for two
arbitrary graphs. Adiga et al. [1, 2] defined some new variants of neighborhood
coronae and studied adjacency, Laplacian and signless Laplacian polynomial for
arbitrary graphs. Inline with the concept of neighborhood complement, Rakshit
and Subba Krishna [9] defined neighborhood complement corona and hence studied
adjacency, Laplacian and signless Laplacian spectrum of regular graphs.

Motivated by the closed neighborhood concept, in the present work we define
a new variant of neighborhood corona, called closed neighborhood corona, hence
study adjacency, Laplacian and signless Laplacian polynomial for arbitrary graphs
and the corresponding spectrum of regular graphs. Further, we study neighborhood
complement corona for arbitrary graphs and obtain their adjacency, Laplacian and
signless Laplacian polynomials and prove the results for regular graphs. The results
due to Rakshit and Subba Krishna [9] becomes particular cases of our results. The
signless Laplacian spectrum for neighborhood complement corona of two regular
graphs given in [9] is prone to some errors and we have given here the corrected
version of the same.

2. Preliminaries

Throughout the paper, we consider simple, finite and undirected graphs. A
graph is a pair G = (V(G), E(G)) of sets such that, the elements of F(G) are
2-element subsets of V(G). The elements of V(G) are vertices and that of F(G)
are edges of the graph G. Two vertices are adjacent, or neighbors, whenever there
is an edge between them. The number of neighbors of a vertex is called its degree.
If all the vertices in the graph have same degree then graph is called a regular
graph. The set of all neighbors of a vertex v is its neighborhood denoted by N¢g(v).
Closed neighborhood of a vertex v is, Ng[v] = Ng(v) U {v}. For a graph G with
n vertices vi,vs, ..., vy, the adjacency matrix is defined as, A(G) = [a;j]nxn in
which a;; = 1 if the vertices v; and v; are adjacent, and 0 otherwise. Laplacian
and signless Laplacian matrices are defined as: L(G) = D(G) — A(G) and Q(G) =
D(G)+ A(G), respectively, where D(G) is the diagonal matrix with diagonal entries
dy,da,...,dn, where d; = dg(v;) is the degree of a vertex v;. For any matrix M, «p,
the polynomial associated with it is given by, ¢ (M;xz) = det (I, — M). Thus,
d (A(G);z),¢ (L(G);x) and ¢ (Q(G);z) denotes adjacency polynomial, Laplacian
polynomial and signless Laplacian polynomial of G, respectively. Their roots are
adjacency eigenvalues, Laplacian eigenvalues and signless Laplacian eigenvalues of
G, respectively. Denote the eigenvalues of A(G), L(G) and Q(G), respectively, by

MG) = (G = .. = A(6),
m(G) < w(G) < ... < pa(G),
NG = %G = ... = wG).

It is noted that, u; = r — \; and v; = r + \;, if the degree of all vertices of G is r.
The collection of distinct eigenvalues of A(G), L(G) and Q(G) together with their
corresponding multiplicities form the A-spectrum, L-spectrum and @Q-spectrum of
G, respectively. The complement G of a graph G has the same vertices as G, but two
vertices are adjacent in G if and only if they are not adjacent in G. The Kronecker
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product C' ® D of two matrices C = [¢;jlmxn and D = [d;;lpxq is the mp X ng
matrix obtained from C' by replacing each entry ¢;; by ¢;;D [5]. For matrices
C, D, E and F such that products CE and DF exist, (C®D) (F®F)=CE®DF,
(Ce®D)'=C1t®D!and (C® D)T = CT @ DT. Let 1,, denotes the column
vector of dimension n and J denotes all 1’s matrix. For undefined graph theoretical
terminologies and notations, we follow the book [4].

DEFINITION 2.1. ([6]) Given a graph Gy on n; vertices and m; edges with the
vertex set V(G1) = {v1,v2,...,Vn, }, and G2 be another graph on ny vertices, then
the graph obtained by taking one copy of G; and n; copies of G5 and making all the
vertices in the i*" copy of Gy adjacent with the neighbors of v;, for i = 1,2,..., nq,
is called as the neighborhood corona of two graphs, denoted by G x Gs.

DEFINITION 2.2. ([8]) Given a graph G on n vertices with the graph matrix
M, where M is viewed as a matrix over the field of rational functions C(x) with
det(zI, — M) non zero. The M-coronal I'y;(z) € C(z) of G is,

Ta(z) =17 (x]n - M)_lln.

n
If M has a constant row sum r, then I'y/(z) =

x—r

PROPOSITION 2.1 (Schur Complement [3]). Suppose that the order of all four
matrices D1, D12, D21 and Day satisfy the rules of operations on matrices. Then
we have
|Das| | D11 — D12D2_21D21|, if Dag is a non-singular matriz,

Dll D12
D21 D22

|D11] |Dag — DngfllDlg\, if D11 is a non-singular matrix.

PROPOSITION 2.2 ([4]). If G is an r-regular graph on n vertices with the adja-
cency eigenvalues: 1, Aa(G), A3(G), ..., A\(G). Then the adjacency eigenvalues of
Gare:n—r—1,—1-X(G), -1 - X3(GQ),...,—1 - X\, (G).

3. Closed neighborhood corona of two graphs

Given a graph G1, the neighborhood corona focus only on neighbors of a vertex,
in forming the corona product with the graph Gs. Closed neighborhood of a vertex
include the vertex itself along with its neighbors. Motivated by this, we define a
new variation of corona of two graphs, called as closed neighborhood corona.

DEFINITION 3.1. Given a graph (G; on n; vertices and m; edges with the vertex
set, V(G1) = {v1,v2,...,v,, } and let G2 be another graph on ny vertices and mo
edges. Then, the graph obtained by taking a copy of G1, ni copies of G and then
making all vertices in the i*" copy of Gy adjacent to the neighbors of v; including
v; itself, for i = 1,2, ..., ny, is called as closed neighborhood corona of G; and Gs,
denoted by G1[x|G..

It is noted that G1 (5 has ny +nyng vertices and my +ni1mo +ni1ng +2mins
edges.
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ExaMmPpPLE 3.1. Let C,, denotes the cycle on n vertices and K,, denotes complete
graph on n vertices. Fig. 1 depicts Cg[ x| K.

WV
AYZa YA\

,““v fd‘l‘\r
VA

Figure 1: Cg[* |K>.

3.1. Adjacency polynomial of closed neighborhood corona.

THEOREM 3.1. If G1 and G2 are any two graphs on ny and ny vertices respec-
tively, then the spectral polynomial of A(G1 Gg) 18

n1

6 (A(GI[F]Ga)i @) = $(AG2); )™ [ (v = M(G1) = Tagan(@) (1+X(G1)).

i=1
PrOOF. The adjacency matrix of Gi[x] G5 is,
_ A(Gh) (In, + A(G1)) ® 17,
A(Gi[x]Go) = ((Im + A(G1)) ® 1n, I, ® A(Gy) '
The spectral polynomial is,
¢ (A (Gl GQ) 5 ZL’) = det ((L’ In1+n1ng - A (Gl GQ))
:EIn - A(Gl) ‘
= det L
‘ ( — (I, + A(G1)) @ 1, |
Applying Proposition 2.1, we have
¢ (A (Gng) 3 LE) = (ZS (A (Gg) 3 .’E)nl det (ZL’Inl — A(Gl) — S) 5

— (I, + A(G1)) ® 1T, >
Inl Y (wInz - A(G2)) '

where
S

[_ (I, + AG)) @ 152] Ty ® (2L, — AG2)] ™" [= (Iny + A(G1)) @ 1n,]
_ (In1 + A(Gl))z ® 122 (331n2 — A(GQ))711n2

= Taey(2) (Inl +A(G1))2-



POLYNOMIALS OF SOME NEIGHBORHOOD CORONA GRAPHS 495

Therefore,

¢ (A (G1[x]G2); z) = ¢(A(G2); x)" det (210, — A(G1) — T acay) () (In, + A(G1))?).
Expanding the determinant of RHS in terms of products of A;(G;), the result
follows. O

COROLLARY 3.1. If Gy is ri-regular graph and Go is ro-regular graph, then the
eigenvalues of A (Gng) are N\i(G2), i = 2,3,...,na, each occuring ny times
and

ra 4 M(G1) £\ (r2 = M(G1))? + s (i (G1) + 1)
2

, 1=1,2,...,n1.

UP)

PROOF. As Gy is rp-regular, substituting I' y(q,)(7) = in Theorem 3.1,

T — T2
result follows. O

3.2. Laplacian polynomial of closed neighborhood corona.

THEOREM 3.2. If Gy is an ri-regular graph on ny vertices and G2 is any graph
on ng vertices, then the spectral polynomial ofL(Gng) 18,

6 (L(GEG): 2)
=(¢(L(Ga); . —r —1)™

ni

H (.I —Ng —TriNg — /.Li(Gl) — FL(G2)(Z‘ A 1) (7“1 — /,Li(Gl) + 1)2) .

i=1
PROOF. The Laplacian matrix of G1[x ]G3 is,
n2 (D(G1) + In,) + L(G1) — (In, + A(Gh)) ® 1],
L (G1[x]Gs) =
- (Im + A(Gl)) ® 1n2 Inl ® L(GQ) + (D(Gl) + Inl) & In2~
The spectral polynomial is
¢ (L (Gi[*] G2) s @)
= det (3’5 In1+n1n2 —L (Gng))
J ( 2l —n2 (D(G1) + Iny) — L(G1)  (Iny + A(Gh)) © 17, )

(In, + A(G1))® 1y lning — Ing @ L(G2) — (D(G1) + Inn,) ® Iy
As G is r1—regular graph, we have
6 (L (Gi[F]Ga) s 2)
. ( 2Ly — 2 (114 1) Iny — L(G1) (In, + A(G1)) @ 1%, )
(In, + A(G1)) ® 1ny lning — Iny @ L(G2) — (r1 + 1) Inn;, ® Iny

= d t< :L.Inl — N2 (T1+1)In1 _L(Gl) ‘ (Inl +A(G1))®1£2 )
- ¢ (Inl + A(Gl)) ® 1n2 ‘ Inl & ((33 - T — 1)In2 - L(GQ)) .
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Applying Proposition 2.1, we have

¢ (L (Gi[x]G2); 7) =
¢ (L(Ga); x —r1 —1)"" det ((x — ng — ring)l,, — L(G1) — S),

where
$ = [ +AG)) @ 1T, ] [Ty ® (& =71 = Dy = L(G2)] ™ [(Iny + A(G1)) © 1]
(Iny, + A(G1))* @ 17, ((x = 11 — 1)In, — L(G2)) " 1,
= Tpeple—ri—1) (In, + A(G1))?.
Therefore,

¢ (L(Gi[x]G2); 2) =
¢ (L(Ga2); @ —r1— )™ det (@ = ng = rin2)Iny = L(G1) = Ty (@ = 11 = 1) (Iny + A(G1))?) .

Expanding the determinant of RHS in terms of products of p;(G1) by using the
relation \;(G1) = r1 — pi(G1), the result follows. O

COROLLARY 3.2. If Gy is ri-regular graph and Go is ro-regular graph, then the
eigenvalues of L (Gng) are pi(Ga) +r1+1,i=2,3,...,n9, each occuring n;
times and

(n2 +1)(r1 +1) + pi(G1) £ \/((nz +1)(r 4+ 1) + pi(Gh)) + 4k
2 ?
where k; = p;(G1) (nepi(G1) — 2ng +1)(r1 + 1)), i =1,2,...,ny.

PROOF. As Gy is rp-regular, substituting I'y,(g,)(z —71 — 1) = (71721) in
r—"ry —

Theorem 3.2, result follows. |

3.3. Signless Laplacian polynomial of closed neighborhood corona.

THEOREM 3.3. If G is an r1-regular graph on ny vertices and G is any graph
on ng vertices, then the spectral polynomaial on(Gng) 1s

0 (Q(Ci[x]G2); @) =
(6(Q(Ga)s =7y —1)"
[T, (2= n2 = rima = %:(G1) — Tqqam (@ =1 = 1) (3:(G1) =71 + 7).

PROOF. The signless Laplacian matrix of G1[* ]G> is,

o) -

ng (D(G1) + In,) + Q(G1) (In, + A(Gh)) ® 17,
In1 + A(Gl)) ® 1n2 Inl ® Q(G2) + (D(Gl) + Im) ® Inz .
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The spectral polynomial is,
o(@(ee) )
= det (¢ Iny4nyny — Q (Gi[x]G2))
M( wlny =12 (D(G1) + In,) — Q(G1) — (I, + A(G1)) ® 17, )
— (Iny, + A(G1)) @ Ly @lnyny — In, @ Q(G2) — (D(G1) + In,) @ I,
As (7 is r1—regular graph, we have
¢ (Q (Gi[x]Gs) 5 =)

( aln, —na(r1+ DIy, — Q(G1) — (In, + A(G1)) ® 17, )
det iy

In, + A(Gl)) ® Ly Tlnyny, — Iny ® Q(G2) — (Tl + 1)In1 ® In,

— et ( 2ln, —na(r1 + DI, — Q(G1) — (In, + A(G1)) ® 17, > .
— (I, +A(G1)) @1y, Iy @ ((x =11 = 1), — Q(G2))

Applying Proposition 2.1, we have

¢ (Q (Gi[x]Gs) 5 ) =

¢ (Q(G2); x — 11 —1)" det ((x — n2 — r1n2) I, — Q(G1) — ),

where
S =

[— (Iny + A(G1) @17, ] [In, @ ((z = 71 = DIngy — Q(G2))] " [= (Iny + A(G1)) © 1,]
= (Inl + A(G1>)2 ® 171;2 ((.’17 — T - 1)ITL2 - Q(G2>)_l 1“2

=To@n(@—r1—1) (In + A(G1)>2.
Therefore,
¢ (Q(Gi[*¥]G2);2) = ¢(Q(G2); x—r1—1)""
det ((x —n2 — rin2)In; — Q(G1) — gy (x — 1 — 1) (In, + A(Gl))z) .
Expanding the determinant of RHS in terms of products of v;(G1) by using the
relation \;(G1) = vi(G1) — 71, the result follows. O

COROLLARY 3.3. If Gy is ri-regular graph and Go is ro-regular graph, then the
eigenvalues of Q (G1 Gg) are v;(G2) +r1+ 1,1 =2,3,...,n9, each occuring n,
times and

(n2 4+ 1)(r1 + 1) + 22+ %(G1) £ 1/ ((n2 + 1)(r1 +1) + 22 +7:(G1))* — ks
2 b
where k; = 2nara(r1 + 1) + (2nary + 212 — 2ng + 71 + 1)%:(G1) + (411 — 3 (G1)?)na,
1=1,2,...,n7.

PROOF. As G, is ro-regular, substituting
n2

FQ(GQ)(x b= (x —r1 —1—2r9)

in Theorem 3.3, result follows. O
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4. Neighborhood complement corona of two graphs

In 2015, Rakshit et al. [9] defined the neighborhood complement corona G1x G
and hence studied adjacency spectrum, Laplacian spectrum and signless Laplacian
spectrum of those structures when both the graphs taken into account are regu-
lar. In this section we study neighborhood complement corona Gi1* G for their
adjacency polynomial (both G; and G are arbitrary); Laplacian polynomial and
signless Laplacian polynomial (G5 is arbitrary). The results due to Rakshit et al.
[9] are particular cases when both the graphs are regular.

DEFINITION 4.1. ([9]) Let G; be the graph with vertices vy, va,...,v,, and
G5 be another graph. Then, the neighborhood complement corona G1x G of two
graphs (G1 and G is obtained by taking n; copies of G2 and joining each vertex
v; in G to every vertex of i-th copy of G2, provided the vertices v; and v; are
non-adjacent in Gp or i = j (see Fig. 2).

Figure 2: Cy*Ks.

4.1. Adjacency polynomial of neighborhood complement corona.

THEOREM 4.1. If G1 and G2 are any two graphs on ny and ne vertices respec-
tively, then the spectral polynomial of A(Gﬁ Gg) 18,

¢ (A(G1%Ga)i ) = ¢(A(Go); )™
det (x[nl — A(G1) = Ty (@) (I, + A(Gi))z) .
PrOOF. The adjacency matrix of G1xGs is,
A(Gh) (Ju, — AGY) ®@ 1%;)
(Jn, — A(Gh)) @ 1, I, ® A(G2) '
The spectral polynomial is,
d(A(G1%Go); ) = det(xzIn4nn, — A(G1%¥G2))

zly, — A(G1) | = (Jn, —AG)) @ 15,
det ( - (Jnl - A(Gl)) Y 1n2 ‘ Im ® (xlnz - A(GQ)) ) .

A(GFGo) = <
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Applying Proposition 2.1, we have
¢ (A(G1*G2); ) = ¢(A(Ga); )" det (vln, — A(G1) = 5),

where,
S =
[= (Jus = A(G1) @ 17, ] [y ® (21 = A(G2)] " [= (Ju, = A(G1)) @ 1,
= (o, — AG))? @17, (¢1n, - A(G2)) ' 1,
= FA(G2 () (Jn, — A(Gl))
—FA(G2 JC) (In1 +A G1 ) .
Therefore,

10) (A(G1¥G2); x) = ¢(A(Ge); o)™
det (1, = A(G1) = Tag (@) (In, + AG)) .
Hence, the result follows. O

COROLLARY 4.1. If G1 and G2 are r1 and ro-regular graphs, respectively, then
the eigenvalues of A (G1%*Ga) are A\i(G2), i = 2,3,...,n9, each occuring ny times,

) —+ T1 :l: \/(7’2 — 7‘1)2 —+ 4712(’&1 — 7"1)2
2

and

) + )\z(Gl) + \/(7“2 — )\1(6'1))2 + 4n2)\i(G1)2
2
PROOF. Both G and G5 are regular graphs. Therefore substituting I' 4, ) (z) =
no
Xr —T9
tion 2.2 and equating the RHS to zero, we will arrive at the spectrum of A(G1* G2).
O

; i=2,3,...,n1.

in Theorem 4.1, using the relation between \;(G) and \;(G) from Proposi-

Theorem 3.1 of [9] becomes the particular case of Theorem 4.1 and is observed
from Corollary 4.1.

4.2. Laplacian polynomial of neighborhood complement corona.

THEOREM 4.2. If G; is an r1-regular graph on ny vertices and Gy is any graph
on no vertices, then the spectral polynomial ofL(Gﬁ Gg) s,
¢ (L(G1%G2);2) = (¢(L(G2); z—ni+7m1)"t
det (($7n1n2+r1n2)1n1 7L(G1)7FL(G2)(ZE ’I’L1+’l"1)( A(Gl)) ) .

PROOF. The Laplacian matrix of G1*Gs is

ng (niln, — D(G1)) + L(G1) = (Jn, — A(G1)) @17, )

L (GI;G2) - <_ (Jnl - A(Gl)) ® 1n2 I’ﬂl ® L(GQ) + (nl]nl - D(Gl)) ® In2
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The spectral polynomial is
¢ (L(G1xG2); x)
det (.23 In1+n1n2 — L (Gl; Gg))

—  det ( @lny —na (n1lny — D(G1)) — L(G1)  (Jny — A(G1)) ® 1], )
- (Jny — A(G1)) ®Lny  @lning — Iny ® L(G2) — (n1ln, — D(G1)) ® In,

As G is ri-regular graph, we have
¢ (L (G1xG2); @)

—  det @lny —n2(n1 —11)Iny — L(G1)  (Juy — A(G1)) @ 17,
(Jny — A(G1)) ® 1ny xlnyng — Iny ® L(G2) — (n1 — 11) Iy @ Iny

~ det ( wly, —ng(ny — 1), — L(G1)  (Jp, — A(Gh)) ® 1] ) .
(Jn, —A(G1))® 1y, In, @ (((x—n1+7m1)Ih, — L(G2))

Applying Proposition 2.1, we have

¢ (L(G1*G2); x) =

¢ (L(G2); x —ng +r)"" det ((x — ning +ring)l,, — L(G1) — S),
where,
S =
[(Jny = A(G1)) @ 1L ] [Iny @ ((z — 11 + 71) L0y — L(G2)] " [(Jny — A(G1)) ® 11,
= (Ju, — A(G1))* @17, ((z — n1 +11) T, — L(G2)) " 1,
=Ty (@ —n1+11) (Jo, — AG1))?.

Therefore,
¢ (L(G1%G2); ) = (#(L(G2)s x—na+r1)"!

det (& = nana +r1n2) Iy = L(G1) = Trayy (@ —m1 +71) (Jny — A(G1))?).
Hence, the result follows. O

COROLLARY 4.2. If G1 is ri-regular graph and Go is re-regular graph, then the
eigenvalues of L (G1xG2) are pu;(Ga) +ny —r1, i = 2,3,...,n9, each occuring ny
times, 0 and (ny —r1)(n2 + 1), each occuring one time and

(m1 = r1) (2 + 1) + u(G1) £/ (1 = ra) (2 + 1) + (G1)) + 4
2 )
where, k; = na (n1 — ui(G1)) (2r1 — wi(G1) —n1) — ui(Gr) (nqg — 1),
fori=2,3,...,n1.

ProOOF. Both GG; and G2 are regular graphs. Therefore substituting
Pray (@ —ny +11) = — ™ and Jn, — A(Gy) = I,,, + A(Gy) in Theorem
r—n1+n -
4.2 and then, using the relation between \;(G) and A;(G) from Proposition 2.2 and
1i(G1) = 11 — \i(G1) and equating the RHS to zero, we will arrive at the spectrum

of L(Gl;Gg). O

Theorem 3.3 of [9] becomes the particular case of Theorem 4.2.
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4.3. Signless Laplacian polynomial of neighborhood
complement corona.

THEOREM 4.3. If G; is an r1-regular graph on ny vertices and G is any graph
on no vertices, then the spectral polynomial on(GﬁGg) 18,

) (Q(G1¥G2); :n) = (qS(Q(Gg); T —ny + rl))"l
det ((z —niny +r1n2)In; — Q(G1) — Tgray (@ —n1 +71) (Jny — A(Gl))2) .
PROOF. The signless Laplacian matrix of G1x Gy is,

o) — n2 (n1ln, — D(G1)) + Q(G1)  (Jny — A(G1)) ® 17,
Q(CrixGa) = ((Jm SAG) ®Lny Ty ® Q(Ga) + (nalny — D(GL)) © Ty )
The spectral polynomial is

¢ (Q(G1xG2); z)

det (x In, 1nyn, — Q (G1%G2))

— det ( &Ly —n3 (nilng — D(G1)) = Q(G1) = (Jn; — A(Gh)) ® 1], )
— (Jny —A(G1)) ®1ny  @lnjny — In; ® Q(G2) — (n1ln; — D(G1)) @ In,

As G is ry-regular graph, we have

¢ (Q(G1xGa); z)

det alny —n2(n1 —71) Iy — Q(G1)  — (Jny — A(G1)) ® 1T,
- - (Jnl - A(Gl)) ® 1n2 mlnlnz - Inl ® Q(GQ) - (nl - Tl)lnl ® Inz

~ det ( aln, —na(ny — 1) In, — Q(Gy) | — (Jn, — A(Gh)) ® 1] > .
- (Jm - A(G1>) ® 1y, ‘ I, ® ((33 —ni+ rl)l’nz - Q(G2))
Applying Proposition 2.1, we have
#(Q(G1*G2);2) = ¢(Q(G2); = —n1+7r1)" det ((z — nanz + r1in2)In; — Q(G1) — 5)
where
g —

[— (Jny — A(G1)) @17,] [In, @ ((x — 11 + 71) Iy — Q(G2))] ™" [= (Juy — A(G1)) @ 1p,]

= (Jm - A(G1>)2 Y 13;2 ((x —ny + Tl)Inz - Q(GZ))_l 1,,

=To(ay (T —n1+71) (o, — A(G1))?.

Therefore,

¢ (Q(G1%Gs); z) =

(¢ (Q(G2); x —ny+71))™

det ((m —ning +r112) I, — Q(G1) —Tgayy (@ —n1+71) (Jn, — A(Gl))z).
Hence, the result follows. [l
COROLLARY 4.3. If G1 and G2 are r1 and ro-regular graphs, respectively, then

the eigenvalues of Q (G1xGa) are v;(G2) +ny — 11, i = 2,3,...,n2, each occuring
ny times and

na(ny —r1) +np+1r +2ry £ \/(ng(nl —r)+ny +r+ 27“2)2 + 8k;
2 b
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where k; = [nora(r1 — n1) + 7§ — r1(2r2 + n1)] and

(n1—r1)(n2 + 1)+ 2r +7(G1) £ \/((nl — 1) (g + 1) 4 2r9 + 7i(G1))? + 4s;
2 )
where s; = na(2n171 — 20179+ 21179 — 13+ (G1)?) — 7 (G1) (2ring +2ry +nq —11),
1 =2,3,...,n1.

PROOF. Both GG; and G5 are regular graphs. Substituting
n __
Lo,y (@ —n1+7r1) = 2 s JIn, — A(G1) = I, + A(G1), in Theorem

Tr—ny+1r— 2rs 7
4.3 and then, using the relation between A;(G) and X;(G from Proposition 2.2,

vi(G1) = r1 + Ai(G1) and equating the RHS to zero, we arrive at the spectrum of
Q(G1*Ga).

O
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