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UNIQUE COMMON FIXED POINTS IN
METRIC AND COMPACT METRIC SPACES

Hakima Bouhadjera and Said Beloul

ABSTRACT. The aim of the present paper is to obtain common fixed point
theorems under strict contractive inequalities using a few conditions. Our
results improve the results of Popa [14], Aliouche [1], Imdad and Javid [6],
and others ([5], [8], [17], [18]).

1. Introduction

Generalizing the concept of commuting mappings, Sessa [15] introduced the
concept of weakly commuting mappings.

Further, in 1986, Jungck [7] gave more generalized commuting mappings, called
compatible mappings, which are more general than commuting and weakly com-
muting mappings. This concept of compatible mappings was frequently used to
prove existence theorems in common fixed point theory.

Afterwards, Jungck, Murthy and Cho [9] generalized the concept of compatible
mappings by introducing compatible mappings of type (A), which is equivalent to
the concept of compatible mappings under some conditions and examples are given
to show that the two notions are independent. The same authors proved a common
fixed point theorem for compatible mappings of type (A) in a metric space.

In [12], the concept of compatible mappings of type (P) was introduced and
compared with compatible mappings of type (A) and compatible mappings.

In [10], Jungck and Rhoades defined weakly compatible mappings and showed
that compatible mappings are weakly compatible but the converse need not be true.
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All of these concepts of commutativity have been used by many authors to
prove fixed point theorems for contractive and expansive type conditions.

It is well known, that the above compatibility notions imply the weakly com-
patibility. However, as we shall show in the examples below, weakly compatible
mappings need not be neither compatible, nor compatible of type (A) (resp. of

type (P)).

The subject of this paper is to prove some common fixed point theorems for
a family of self-mappings in a metric and a compact metric space using a few
conditions. These theorems improve the results of Popa [14], Aliouche [1], Imdad
and Javid [6], and others.

2. Main results
2.1. First part. We start by some needed definitions.

DEFINITION 2.1. ([15]) Self-mappings f and g of a metric space (X, d) are said
to be weakly commuting if

d(fgx,gfx) < d(gzx, fz), for all z € X.

DEFINITION 2.2. ([7]) Let f and g be two self-mappings of a metric space
(X,d). f and g are said to be compatible if

lim d(fgzn,gfx,) =0
n—oo
whenever {z,} is a sequence in X such that lim fx,, = lim gz, = t for some
X n—oo n— oo
te X.

Clearly, commuting mappings are weakly commuting and weakly commuting
mappings are compatible, but neither implication is reversible (see 10, Ex. [7]).

DEFINITION 2.3. ([9]) Let f and g be mappings from a metric space (X, d) into
itself. Mappings f and g are said to be compatible of type (A) if

lim d(fgzn,9°z,) =0 and lim d(gfzn, f22,) =0
n—oo n—oo

whenever {z,} is a sequence in X such that lim fz,, = lim gz, = t for some
X n—oo n—oo
te X.

Obviously, weakly commuting mappings are compatible of type (A). By ([9],
Ex. 2.2) follows that the implication is not reversible and by ([9], Ex. 2.1 and 2.2)
follows that the notions of compatible mappings and compatible mappings of type
(A) are independent.

DEFINITION 2.4. ([12]) Let f and g be mappings from a metric space (X, d)
into itself. f and g are said to be compatible of type (P) if

lim d(f%*z,,g%c,) =0

n— o0
whenever {z,} is a sequence in X such that lim fz,, = lim gz, = t for some
X n— 00 n— o0
te X.
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DEFINITION 2.5. ([10]) Let f and g be mappings from a metric space (X, d).
f and g are said to be weakly compatible if fo = gx implies fgz = gfz.

LEMMA 2.1 ([14, 7, 9, 13]). Let f and g be compatible (resp. compatible of
type (A), compatible of type (P)) self-mappings on a metric space (X,d). If ft = gt
for somet € X, then fgt = gft.

By the above lemma, it follows that, if f and g are compatible (resp. compatible
of type (A), compatible of type (P)), then, f and g are weakly compatible. As we
said above, not necessarily conversely, as it is shown in the following examples.

EXAMPLE 2.1. Let X = [1,20] with the usual metric. Define

lifz=1 )
fxr= 3ifl <7 gx:{ 11f2$if€1{<1}u<(77,20]
r—61if 7 <z < 20; <7

We have f(1) = 1 = ¢g(1); fg(1) = 1 = gf(1). Clearly, f and g are weakly
compatible mappings, since they commute at their coincidence point x = 1. To
see that f and g are not compatible (resp. compatible of type (A), (P)), let us

consider the sequence {z,} defined by =, =7+ = 1,2,.... Then,
ftn,=2,—-6—>1;gz,=1—1asn— oco.
We have
Jlim [ fgzn —gfza| =1#0,
and so, f and g are not compatible. We also have
Jim g f, — FPaa| =140,
hence, f and g are not compatible of type (A). Further,
lim | fz, — g*z,| =2 #0,

thus, f and g are not compatible of type (P).

EXAMPLE 2.2. Endow X = [0,20] with the usual metric d and define

0if 2 € {0} U (9, 20]

Oifz=0
fx= r+11if0<x<9 g:ﬂ:{ .
2—9if 9 <z < 20; 10if0 < 2 <09.

1
Let {x,} be a sequence defined by x, =9 + - for all n = 1,2,.... Then,

lim fz, = lim (z,—9)=0and lim gz, =0,
n—o0 n—o0 n—o00

F(0) = 0=g(0) and fg(0) = g(0) = 0.
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Clearly, f and g are weakly compatible mappings, since they commute at their
coincidence point x = 0. On the other hand, we have

fgzr, = f(0)=0—0asn— oo,

gfzn = g(zn,—9)=10— 10 as n — oo,
fPr, = flzn—9)=2,+2— 11 asn — oo,
gz, = g(0)=0—0asn— oo

Consequently,
lim |fgwn - gfxn| =10 #0,
n—oo
that is, f and g are not compatible. We have
lim |gfz, — fP2x,| =14#0,
n—oo
thus, f and g are not compatible of type (A). Further,
lim |f%z, — ¢*z,| = 11 #0,
n—oo
which tells that f and g are not compatible of type (P).

LEMMA 2.2 ([14]). Two continuous self-mappings of a compact metric space
are compatible (resp. compatible of type (A), compatible of type (P)) if and only if
they are weakly compatible.

Now, we give some implicit relations.

Implicit relations: Like in [14], we denote by F the set of real functions
F: Rg — R satisfying the following conditions:

e Fy: Fis non increasing in variables t5 and tg,
o Fy: for every u > 0,v >0
(1) Fu: F(u,v,v,u,u+v,0) <0 or
(2) Fyp: F(u,v,u,v,0,u+v) <0
we have u < v.
o I3 F(u,u,0,0,u,u) > 0,Vu > 0.
The next examples of functions in F are given in [14].

1
EXAMPLE 2.3. F(tl,tg,t3,t4,t5,t6) =11 — max{tg,tg,t4, §(t5 + tﬁ)}.

EXAMPLE 2.4.
F(t1,ta,t3,ts,ts,t6) = 13 —cymax{ts,t3,15} — co max{tsts, tats}
—cststs,
where ¢1, ¢, c3 >0, ¢c1 +2¢co <1 and ¢; +¢c3 < 1.
EXAMPLE 2.5.
F(tl,tg,tg,t4,t5,t6) = (1 +pt2)t1 — pmax{t3t4,t5t6}

1
- maX{t27t37t47 §(t5 + t6)}7

where p > 0.
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1
EXAMPLE 2.6. F(tl,tQ,tg,t4,t5,t6) =1t — max{tg,tg,t4, §(t5 + tG),b\/tE,tG},
where 0 < b < 1.

EXAMPLE 2.7. F(t1,ta,t3,ts,t5,t6) = t3 — at3ty — bt1tsty — ctite — dtsts, where
a,b,c,d>0and a+b+c+d<1.

5 135 + t3t3

EXAMPLE 2.8. F(t1,ta,t3,t4,t5,t5) =t} — c———>—"—wh € (0,1).
(t1,t2,t3,ta,t5,t6) = 13 Cl+t2+t3+t4werec (0,1)

Now, we state our first main results.

THEOREM 2.1. Let f, g, h, k be self-mappings of a compact metric space (X, d)
such that f(X) C k(X) and g(X) C h(X),
(2.1)  F(d(fx,gy),d(hz, ky), d(hz, fx),d(ky, gy), d(hz, gy), d(ky, fx)) <O
for all z, y in X for which one of d(hz, ky), d(hz, fz), d(ky, gy) is positive, where
FeF, fandh as well as g and k are weakly compatible, and f and h or g and k

are continuous. Then, f, g, h and k have a unique common fixed point u in X.

PROOF. Suppose that g and k are continuous. Let
m = inf{d(gz, kz) : x € X}.
Since X is compact, there is a convergent sequence {z,} with lim x,, = g in X
n—oo

such that

lim d(kz,,gx,) = m.
n— oo

Since
d(kﬂﬂm ng) < d(kIOa kzn) + d(kxna gxn) + d(gzna 9370)7
then, by continuity of £ and g and lim x,, = zg, we get
n—oo

d(kzo, gr0) < m
and thus,
d(kxo, gxo) = m.
Since g(X) C h(X), there exists a point yo in X such that hyy = gzo and thus,
d(kxo, hyo) = m. Suppose that m > 0. Then, by (2.1), we have
F(d(fyo, gz0), d(hyo, ko), d(hyo, fyo),
d(kzo, gz0), d(hyo, gzo), d(kzo, fyo)) < 0.

Since F' is non increasing in variable tg, we get

F(d(fyo, hyo), m, d(hyo, fyo), m, 0, d(kzo, hyo) + d(hyo, fyo))
= F(d(fyo, hyo), m, d(hyo, fyo), m,0,m + d(hyo, fyo)) < 0.
By property Fp follows that
d(fyo, hyo) < m.
Since f(X) C k(X), then, there is a point zp in X such that kzp = fyo and thus,
d(kzo, hyo) < m. Since d(kzo,gz0) = m > 0, by (2.1), we have

F(d(fyo,9%0),d(hyo, kzo), d(hyo, fyo),
d(kzo, 920), d(hyo, 920), d(kzo, fyo)) < 0.
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By Fj and since F' is non increasing in variable t5, we obtain

F(d(k20,920), d(hyo, fyo), d(hyo, fyo),
d(kz0,920), d(hyo, fyo) + d(fyo, 920),0)
= F(d(kz0, 920), d(hyo, fy0), d(hyo, fyo),

d(kz0,920), d(hyo, fyo) + d(kz0, 920),0) < 0.

By F, follows that
d(kz0, 920) < d(hyo, fyo)-
Then, we obtain

m < d(kzo, gz0) < d(hyo, fyo) < m.
This contradiction demands that m = 0. Therefore, we have
kxo = gxo = hyo.
If d(hyo, fyo) > 0, then, using (2.1), we have successively

F(d(fy()a gmo)a d(hy()a kx0)7 d(hy[); fy0)7
d(kzo, g70), d(hyo, gr0), d(kzo, fyo))
= F<d(fy07 hyo)a 07 d(hy07 fyo)a Oa 07 d(hy07 fyo)) <0

which implies by Fp that d(fyo,hyo) < 0, but this contradicts d(hyo, fyo) > 0.
Thus, d(hyo, fyo) = 0, which implies that hyg = fyo. Therefore,

kzo = gxo = hyo = fyo.
Since f and h are weakly compatible and hyy = fyo, we get
h?yo = hfyo = fhyo = f*yo.
Suppose that f2yo # fyo, then, inequality (2.1) gives
F(d(f*yo, g0), d(hfyo, kxo), d(hfyo, f*yo),
d(kxo, gzo), d(h fyo, gxo), d(kzo, f*yo))
= F(d(*y0, F0): d(f*y0, F40),0,0,d(f*y0, Fyo), d(fyo, [*y0)) < 0
which contradicts F3, then, we have f2yy = fyo. Hence,
fyo = Py = hfyo.
Similarly, since g and k are weakly compatible and kxzg = gzg, we get
k*xg = kgxo = gkxo = g*xo.
If g?z0 # gxo, then, again by (2.1) we have successively
F(d(fyo, g°0), d(hyo, kgzo), d(hyo, fyo),
d(kgxo, g°x0), d(hyo, g*x0), d(kgzo, fyo))
= F(d(gzo, g°x9), d(gz0, 6*20), 0,0, d(gz0, g*x0), (920, g0)) < 0
a contradiction of F3. Therefore, gzg = g?z. Hence,
gro = g°mo = kg
Let w = fyo = gxo. Then,
fu=hu=u=gu=ku
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and u is a common fixed point of f, g, h and k.
Suppose that g and k have another common fixed point, then, d(u,v) # 0 and
the use of (2.1) gives

= F(d(u,v),d(u,v),0,0,d(u,v),dv,u)) <0
which is a contradiction with F5. Thus, v = u.
Similarly, u is the unique common fixed point of f and h. Indeed, suppose that

h and f have another common fixed point, then, d(u,t) # 0 and using condition
(2.1), one may get

F(d(ft, gu),d(ht, ku),d(ht, ft),d(ku, gu), d(ht, gu), d(ku, ft))
= F(d(t,u),d(t,u),0,0,d(t,u),d(u,t)) <0

contradicts F3. Therefore, t = u. Hence u is the unique common fixed point of f
and h and g and k.

Similarly, one can obtain this conclusion by supposing f and h are continuous.

O

Truly, the above theorem improves the result of Popa [14] and others. Indeed,
by replacing F' of our theorem by any function satisfying conditions Fj, F» and F3
we can obtain the following corollaries:

COROLLARY 2.1. Let f, g, h and k be as in theorem 2.1. If the inequality
d(fz,9y) < wmax{d(hz,ky),d(hz, fr),d(ky,gy),
3 (a0, gy + (k. )}
holds for all x, y in X for which the right hand side of the above inequality is
positive. Then, f, g, h and k have a unique common fized point in X.
ProoF. It follows from Theorem 2.1 and Example 2.3. (]

COROLLARY 2.2. If in the hypotheses of theorem 2.1, we have in lieu of the
condition

(14 pd(hz, ky))d(fx,gy) < pmax{d(hz, fz)d(ky,gy),d(hz, gy)d(ky, fx)}
+max {d(hx, ky),d(hz, fx),d(ky, gy),

1
3 dlha, )+ d(hy. fo) |
for all x, y € X for which the right hand side of the above inequality is positive,
where p > 0. Then, f, g, h and k have a unique common fized point in X.
PrOOF. Use Theorem 2.1 and Example 2.5. (]

In a similar way as in corollaries 2.1 and 2.2, one can obtain much more corol-
laries by using the examples given above.

REMARK 2.1. We can get much more corollaries if we let in Theorem 2.1 and
its corollaries
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(1) h =k = Iy (the identity mapping on X) with f or g is continuous,
(2) f=gand h =k, and also
(3) f=gand h=Fk = Ix.

Now, using the recurrence on n, we can give the next result:

THEOREM 2.2. Let h, k and {F), },=12,.. be mappings from a compact metric
space into itself having the following conditions:
(1) Fu(X) C k(X) and Fpi1(X) C h(X),
(2) h and {F,,}n=1,2,.. are weakly compatible as well as k and {Fypi1}tn=12,. .,
(3) mappings {F, }n 1,2,... and h or {Fyq1}n=12.. and k are continuous,
(4) the inequality

F(d(Fpz, Fr1y), d(ha, k:y),d(hx F,x),
d(ky, Fr1y), d(ha, Friay), d(ky, Fpr)) <0
holds for all x, y in X, for alln =1,2,..., for which one of
d(hz, ky), d(hz, Fox) and d(ky, Fh11y) is positive, where F € F.
Then, h, k and {F,}n=1,2, .. have a unique common fized point in X.

2.2. Second part. In 2008, Al-Thagafi and Shahzad [2] introduced a general-
ization of weakly compatible mappings by giving the notion of occasionally weakly
compatible mappings.

DEFINITION 2.6. ([2]) Let f and g be self-mappings of a subset D of a metric
space (X,d). Then f and g are called occasionally weakly compatible if fgr = gfx
for some x € C(f,g) where C(f,g) is the set of coincidence points of f and g.

In [3] (the old version) and [4] (the new version), we introduced the notion of
subcompatible mappings which is a significant enriched generalization of occasion-
ally weakly compatible mappings given by Al-Thagafi and Shahzad [2]. Several
authors used our notion to prove some fixed point theorems in various settings.

DEFINITION 2.7. ([3, 4]) Let f and g be two self-mappings of a metric space
(X,d). f and g are subcompatible if and only if there exists a sequence {x, }nen in
X such that lim fz, = hm 0 g, = t for some t € X and hm d(fgxn,gf:rn) =0.

n— oo

In his paper [11], Pant introduced the concept of reciprocally continuous map-
pings as follows:

DEFINITION 2.8. ([11]) Two self-mappings f and g of a metric space (X, d)
are called reciprocally continuous if lim fgz, = ft and lim gfx, = gt whenever

n—oo n—oo
{zn} is a sequence such that lim fz,, = lim gz, =t for some t in X.
n—oo n—roo

In [3, 4], we introduced the notion of subsequentially continuous mappings

which weakens the concepts of continuity and reciprocally continuity.

DEFINITION 2.9. ([3, 4]) Two self-mappings f and g of a metric space (X, d)
are said to be subsequentially continuous if and only if there exists a sequence {z,}
in X such that lim fz,, = lim gz, =t for some ¢ in X and satisfy lim fgx, = ft
n— o0 n—00 n—oo
and lim gfz, = gt.
n—oo
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Now, we are ready to present and prove our second result which improves the
main result of [1] and Theorem 2 of [6] because we removed continuity, compactness,
inclusions, and so on.

THEOREM 2.3. Let f, g, h, k be self-mappings of a metric space (X,d) such
that the pairs (f,h) and (g,k) are subcompatible and reciprocally continuous or
compatible and subsequentially continuous. Suppose that the four mappings satisfy
the inequality

(22)  (d(fz,gy),d(hz, ky),d(hz, fr),d(ky, gy), d(hz, gy),d(ky, fz)) <0

for all x, y in X, where ¢ is upper semi-continuous and p(t,t,0,0,t,t) >t for all
t > 0. Then, f, g, h and k have a unique common fixed point t in X.

PROOF. Since the pairs (f,h) and (g,k) are subcompatible and reciprocally
continuous, then, there exist two sequences {2, }nen and {y, }nen in X such that

lim fx,, = lim hx, =t for some t € X
n— oo n—oo

and which satisfy
li_>m d(fhxy, hfr,) =d(ft,ht) = 0;
lim gy, = lim ky, =z
n—roo n—roo
for some z € X and which satisfy
lim d(gkyn, kgyn) = d(gz,kz) = 0.
n—oo

Therefore ft = ht and gz = kz; that is, t is a coincidence point of f and h and z
is a coincidence point of g and k.

Now, we prove that z = t. Indeed, suppose that d(t, z) > 0, using inequality
(2.2) we get

e(d(fzn, gyn), d(han, kyn), d(hzn, fon), d(kyn, gyn), d(hn, gyn), d(kyn, fzn)) < 0.
Since ¢ is upper semi-continuous, we obtain at infinity
p(d(t, 2),d(t, 2),0,0,d(t, 2),d(z,t)) <O

which is a contradiction, hence z = ¢.
Suppose that ft # ¢, the use of condition (2.2) gives

e(d(ft, gyn), d(ht, kyn), d(ht, ft), d(kyn, gyn), d(ht, gyn), d(kyn, ft)) <0
At infinity we obtain
e(d(ft,t),d(ft,t),0,0,d(ft,t),d(t, ft)) <O
this contradiction implies that ¢t = ft = ht.
Similarly, If gt # ¢, using condition (2.2) we obtain
w(d(ft, gt),d(ht, kt),d(ht, ft),d(kt, gt),d(ht, gt), d(kt, ft))
= (d(t,gt),d(t,gt),0,0,d(t, gt),d(gt,t)) <O

which is a contradiction, hence t = gt = kt.
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For the uniqueness of the common fixed point ¢, let w be another common fixed
point of f, g, h and k. Then using (2.2) we get

p(d(ft, gw),d(ht, kw), d(ht, ft), d(kw, gw), d(ht, gw), d(kw, ft))
= (d(t,w),d(t,w),0,0,d(t,w),d(w,t)) <0
a contradiction, therefore w = t. O

The next theorem improves Theorem 4 of [6].

THEOREM 2.4. Let f,, n=1,2,..., h and k be self-mappings of a metric space
(X,d) such that the pairs (fn,h) and (fni1,k) are subcompatible and reciprocally
continuous or compatible and subsequentially continuous. Suppose that the four
mappings satisfy the inequality

Qﬁ(d(fniﬂ, fn+1y)7 d(hl‘, ky)a d(fnxa h’l}), d(fn+1ya ky)? d(hfﬂ, fn+ly)7 d(fnm, ky)) <0

forallx, yin X, n=1,2,..., where ¢ is upper semi-continuous and
©(t,t,0,0,t,t) > 0 for all t > 0.

Then, fn, h and k have a unique common fixed point t in X.
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