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NEW GENERATING FUNCTION RELATIONS FOR
A FAMILY OF MULTUVARIABLE POLYNOMIALS

Nejla Ozmen

ABSTRACT. In this paper, we get bilateral generating functions between the
multvariable polynomials <I>£La) defined in [Srivastava, H.M. and Daoust, M.C.,
Certain generalized Neumann expansions associated with the Kampé de Fériet
function, Nederl. Akad. Wet., Proc., Ser. A., 72(1969) 449-457.] and the
generalized Srivastava and Daoust functions. Furthermore, we discuss some
applications of the our recent results obtained in [N. Ozmen and E. Erkus-
Duman. Some results for a family of multivariable polynomials. AIP Conf.
Proc., 1558 (2013), 1124-1127] and find a partial differential equation includ-
ing these multivariable polynomials @5{’).

1. Introduction

The main motivation of this work relies on the paper [13]. Firstly, we recall

some concepts used in this paper. The following multivariate polynomials (IJ%Q)
have been defined in [4] and studied in [13]:

xnl xny‘
(11) @%Q)(ml’ "-7xT’) = Z (Oé) =L o -

ni 1 1’
ny. My
ni+...+n,.=n 1 T

whose generating function is given by the relation

(12) Z (I)$La) (1'1, ...,IT)Zn = (]_ — 11712’)_& 6(9L’2+m+:v,«)z7
n=0
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474 N. OZMEN

where |z| < |z1]7". Observe that 3™ satisfies the following limit relation:

) (2y, ... 1) = I (o) (220
n (.’131, 7xT‘) min{|a2|,.l.1.ﬂar|}~>oo {gn (x17 0[2, ’ Oér) )
where gﬁf‘l’”"ar) (21, ..., ) denotes the Chan-Chyan-Srivastava polynomials defined

in [1].
Srivastava and Daoust [11] defined the following multivariable function which
generalizes the familiar Kampé de Fériet hypergeometric function:

[(a): 0W,.,0] o [(W): ¢M)]

() 60,6 ®] 5 [(@dD) : 6]
pet [(0) 29t

A:B(l);..A;B(")
C:DM);.. ;D)

Ry eey ”m
[(d(n)) . 5(n)] :
o0
2z 1 Zmn
= Z Q(mla 7mn) - 1 - 1
mi,...,mMy=0 mi: Mn
where
A B ) B )
o | jgl(aj)m19§l>+...+mn9§"’ 3131 (65 my g0 jl;[l &5 s
mi,...,Mp) = R
C D) D)
1
1:‘[ (Cj)m1w§”+...+mnw§”) H (d; ))mus(.l) H (dgn))mné(.n)
Jj=1 : Tog=1 g j=1 J

and the coefficients

(k) (i _ A ®) *). . —
0;7 (i=1..,4; k=1..,n), and ¢, (j=1,...B"; k=1,..,n),

o (=1,..C k=1,.,n), and 6 (j=1,...,D®; k=1,..,n)

J
k)

B<k>) abbreviates the array of B*) parameters

are real constants, and (

(k) [+ _ k). 1.
b (j=1,...,B®; k=1,..n)

with similar interpretations for other sets of parameters.
In the next section, we derive various families of bilateral generating functions

gD, .M
between the multivariable functions <I>$La ) and FAB 5B In the third section,

C:DMW);.. ;D)
we deal with some applications of the results regarding @%a) obtained in [13] and
find a partial differential equation including (1)7(104).
2. Bilateral generating functions between 3™ and Srivastava-Daoust

functions

For a suitably bounded non-vanishing multiple sequence

{Q(ml; LLLPPRRY ms)}m17m27-~7msENo
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of real or complex parameters, Liu et. al. (see [12]) defined a function
Ty (ursuz, ... us)

of s (real or complex) variables uy,us, ..., us by

u;nl uMs
XQ(f(mtha ams)7m2> >ms) ml!- mg'
where
B D
((b))m1¢ = H(bj>m1¢j and ((d))m15 = H(dj>m15]'~
j=1 j=1
We first need the following lemma that is proved in [13].
LEMMA 2.1 ([13]). For ' we get
Z (m + n) @iﬁn(mh A
n
n=0
—a (zo+...+tx)2 « T
= (1 —Ilz) 6( 2t Fx,) ¢£n) <1_1m1271}’2,...,"177~) B

where |z| < |z 7",
Then, we get the next result.

THEOREM 2.1. The following bilateral generating function holds true:

oo

Z (I)gla) (xh () :L'T)Tn(ul; U2y +-ey us)zn
n=0
— (1 _ xlz)*a e(wz-‘ru.-‘rﬂw)z Z ((b))(n1+...+nr)¢(a)n1

(D) (ny+..4n)s

(n1),...,(ny),ma,...,ms=0
X Qf((n1 4+ ... + np) ymMay ey Mg );Ma, .oy M)
ma

" (—urm1z/1 —212)"" (—u1me2)™  (—wim,2)™ uy?  uls

S

ny! na! ny! mo! T mg!’
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PROOF. By using (2.1), we observe that

Z @;") (1, .y ) T (ursug, ooy ug)2™

_ ZO(I)S:%)(:L,hm7 Z Z <_ ()(7:;1)§( ))m1¢

m1=0 ma,...,ms=0 m1d
mi m
U T
. 1 S n
xQ (f(my,ma,...,mg); ma, ...,my) ;- T2
mi! m

_ Z MQ(f(ml’m27...,ms);m27"'ams)

mi,ma,...,ms=0

1

X (—upz)™ Ug us (1_3312) e(@2t-. +zr)zq)(a)(

mo!  my! M — 312

By applying Lemma 2.1 as well as the explicit representation (1.1) on the right-hand
of the last equation and doing some calculations, we get

Z‘I’ (@1, ooy ) T (Ur5 Uy ey ug) 2"

= (]_ *11312)70( e(I2+“'+m7')Z Z EEZ))))ZliQ(f(ml,mg,...,ms);mz,...,ms)

mi,ma,...,ms=0

uht? oy > (x1/1 —x12)™ 52 alr
x(—ulz)mlﬁj 'S—' Z (a)n1 Ti'...#
2 s ni+...4+n-=mq 1 2° K
oo
b
= (I—mz) “elratoton)z > W
(n1),-..,(ny),ma,...,ms=0 (nat..4nr)d
xQ(f((n1+...+n,),m ms);m ms) (—u z)("“L“”L"T)UQ—m2 us”
1 e ™ 9 27"'7 S/ 27"'7 S 1 m2!"'ms!
« (@) (x1/1 —m12)™ x5 alr
e nq! na!
and hence we obtain the desired result. O

Some appropriate choices of Q(mq, ma, ..., ms) in Theorem 2.1 gives the follow-
ing four possible cases:
Case I. If we take
Q(f(m1,ma,...,ms); ma, ..., myg)
A B® . (2 B® (s
TE (@) 00+ o L 00 TIEY (57, g0
E D@, (2 D&, (s
[Tz (e )mlw“’+ Aman () I1;= (d( )>m26§2) Il (d( ))m35;§)

in Theorem 2.1, we obtain the next result, immediately.
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COROLLARY 2.1. The following bilateral generating function holds true:
[(a) : oM, ...,9(5)] : [=n 1],

.B(S)
Z (a) FABL B®, ;B
(b I‘]_, vy L ) E:D;D®);. D(S)

()5 61 (62 : 6sos [0 : 91

Uy .eny Ug o

[(e) ), )] :

[(d) : 8 [(d®) : 65 [(d)) : 504
[(e) : o) ey plr =]

[(f) ), m’@(r+571)] :
[Oé : 1]; R [(b(Q)) : ¢)(2)]; o [(b(s)) . (b(s)];

= 5 = [d®) 6] () 6

_ _ a (x2+ A+x)z pA+B:1;0;.. 50;B3);. . B(S)
= (1-m2)” g D00s.. 0, D@, D)

iUz
x12z—17?

—TUIZ, ey —TpUL 2, U, oovy Usg ) ’
where the coefficients e, f; go(k) and ©F) are given b
JrJ iP5 j g )

o4 4 (1<j<A4)
I biia (A<j<A+B) >

fi= Cj (1<j<E)
J dj_E (E<]<E+D) ’
9§1) (I<j<A4 1<k
(k) _ 9§k7r+1) (I<j<A4A r<k<r+s-1)
Pi—a (A<j A+B; 1<k<r)
0 (A<j<A+B;r<k<r+s-—1)
and
e (1<j<E; 1<k<r)
o® _ ] o << B r<k<r+s—1)
! 8-k (E<J<E+D,1\k<r)
0 (E<j<E+D;r<k<r+s-—1)
respectively.

Case II. Upon setting

(@)mi+...tms (02)my - (bs)m,
(€1)my--(Cs)m,

Q(f(my,ma,...,mys);ma, ...;mg) =

and
¢p=06=0 (thatis,p1=...=¢p=0=..=06p=0)

in Theorem 2.1, we get the following result.
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COROLLARY 2.2. The following bilateral generating function holds true:

oo

(s) . .
E @;a)(xl, @) F 7 Ja, —n, b, s bsi 1y e, Gy U, U, oy U] 2T
n=0

_ —a (zo+...+x,)z ;p1:1505..50;15.. 51
- (1 - xlz) € ' Fl:O;O;...;O;l;...;l

[(a):1,...,1]: [a:1]; —5 5 = [b2:1]; . [bs:1];

[(c) s MU= D] e = s = e 1] g e 15

(%) s (—u1mez), o (—Ur @ 2), U,y o oey Us ) ’

where FIE‘S) denotes the first Lauricella function in s variables and the coefficients

) are given by
O 1 (I<k<r)
10 (r<k<r+s—-1°

Case III. If we put

(@) g o@DV (@5 oo (@S ™),

(C)m1+...+ms

Q (f(mh ma, ..., m8)7 ma, ..., ms) =
and
B=1,by=b¢p1=1and §=0
in Theorem 2.1,we obtain the following corollary.

COROLLARY 2.3. The following bilateral generating function holds true:
[ee]
Z 3 (24, ..., xT)Fg) [—n, agl), s ags_l), b, agl), s ags_l); C UL, U, ... us} 2"
n=0

_ —a (zo+t...4x,)z p1:1505...50;25...52
(1 - xlz) e Fl:O;O;.. ;0;05...50

[b : 9(1)7...79(7"*'5_1)} e T | [a(l) : 1] Do [a(s_l) : 1} ;

[(e):1,...,1] -3 -5 —; e —;

(%) J(—uix02), .o, (—urr2), Ug, ., Us ) ’

where F](;) denotes the second Lauricella function in s variables and the coefficients
6%) are given by

o) — 1 (1<k<r)
10 (r<k<r+s-—-1°

Case IV. By letting

(a)ml +...4mg (b2)m2 ---(bS)ms
(S)mat...tms

Q(f(my,may...,ms);Ma, ..., mg) =
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and
$=6=0,

in Theorem 2.1, we have the following result.

COROLLARY 2.4. The following bilateral generating function holds true:

Z (D%a)(xla cey xr)Fég) [a’ —-n, b27 cey bs; C, Uy, ug, ..., us} 2"
n=0
- (o R
[(a) HION ...,H(T"'S_l)] s 1)s = = b2 1] o [bs i 1]
[(e): MWl D e = = = =

(%) s (—urxez2), ., (—urx,r2), ug, ..., Us > ’

where Fg) denotes the fourth Lauricella function in s variables and

o) = . = gUrtsD) = () = | = ylrts=D) =

)

3. Further properties of @g{l and some applications

In [13], we obtained the next theorem. In this section, we derive several fami-
lies of bilinear and bilateral generating functions for the multivariate polynomials
) (x,...,x,) defined by (1.1) using the similar method considered in (see, [3, 13]).

THEOREM 3.1 ( [13]). Corresponding to an identically non-vanishing function
Qu (y1,...,Ys) of complex variables y1,...,ys (s € N) and of complex order p, let

o0
A U153 2) =D aryupn (U1, -, ys) 2F (a0, ¥ €C),
k=0

and
[n/p]
Gﬁz;f}(xh s Ty Y1y ooy Yss C) = Z a/kq)gta_)pk(mh "'7$T)Qu+wk <y17 '“7ys) Ck
k=0

where ar # 0, n,p € N. We get the result immediately

(3.1)
D O (B, ey iYL, s Us tﬁp)t" = (1 —at) "™ FN L g (g1, yin)
n=0

provided that each member of (3.1) exists.

Now we discuss some applications of Theorem 3.1.
If we set s =7 and Qu (Y1, ..., Yr) = (I)/(ﬁlr)wk(yl’ ..y Yr) in Theorem 3.1, then
we have the following result which provides a class of bilinear generating functions

for the multivariable polynomials <I>5LO‘)(9517 ooty Zp) given by (1.1).
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COROLLARY 3.1. If

o0
Ay lyts e yrs 2]+ = Zakfbgﬁwk(yl,...,y,«)zk
k=0

(ak ¢O7 %wEC)

and

OM (L1, ooy Tr Y1, ey Yri )

[n/p]
= Z ak<1>n pk )q)ikgwk(yla 7y7")<k
(’Il € NO) pe N)
then we have
N \n
(3.2) ZGW (@1, s T3 Y1, i )

= (1 —ayt) " eI (g s )
provided that each member of (3.2) exists.
REMARK 3.1. Using (1.2) and taking
ar=1(keNy), p=0and ¢p =1,
in Corollary 3.1, we find that

oo [n/p]
Z > O @ e @) (Y, )
n=0 k=0

— (1 _ 1‘1t)_a e(mg+...+zr)t (1 _ yln)—a e(ngr...err)n
(1<l and ol <l ™).
If we choose
s=r and Quiye(y1,....Yyr) = hiojrll’l}k’a’)(yl,...,yr)

in Theorem 3.1 , where hﬁlal""’a")(:ﬂl, ..., ) denotes the multivariable Lagrange-
Hermite polynomials introduced in [6, 7], then we obtain the following result

which gives a class of bilateral generating functions for the multivariable Lagrange-

Hermite polynomials h((ﬁl’pk’a’") and the multivariable polynomials & .

COROLLARY 3.2. If

Apw Y1,y 2] o _Zakh;t+wk yl,..,yT)z]’C

(%7’50, w1 € C)
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and
@ﬁig(xla"'axT;yla"'ayT;C)
[n/p] . ( :
L= Z ap®, " (1, e )l (Y1, oy yr)CF
k=0
(n € NO, pE N) 5
then
- U
(3:3) D O (@1, ey T Y1 e Y e
n=0

= (1—mzt) “ e(x2+"‘+$T)tAu,w Y1y ooy Yr; M)
provided that each member of (3.3) exists.

REMARK 3.2. Using the multivariable Lagrange-Hermite polynomials [6]

h(al ..... ar) (

Ltk L1,y Tp)

and setting
ap =1 (k’ENo), p=0and ¢y =1,
in Corollary 3.2, we find that

oo [n/p]
Z Z cI)iLa—)pk(xlﬂ ) xr)hl(gal 11111 ) (yh sy yr) nktn_pk
n=0 k=0

= (1 —aqyt) ¥ ettt H {(1- yjﬂj)iaj}
j=1

-1 . —1/d
( t] < 1| and || < min }{|yj| })

je{1,...,r

exists.

It is known from [13] that the recurrence relation
(3.4) S w ol (a1, w) = 00 (a1, .2
j=1

holds. Finally, using (3.4), we find a partial differential equation for the product of
two multivariable polynomials @%a)(xl, .., Ty) given explicitly by (1.1).

Lee [8] gave a method for finding partial differential equations satisfied by the
product of two polynomials in one variable (see also [2, 10]). In [5, 9], Erkug-
Duman et. al. extended this method to the multivariable case as follows:

Let us define two linear differential operators by

- 0 - 0
L:Zai(xi)% and N:ij(yj)a—y.
i=1 v J

Jj=1
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THEOREM 3.2 ([5]). Let {Py(21,....20) Hreg and {Qn(y1, ..., ys) ey be poly-
nomaals satisfying
L[P,] = AP, =nP,
and
N [Qn] = 1nQn = nQn.

Then the product polynomial {Sy};—o = { Pk (21, 2r)Qr (Y1, - ¥s) Hil o
holds the following partial differential equation:

(3.5) L[w]+ N [w] = nw.
Now, we apply this theorem to the multivariable polynomials Bl (T1, ey Tpr)-

COROLLARY 3.3. Let { Py (21, ..., ) oo and {Qn(y1, ..., ys)} o be the poly-

nomials satisfying <I>5f‘) polynomials so that

(SR = {05 (@1, w) 0 1, o)}

Then, from(5.4),

n,00

k=0,n=0

4 0 2 0
L:in% andN:Zyja—y_.
i=1 g j=1 J

Hence, the partial differential equation (3.5) becomes

" ow > ow
IR SLT
=1 8%1 = 8yj

References

[1] W.-C. C. Chan, C.-J. Chyan, H. M. Srivastava. The Lagrange polynomials in several vari-

ables. Integral Transforms Spec. Funct., 12(2)(2001), 139-148.

A. Altin, R. Aktag and E. Erkus-Duman, On a multivariable extension for the extended

Jacobi polynomials. J. Math. Anal. Appl., 353(1)(2009), 121-133.

[3] N. Ozmen and E. Erkus-Duman. Some families of generating functions for the generalized
Ceséro polynomials. J. Comput. Anal. Appl., 25(4)(2018), 670-683.

[4] K. Y. Chen, S. J. Liu, and H. M. Srivastava. Some new results for the Lagrange polynomials
in several variables. ANZIAM J., 49(2)(2007), 243-258.

[5] E. Erkus-Duman, A. Altin and R. Aktas. Miscellaneous properties of some multivariable
polynomials. Math. Comput. Modelling, 54(9-10)(2011), 1875-1885.

[6] A. Altin and E. Erkus. On a multivariable extension of the Lagrange-Hermite polynomials.
Integral Transforms Spec. Funct. , 17(4)(2006), 239-244.

[7] E. Erkus and H. M. Srivastava. A unified presentation of some families of multivariable
polynomials. Integral Transforms Spec. Funct., 17(4)(2006), 267-273.

[8] D. W. Lee. Partial differential equations for products of two classical orthogonal polynomials.
Bull. Korean Math. Soc., 42(1)(2005), 179-188.

[9] R. Aktas and E. Erkug-Duman. On a family of multivariate modified Humbert polynomials.
The Scientific World Journal, Vol. 2013(2013), Article ID:187452.

[10] E. D. Rainville. Special Functions, The Macmillan Company, New York, 1960.

[11] H. M. Srivastava and M. C. Daoust. Certain generalized Neumann expansions associated
with the Kampé de Fériet function. Nederl. Akad. Wet., Proc., Ser. A, 72 (1969) 449-457.

2



NEW GENERATING FUNCTION RELATIONS... 483

[12] S.-J. Liu, S.-D. Lin, H. M. Srivastava and M.-M. Wong. Bilateral generating functions for the
Erkus-Srivastava polynomials and the generalized Lauricella functions. Appl. Math. Com-
put., 218(15)(2012), 7685-7693.

[13] N. Ozmen and E. Erkug-Duman. Some results for a family of multivariable polynomials. AP
Conf. Proc., 1558(1)(2013), 1124-1127.

Received by editors 24.03.2021; Revised version 20.04.2021; Available online 26.04.2021.

FACULTY OF ART AND SCIENCE DEPARTMENT OF MATHEMATICS, DzZCE UNIVERSITY, DUZCE,
TURKEY
E-mail address: nejlaozmen06@gmail.com, nejlaozmen@duzce.edu.tr



