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SOME NEW RESULTS ON THE ORTHODOX,
STRONGLY 7-INVERSE AND
mREGULARITY OF SOME MONOIDS

Firat Ates and Ahmet Emin

ABSTRACT. In this article we give some results about the regularity, orthodox
and strongly m-inverse of the Schiitzenberger and crossed products for monoids.

1. Introduction

The Schiitzenberger, semidirect and crossed product of semigroups (monoids,
group) have a venerable history in semigroup theory. They have played an impor-
tante role in many algebraic properties. In this direction the authors give some
conditions for regularity, strongly m-inverse and orthodox properties of semidirect
products of monoids in [8, 9, 10]. Also, by using smilar method as in these papers,
after defining a new version of the Schiitzenberger product for two monoids, the
author gave some results about the regularity of this new version in [3]. Then in [7]
the authors gave the necessary and sufficient conditions for this new version to be
strongly m-inverse. Morever in [5] the authors defined a new monoid constructions
under crossed products and gave some results about its regularity.

By using similar methods as in this above papers, we give some results on the
regularity of crossed products for monoids in Section 2. In Section 3, we work on
the strongly m-inverse of the Schiitzenberger product for monoids and we examined
the orthodox properties of the new version of the Schiitzenberger product which is
defined in [3].

The reader is referred to [5, 4] for more details.
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464 ATES AND EMIN

2. Crossed Product

A crossed system of monoids is a quadruple (4, B, «, 3), where A and B are
two monoids, and f : B x B — A and a : B — End(A) ( End(A) denotes the
collection of endomorphism of A) are two maps such that the following conditions
hold,

(2'1) Qp,y (abz (a’)) f (bl’ b2) =f (b17 b2> Qb by (a’)
(2.2) [ (b1,b2) f (b1b2,b3) = ap, (f (b2,b3)) f (b1, b2b3)
for all by, bo,bs € B,a € A. The crossed system (A, B, «, f) is called normalized if
f(1p,15) =14. The map a: B — End(A) is called weak action and f: Bx B —

A is called an a— cocycle.
If (A, B, «, f) is a normalized crossed system then we have

f(p,b)=f(b1g) =14 and a3, (a) = a.

Let A and B be monoids, f : BX B — A and a : B — End(A) two maps. Let
A#I B := A x B as a set with a binary operation defined by the formula :

(a1,b1) (az,b2) == (a1 (aw, (a2)) f (b1,b2) , b1b2)

for all by,bs € B,aj,as € A. Then (A#éB,.) is a monoid with unit Lyyip =
(14,1p) if and only if (A, B, «, f) is a normalized crossed system. In this case the
monoid A#{;B is called the crossed product of A and B associated to the crossed
system (A, B, a, f). The reader is referred to [1] and [2] for more details.

For an element a in a monoid M. Let us take a~! for the set of inverses of a
in M, that is, a=! = {b € B : aba = a and bab = b}. Hence M is regular if and
only if, for all a € M, that is, a~! is not equal to the empty set.

Now we can give following theorem as the one of the main results of this paper.

THEOREM 2.1. Let A and B be any monoids. Also for b€ d=", let us have
a € Aap(ag(a))

such that f(b,d)apg(a)f(bd,b) = ap(agq(a)) and aq(a) f(d,b) f(db,d) = aq(a).
Then the product A#! B is reqular if and only if A and B regular.

PROOF. Let us suppose that A#/ B is regular, then there exist (c,d) € A#{B
for (a,1p) € A#/ B such that

(a’7 13) = (Cl, 13) (Cv d) (a’ lB) (aalB (C) / (1A7 d) ’ 1Bd) (a7 13)
= (ac,d)(a,1p) = (acaq(a) f (d,1p),dlp)

= (acay(a),d)

and

(C’ d) = (Cv d) (a, ]-B) (Cv d) = (Cad (a) / (d, ]-B) 7dlB) (Cv d)
(caq (a),d) (e, d) = (caqg(a) aq (c) f (d,d),d.d)
= (caq(ac) f(d,d),d.d).
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Thus we have d = 1. This give us that a = aca and ¢ = cac. Hence A is
regular. By using the similar argument, for (14,b) € A#/ B there exist (c, d) such
that

(14,0) = (14,0) (¢, d) (14,0) = (aw(c) f (b, d),bd) (14,D)
= (Olb (C) f (b7 d) pd (1A) f (bda b) ) bdb)
= (ab (C) f (b? d) f (bda b) P bdb)
and
(C, d) = (C7 d) (1A7 b) (Ca d) = (Cad (IA) f (dv b) ) db) (Cv d)
(cf (d,b) aan () f (db,d) , dbd)

Thus we have b = bdb and d = dbd which give us B is regular.

Conversely suppose that A and B are regular. Then by assumption we have
for b € d7',a € Aap(aa(a)) such that f(b,d)apa(a)f(bd,b) = ap(ag(a)) and
ag (a) f(d,b) f (db,d) = ag(a). Then there are some u € A,a = uap(ag(a)) and
also for v € a™!, there exist ¢ = aq (v) . So we get

aay (¢) f (b,d) apa (a) f (bd,b) = uap(aa(a))ow (aq (v)) f (b, d) awa (a) f (bd,b)
= uap(aa(a))as (aq (v)) ap(aq(a)) f(b,d) f (bd, b)
= uay(aa(a)aq (v) aala)) f(b, d)f (bd,b)
= uap(ag(ava))f(b,d)f (bd,d)
= uap(aqg(a))f(b,d)f (bd,b)
= uf(b,d)apa(a)f(bd,b)
= uap(ag(a)) =a
and
caua (a) £ (d,5) 0 () £ (db.d) = a (v) (@) f () s (0 (v)) f (b, d)
= aq()ag(a)f(d,bd)f(db,d) agg (v)
= Qq ('U) Qg (CL) f (d’ b) f (dba d) Qg ( )
= aq(v)aa(a)aq (v)
= aq(vav
= aq4(v)=c

Consequantly, for every (a,b) € A#Zf B, there exist (c,d) € A#] B, such that;
(a7 b) (Ca d) (CL, b) = (aOéb (C) f (ba d) Qpd (a) f (bdv b) ; bdb) = (aa b)
(c,d) (a,b) (¢, d) (cag (a) f (d,b) ag (¢) f (db,d) ,bdb) = (¢,d).
Hence the result. O

Let us think the monoids A , B and «, f given in Section 2. It is known that if
we take f trivial map, then the crossed product becomes semidirect product. If we
take « trivial action, then Im(f) C Z(A) and f: B x B — Z(A) is a 2 — cocycle,
where Z(A) is central of A. The crossed product A#/ B associated to this crossed
system will be denoted by A xf B . Tt is called the twisted product of A and B
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associated to the 2 — cocycle f: B x B — Z(A) in [7]. In fact, the multiplication
of a twisted product of monoids A x/ B is given by the formula:

(al, bl) (CI,Q7 bg) = (alagf (b1, bg) 5 blbg)

for all ai,as € A,bl,bg € B.
Then we can give the following corollaries:

COROLLARY 2.1. Forb e d~!, let us have a € A such that; fb,d)af (bd,b) = a
and af (d,b) f (db,d) = a. Then the twisted product A x/ B is reqular if and only
if A and B regular.

The following corollary can be found also in [8].

COROLLARY 2.2. For b € d=', let us have a € Aayq (a). Then the semidirect
product A X4 B is regular if and only if A and B regular.

3. The Schiitzenberger Product

Let A and B be monoids. For a subset P of A x B and a € A, b € B,
we define Pb = {(c¢,db) : (¢,d) € P} and aP = {(ac,d): (¢,d) € P}. Then the
Schiitzenberger product of A and B, denoted by A B, is the set Ax p (A x B) x B
with the multiplication

(a1, P1,b1) (ag, P2, b2) = (arag, P1ba U a1 P, bbs) .

It is known that A$B is a monoid with the identity (14,0,15), [6].

Let E(S) and RegS be the set of idempotent and regular elements, respectively,
for a semigroup S. Here, S is called 7- regular if, for every s in S, there is an
m € N such that s™ € RegS . If S is m- regular and the set E(S) is a commutative
subsemigroup of S, then S is called a strongly 7- inverse semigroup.

In the following theorem we aim to give necessary and sufficient conditions for
A B to be strongly 7 -inverse monoid for the given monoids A and B.

THEOREM 3.1. Let A and B be two monoids. Then A B is strongly m— inverse
monoid if and only if for every (a, P,b) € AOB, there exist m € N,x € A,y € B
such that:

(i) a™x =14 and yb™ = 1p
(ii) E(A) and E(B) are commutative and Py foUe1 Po = Py f1Uea Py for every
(617P17f1)7 (627P25 f2) S E(A<>B>

PROOF. Let us suppose that AQB is strongly m— inverse monoid. Thus for
every (a,{(14,15)},b) € AOB, there exist m € N and (x, P, y) such that;

(a’ {(1147 13)}7 b)m = (av {(1A7 1B)}a b)m (l‘, Pa y) (a7 {(1A7 13)}7b)m :
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Here we have

(a’ (114’ 13) ’ b)m

I c c cC C |

cC C C

Cc C C C

So we get that
{(La, 1) 0" Tyb™

This gives us
{(La, 7 Typ™) §

(@™, {(1a, 1)} 0™ P Ua{(1a,15)} 0™ 2

L Ua™ 2 {(14,1)} 0" (MY

a™ ! {(1a, 1)} ™70 (2, Pyy) (@™, {(14,15)} 0™
a{(14,15)} 0™ 2U . Ua™ 2 {(14,15)}bm ("D

am_l {(1A7 13)} ) bm)

(@™, {(1a,1B)} b 'y Ua{(1a,15)} 0™ 2y

L Ua™ 2 (14, 1) 10 M0y Ua™ (14, 18) )y
a™P,b"y)(a™, {(1a,15)} tUa {(1a,1B)} pm—2

L Ua™ (14, 1)1 0m MDY e {(14,15)},0™)
(amxam,{(lA,lg)}bmflybm Ua{(lA,lg)}bmfzybm
U™ 2 {(14,1)} 0Dy Ua™ T {(14, 1)) yb™
a™ P Ua™x{(14,15) 0™ P Ua™za{(1a,15)}b™ 2
Uamza™ 2 {(14,15) ) 0m (M=

a™za™ 1 {(14,15)}, 0" yb™)

U a{(la,1p)}0™ 2yb™ U ...

U a™ 2 {(1a, 1)} 0™ Dy Ua™ = {(1a,15)} yb™
U a™Pb™Ua™x{(1a,15)}b0™ !

U a™za{(l4,15)}0™ 2 U...

U a™za™ 2 {(14,15)} 0™ " D Ua™za™ 1 {(14,15)}
= {(1a,1p)}" " Ua{(la,1p)} 072

U Ud™ 2 {(1a, 1)} 0™ D Uua™ 1t {(14,15)}.

U {(a, bm_bem)}

U ..u {(am_2, bm_(m_l)ybm)} U {(am_l, ybm)}

U amPbm™u {(amx,bmfl)} U {(amxa,bmfz)}

U ..U {(amxam_27 bm_(m_l))} U {(amxam_l, 13)}

= {0 ) u{(e ")}
U o (e e L (@ 1)}

Thus in order to get this above equation, for every (a, P,b) € A$B, we must have
a™x =14 and yb™ = 1p. This implies that (i) must hold.

Now let us take (e1, P1, f1), (€2, Pa, f2) € E(A$B). Since AGQB is a Strongly
m— inverse monoid, we have (e1, P, f1) (e2, Ps, f2) = (ez, P, f2) (e1, P1, f1) and
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so (erea, P1faUer Py, f1f2) = (eze1, Pafi UeaPy, faf1). Therefore we obtain that
PifyUe Py, = Pyfi UeaPy. Now let us think that eq,es € E(A). Since AQB is
strongly 7- inverse monoids, we say that E(A{B) is commutative. Then since we
have (e1,{14,15},1B),(e2,{14,15},15) € E(A$B) , we say that (e1,{1a,15},
13)(627 {1,47 13}, ]-B) = ((327 {]—A7 ].B}, 13)(61, {1,4, 13}7 ].B). So we get that €162 —
egeq. This says that E(A) is commutative. Smilarly, we get that F(B) is commu-
tative. Which this implies us that (ii) must hold.

Conversely suppose that there exist m € N and x € A,y € B such that the
monoids A and B both satisfies conditions (i) and (ii). For each (a, P,b) € AOB
and n =1,2,...,m — 1, let us think (m,xa”Pbm_("H)y,y) € AOB. Also let us say
F = (a, P,b)™(x, za™ Pb™~ "ty 4)(a, P,b)™. Then we have

F= (@™ Pt U aPb™2Ua?Pb"3U...Ua™ 2Ppm (D)
U a™ Py ™ ™) (2, za PE Dy ) (@™, PE™
aPb™ 2 Ua?Pbm U L.
a2 ppm—(m=1 y a™ Py b)) = (a™ax, Pb™ Yy
aPb™ 2y Ua®Pb" 3y U .. U am72Pbm*(m*1)y
a™ Py Ua™za Py )y b™y)(a™, Pb™ " U aPb™ 2
a®Pb" U . Ua™ T PY ) U PET T b

c C C C C

So we get that
F = (a™xza™, Pb™ tyb™ aPb™ 2yb™
a?Py™3yb™ U ... U amszbmf(mfl)ybm
a™  Pyb™ U a"za" PY D ypm U oM e P
amzaPb™ % Ua™za?Pbm 3 U L.

amxam—ZPbm—(m—l) U amxam—lpbm—m7 bmybm)

cC C C c cC

From (i) by taking a™z = 14 and yb™ = 1p then we get that, a™xa™ = a™ and

bMyb™ = b™ and
Py™Lyb™ U a PO 2yb™ 2P 3yb™ UL U a2 Py g pm

a™ Pyb™ U a"aa™ PY D yp™ U g™ e P

a™zaPb™ 2 Ua™za? PP 3 U ...

amxza™ 2Py U g ga™ L PY™ ™

Pyt UaPb™ 2 Ud® Py 3

U ..uam2pymm=bygm-tpygrpymo ()

U
U
U
U

So we get that a”Pb™~("*1 is equal to aPb™ 2, if n =1 or a>Pb"™ 3 if n = 2 or
alPbm 4 ifn=3or...or a™ 1Py ™ =a™ P if n = m — 1. Then we have
Pyt U aPb"T2UGCPY™ UL Ua™ 2Py D gl P U g ppm T ()
= Py lUuaPb"?Ud*P" P UL
U am—lpbm—(m—Q) U amem—(m—l) U Pbm_l.
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Thus we deduced that
(a, P,b)™ (x,xa"Pbm_("H)y,y) (a, P,b)" = (a, P,b)™

where n = 1,2, ...,m — 1. This gives the 71— regularity of A$B.
Now we need to show that E (A$B) is commutative. For (eq, Py, f1), (€2, Pa,
f2) € E(A$B), we then have

(e1, Pr, f1)? = (e1, P1, f1) and (e, P2, f2) = (ea, P2, fo).

So we get (6%7P1f1 U61P17f12) = (elaplafl) and (€%7P2fU62P2,f22) = (627P27f2)'
We get €2 = ey, f2 = f1,€5 = ey and f2 = fo. This means that e1,es € F (A) and
f1, fo € E(B). By using the condition ii), we get that
(e1, P1, f1) (€2, P2, f2) = (eie2, PifaUerPs, fif2)
= (eze1, PofiUeaPy, faf1)
= (625P2af2) (elvplafl)

Hence the result. O

Now by considering above theorem, we can give the following corollary which
gives necessary and sufficient conditions for A} B to be an m— regular monoid.

COROLLARY 3.1. Let A and B be two monoids. The product AOB is m -
regular monoid if and only if for every (a, P,b) € AOB, there exist m € N,z € A
and y € B such that a™xz =14 and yb™ = 1p .

Let A and B be two monoids and « is a monoid homomorphism from B to
End(A) such that, for every a € A, by,bs € B,

Qp1by (a‘) = Qp, (abz (CL))
For a subset P of A x B and a € A, b € B, let us define
Pb={(a,db) : (a,d) € P}

In [3], the author defined a new monoid construction which relationship between
semidirect and the schiitzenberger product, denoted by A, B, is the set A x
p(A x B) x B with the multiplication

(al,Pl,bl)(ag,PQ,bg) = (alabl (ag),Ple U PQ,ble).

It is known that a regular semigroup S is orthodox if E(S) forms a subsemi-
group of S. Thus we can give the fallowing theorem which gives us necessary and
sufficient conditions for A{,B to be orthodox monoid.

THEOREM 3.2. Let A and B be two monoids. Then the monoid A, B is
orthodox if and only if A is orthodox and B is group.

PROOF. Let us suppose that A, B is orthodox. Then A, B is regular.
Thus, for (a,{(14,15)},15) € Ay B , there exist (z, P,y) such that
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(a7 {(1A7 13)}7 13) = (a> {(1147 ]-B)}? 13)(‘% P, y) (CL, {(1Av 13)} ’ ]-B)
(az, {(1A7 13)}3/ UP, y) (CL, {(1A7 13)} ) lB)
(azay (a),{(1a,1p)} y U PU{(14,15)},y)

and

(z,Py) = (z,Py)(a,{(1a,18)},18) (z, P,y)
= (zay(a), PU{(1a,1B)},y) (z, P,y)
= (zay(a)ay (x),PyU{(1a,18)}yU P, y?).
Thus we have y = 15. This gives that a = axa and x = zax. Hence A is regular. By
using the similar argument, for (14,{(14,15)},b) € AdsyB, there exists (z, P,y)
such that
(1a,{(1a,18)},0) = (La,{(1a,1)},b) (=, Py) (14, {(14,15)}.D)
= (o (2),{(1a,1p)}yU P by) (14, {(1a,15)},b)
= (o (@),{(1a,1p)}ybU PbU{(14,1p)} ,byd)

and
(x7P>y) = (:c,P,y) (1A7{(1A7 13)}76) (x,P,y)
= ('rvPbU{(lfhlB)}?yb) (.T,P,y)
(xayb (.T),PbyU {(1147 13)}yU P,yby) .

Here since we have

{(1a,18)} = {(la,1p)}ybUPbU{(14,15)}
P = PhyU{(la,1)}yUP
and in partical (14,yb) = (14,1p) and Pby = P, we get yb = by = 1. This
says us that B is group.

Now we need to show that A is orthodox. Let a1,a2 € E(A). Then it is clear
that (a1,0,15), (a2,0,15) € E (A B) . In fact,

(a1,0,15)% = (a1,0,15) (a1,0,15) = (a1a1,0,15) = (a1,0,15)
and

(ag,0,15)° = (az,0,15) (az,0,15) = (azaz,B,15) = (az,0,15).
If A, B is orthodox, then

((ala2)2 ) 07 1B) - ((ala 07 1B) (a/2a wa IB))2 == (a/lv @, lB) (a27 ®7 1B) = (a'la27®7 1B)

so that (a1a2)2 = ajas. Consequantly A is orthodox monoids.

Conversely let us suppose that A is orthodox and B is group. Let us take
(a,P,b) € Adg,B. Because of B is group, then there exist y € B such that
yb = by = 1p. Since A is orthodox also A is regular. Since A is regular we can take
¢ = ay (v) for some v € a~'. Let us consider the following :
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daab (€) apy (a) = acy (ay (V) a = aapy (V) a = ava = a
cay (a) ay, (¢) = cay (a) ¢ = ay (v) oy (a) oy (v) = ay (vav) = ay (v) = c.

Also, by choosing P, = Py C A x B, where P; C A x B, we get PiybU P,bU Py =
PluPlybUPl = P1UP1UP1 == Pl andPQbyUPlyUPg = PlyUPlyUPly == Ply == P2

Consequently, for every (a, P1,b) € A{s, B, there exists (¢, Py, y) € AdsyB,
such that

(a, P1,b) (¢, Po,y) (a, P1,b) = (aay (c)apy (a), PrybU PybU Py, byb)
(a7P17b) (Cv P27y) (a”Phb) (Ca PQay)
(cay (a) ayp (), Peby U Pry U Pa, yby) = (¢, Pa,y)
where Py = Piy,by = yb = 1 and ¢ = «y (v) for some v € a~! this gives us
A, B is regular.

Now we need to show that A, B is orthodox. Let us take (a, P1,b), (¢, P2, y) €
E (A$s,B) By above the second part of proof we can take again the same argu-

ment, which is ¢ = a,, (v) for some v € a~! and by = yb = 1. Let us consider the
following:

aay (¢) = aay (o (V) = aapy (v) = av.
S0
av, Py U Py, 13)2
av, PryU Py, 15) (av, Piy U Po, 1)

(acw (c), Py U Pa,by)® = (
(

= (awai, (av), PLyUPa U PiyU Py, 1515)
(
(

av, Piy U P,1p)
= (aayp (c),PryU Py, by).

That is, (aqy (¢), PryU Py, by) = (a, P1,b) (¢, P2,y) € E (A4, B),which is
means that A<, B is orthodox. Hence the result. O
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