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A CHARACTERIZATION OF SEMIHYPERGROUPS
IN TERMS OF CUBIC INTERIOR HYPERIDEALS

V. S. Subha and S. Sharmila

ABSTRACT. The notion of cubic set was introduced by Jun. It is also called
3-dimensional fuzzy set. In this paper we introduce cartesian product of cu-
bic sets in semihypergroups and also we prove that cartesian product of two
cubic interior hyperideals is also a cubic interior hyperideal. We study some
properties of cubic subsemihypergroup and cubic interior hyperideals in semi-
hypergroups. we find that the intersection of cubic hyperideals and a cubic
hyperideal is a cubic interior hyperideal. We characterize semihypergroups in
terms of cubic interior hyperideals. Finally relations between cubic hyperideals
and cubic interior hyperideals are also discussed.

1. Introduction

In 1934, Marty [4] initiated algebraic hyperstructures as a generalization of
algebraic structures. The attraction of hyper-structure is its special property that
the image of each pair of a cross product of two sets is lead to a set where in
classical structures it is an element again. Fuzzy set was introduced by Zadeh [5]
in 1965. Since then it was used in many applications. It is one of the important
tool in science and engineering like control engineering, information sciences, etc.
In 1975 Zadeh [6] extended the concept of fuzzy set to interval valued fuzzy set.
By combining fuzzy set and interval valued fuzzy set, Jun et al. [2] initiated cubic
set. In 2013, the concept of cubic ideals was introduced by Jun and Khan for
semigroups.

In this research work we define cartesian product of cubic sets, cubic subsemi-
hypergroup and cubic interior hyperideal in semihypergroups. We find the relation
between cubic hyperideals and cubic interior hyperideals in semihypergroups. We
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also study that the intersection of a cubic interior hyperideals and cubic hyperideals
is also a cubic hyperideals in semihypergroups.

2. Preliminaries

In this section we recall the definitions of hyperideals in hyperstructures such
as hyperideal, subsemihypergroup and interior hyperideal.

DEFINITION 2.1. ([3]) Let ¢ be a non-empty universe set and F () is the
collection of all subsets of 7. The hyperoperation e on J# is defined by

o A x H — F(H).
The set # with the hyperoperation e is called hypergroupoid(say #2*). The image
of (hi,he) € S x S is denoted by h; e ho.

Let £ and 7% be the subsets of F(7¢) then the hyperoperation(x) between
6 and 5% is defined by

S % o = U hy e hsy
(h1,h2) €54 X 75

where

x i F(A) x F(H) — F(H).

DEFINITION 2.2. ([3]) A hypergroupoid (#*) is called a semihypergroup (say
0% if
({u} > {v}) x{w} = {u} » {v} x{w})

for all u,v,w € .

DEFINITION 2.3. ([3]) A subset A of 7* is said to be a left (right) hyperideal
if
H*x AC A(Ax " C A).
A subset A of J7* is said to be hyperideal if it is both left and right hyperideal.

DEFINITION 2.4. ([2]) An interval number § = [y~,y™] on [0, 1] is a closed
subinterval of [0,1], where 0 < y~ < yt < 1. We denote the family of all closed
subintervals of [0,1] as D[0, 1].

DEFINITION 2.5. ([2]) Let § = [y~,y"| and z = [z7, 2] are the two interval
numbers in D0, 1] then
(1) y< zifand only if ¥y~ < 2~ and y* < 27.
(2) y = zifand only if y~ > 2z~ and y* > 27.
(3) y=zifand only if y~ =2~ and y* = 27T
(4) rmin{y, z} = [min{y~, 2~ }, min{y*, 27 }].
(5) rmax{y,z} = [max{y~, 2z~ }, max{y™, 2T }].

DEFINITION 2.6. ([6]) Let U be an universe set. An interval valued fuzzy set
2 _for all x € U} where

pr(z)

I of an universe set U is an object of the form I = {x :

p:U — D0,1].
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3. Cartesian product of Cubic hyperideals in semihypergroups

In this section we introduce the notion of cartesian product of cubic sets in
semihypergroups and study some properties.

DEFINITION 3.1. Let J#* be a semihypergroup. A cubic set € of s is defined
by

h
7= {h' G ). pe (1))

where py is an interval valued fuzzy set in J7* and py is a fuzzy set in J€*.
The membership function pg is a mapping from J#* into DJ0,1] and the non-
membership function p¢ is a mapping from J#* into [0, 1].

In the interest of clarity, we shall mention the sign € = (p«, p%) for the cubic

h

set € = {h: ————— forall h € jf*}.
(p%(h), pe(h))

DEFINITION 3.2. Let ¥ and & are two cubic sets of #*. Then the following
operations are defined:

for all h € j‘f*}

W) FuT= {mﬁg(a:)vﬁ@(x),pcg(x)Ap@@:)) EW}

(P (2) A pa (), pz () V pap ()

(2)%@—{ :xe%*}

DEFINITION 3.3. Let € = (p¢,pw). For any a = [a1,a2] € D[0,1] and 8 €
[0,1], the cubic level set of € (€(*F) = (ﬁ%,p@)) is defined by

¢P) = {z € A : pe(n) > o, pe(z) < B}

DEFINITION 3.4. A cubic set € of 7~ is called cubic left hyperideal if
(1) pe(w) < inf pe(h) and

cvxw
(ii) pg(w) = sup pg(h) ¥ v,w,h € F*.

hev*xw

A cubic set € of S~ is called cubic right hyperideal if
(i) pg(v) < inf pg(h) and

hevxw
(ii) pg(v)} = sup pg(h) Vv,w h e

he€vxw

A cubic set € of s is called cubic hyperideal if
() max{f(v), pe(w)} < inf j(h) and

(ii) min{pez (v), px(w)} = sup pg(h) Vv, w, h € F*.

hevxw

EXAMPLE 3.1. Let s#* = {p,q,r,s} be a semihypergroup with the hyper-
operation (e):
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0‘ p q r s
p|{p} {p} A{pt {p}
q|{p} {p} {p} {p}
r | {p} {p} {p.¢} {p, ¢}
s|{p} {p} {p,a} {p}

Define a cubic set € as
p q r a4

b

DEFINITION 3.5. Let s* be a semihypergroup. The cartesian product of cubic
sets € = (pg, pe) and Z = (pg, py) is denoted by € x 2 and is defined by

. )
Tx7= {( 4): (Pexa(c,d), pexa(c,d))
= min{p%(c), po(d)} and pyxg(c,d) = max{pz(c), pz(d)}.

THEOREM 3.1. If cubic sets € = (p¢, pe) and 2 = (po, pa) are cubic hyper-
ideals of F€* then € X 2 is also a cubic hyperideal of 7* x FH*.

PrROOF. Let ¢ and Z are cubic hyperideals of X*. Consider for
(c1,d1), (c2,d2), (h1, ho) € ™ x A,
max{pgxz(c1,d1), pexz(c2,d2)}

= max {min{j¢(c1),
< min {max{pe(c1),

¢ = {([0.5,0.6],0.6)’ ([0.5,0.6],0.7)" ([0.3,0.4],1)" ([0.2,0.4],0.9)

By routine calculation we can say that € is a cubic hyperideal of 7.

for all (¢c,d) € H7* x jf*}

where e x9(c, d)

(d1)}, min{pe(c2), po (d2) }}

P
pe(ca)}, max{pz(di), po(da)}}
s
1),p

<min{ inf  pe(h 1nf p@(hg)}
hi€cico
<, it (min{e (). po(ha)})
hi€Ecica,

ho€d1da
< lnf N, h,h
(h17h2)e(clcz,d1d2)p<g><9( 1 2)
< pexa(hi, he)

inf
(h1,h2)€(c1,d1)(c2,d2)
and

min{pexz(ci,d1), pexa(ce,d2)}

= min {max{p%(c1), po(d1)}, max{pe(cz2), po(d2)}}
> max (min{pg(c1), pe(c2)), min{pos (), pr (o)}
>maxy sup pg(hi), sup peg(h2)
hi€cica ho€dido

> sup {max{pg(h1),pz(h2)}}

hi€cica,

ha€dida
2 sup pexa(hi,ha)

(h1,h2)€(c1c2,d1d2)
> sup pexa(hi, ha)

(h1,h2)€(c1,d1)(c2,d2)
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Thus € x 2 is a cubic hyperideal of J* x J*. O

DEFINITION 3.6. Let € = (p¢, pw) be a cubic set in 57*. For any o € D[0,1]
and 3 € [0, 1], we define (a, 8)-level set of € x 2 is as

(€ x D) = (F3x9: Pexr)
where
ﬁ%x@ = {(a7 b) €A x %*/ﬁ%x@(avb) > a}a
and
péxg ={(a,b) € H* x H* | pgxa(a,b) < B} for all a,b e .

THEOREM 3.2. Let J£* be a semihypergroup. If the cubic sets € = (ps, ps)
and 9 = (pg,pa) are cubic right hyperideals of F* then for a € DI[0,1] and
B €10,1] the (o, B)-level set of € x P is a right hyperideal of F* x F*.

PROOF. Let € x 2 be a cubic hyperideal of J#*. Let (c1,d1), (c2,d2) € H* %
A% such that (c1,d1) € (€ x 2)(*P). ie.(c1,d1) € p%y o, and (c1,d1) € p?gxg
which implies that

pexa(ci,di) > a and pgxg(cr,di) < B.

Since
- c 7d < inf 5 h ,h
pexa(c1,dr) (hl,h2)€(cl7dl)*(c2,d2)p‘fx@( 1, ho)
and
pexa(c,d) > sup e (. )
(h1,h2)€(c1,d1)*(c2,d2)
we have
inf A a(h ,h 2 a
(hl’hz)e(clxdl)*(62,d2)ngXj( 1, h2)
and

sup pexa(hi,he) < B.
(h1,ho)€(c1,d1)x(ca,ds)

It follows from here pgx 5 (h1, he) > a and pex o (h1, ha) < S for (hy, he) € (c1,dy)*
(c2,d). Further on, we have (hi,ha) € §%, 5 and (ha, ha) € por, , for (hi,ha) €
(c1,d1) * (c2,d2) and (c1,d1) * (c2,d2) € p%y o and (c1,d1) * (c2,d2) € p'%xg. Thus
©(a,p) 18 a Tight hyperideal of 2. O

COROLLARY 3.1. Let S* be a semihypergroup. If the cubic sets € = (P, pz)
and 9 = (pg, pg) are cubic left hyperideal of * then the (a, B)-level set of € x 2
is a left hyperideal of 7% x J*.

PrOOF. The proof is straight forward. (|

COROLLARY 3.2. Let S* be a semihypergroup. If the cubic sets € = (pw, p)
and 9 = (pg, po) are cubic hyperideal of F* then the («, 8)-level set of € X D is
a hyperideal of 7% x F*.

PROOF. The proof is straight forward. U
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4. Cubic interior hyperideals in semihypergroups

In this section we introduce the concept of cubic subsemiypergroup and cubic
interior hyperideals in semihypergroups. We also discuss the relation between cubic
hyperideals and cubic interior hyperideals.

DEFINITION 4.1. A subset A of 5#* is said to be a subsemihypergroup if AxA C
A.

A subsemihypergroup A of J* is said to be an interior hyperideal if J7* x A x
20 C A

DEFINITION 4.2. A cubic set ¥ of s is called cubic subsemihypergroup if

() min{p (v), e (w)} < i f(h) and

(i) mas{pe (0), pis (w)} > sup (k) ¥ hyv,w € H*.

hevxw

DEFINITION 4.3. A cubic subsemihypergroup % of .7* is called cubic interior
hyperideal if

() pe(s) <, nf  pe(h)

(ii) pz(2) = sup pz(h)V h,v,w,z € H*.

hEvkz*w

EXAMPLE 4.1. Let us consider a semihypergroup J* = {u,v,w,z} with the

hyperoperation (e):

wifuy  fup o {u} A{u}
v | {u} {u,0} {u,wp o {u}
wifuy  {up  A{u}p {u}
o | {up {wz}  A{u}  {u}

Let

@ — u q T ay
1 ([1,1],0.2)" (]0.2,0.5],1) " (]0.2,0.5],0.9) " ([0.7,0.8],0.7)
be a cubic set in .##*. Then by calculation one can easily verify that € is a cubic
interior hyperideal of .77*.

THEOREM 4.1. If € and & are cubic interior hyperideals of F* then € N9
is also a cubic interior hyperideal of F*.

PRrROOF. Consider for h € 7%,

pena(h) = pg(h) A pa(h)
< inf pg(h) A inf  pgy(h)

hevkzxw hEvkz+w
<,k {pe(h) A pa(h)}

< inf  pgng(h) Vo,w,z € 7.

hEvkzrw
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Now,

pena(h) = pz(h)V pg(h)
> sup pg(h)V sup pgy(h)

hevsw hevxw

hEvxw
> sup peng(h) Vo,we .

h€vxw

Thus € N Z is a cubic interior hyperideal of J27*. O

LEMMA 4.1. Let 5* be a semihypergroup. A cubic set € of F* is a cu-
bic subsemihypergroup if and only if for o € D[0,1] and B € [0,1], € is a
subsemihypergroup of F*.

PROOF. Let € be a cubic subsemihypergroup of #*. Let us show that €(*#)
is a subsemihypergroup.

Let us consider that v, w € €(*#). Then we have p¢(v) > a, pe(v) < B and
pe(w) = a, pg(w) < B. Thus, we have

hélgw pe(h) = min{pe (v), pe(w)}, Sup pez(h) < min{pz (v), pz(w)}

cvxw

— inf fg(h) > minfa,a}, sup pe(h) < min{B, B}

Cvkxw hEv*w
= inf pg(h) > a, sup pe(h) <B
hevxw hEvxw

= pg(h) 2 a, pg(h) < B for h € vxw
— he@ D forhecvrw
— vxw € FP),
Thus €(*#) is a subsemihypergroup of J#*.
Conversely let €(®#) be a subsemihypergroup of .#*. Suppose if not we have

min{pe (v), pe(w)} >, inf  pe(h) and min{pe(v), pe(w)} < sup  pe(h)

EVxZFW

then there exists ag € D[0, 1] and By € [0, 1] such that

min{pe (v), pg(w)} > a0 > inf pe(h)

Cvxzxw
and
min{p¢(v), pe(w)} < Bo < X sup pez(h).
CvxzZxW
Then
min{py (v), pg(w)} > ag, inf pg(h) < ag and

hEvkzrw

min{ps(v), pg(w)} < Bo, sup pz(h) > Po.

hEvxzxw
This implies
fis(v) > ag or feg(w) > ag, vk zxw ¢ 5 and
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pe(v) < Bo or pg(w) < Po, v*zxw ¢ p@o.
Thus

v,w € pg but vxzxw ¢ pg and v,pr%O but v*z*wgﬁp@f’.

This contradicts the fact that €(*#) is a subsemihypergroup of .#*. Therefore ¢
is a cubic subsemihypergroup of J#*. (]

THEOREM 4.2. Let * be a semihypergroup. A cubic set € of F* is a cubic
interior hyperideal if and only if for o € D[0,1] and B € [0,1], €*P) is an interior
hyperideal of F*.

PROOF. Let ¥ be a cubic interior hyperideal of s*. By Lemma 4.1, we
know that €(*#) is a subsemihypergroup of #*. Let h,v,w,z € J* such that
z € €(*P) . Which implies that

pe(z) 2 o, pe(z) < B
Since py(2z) < . inf  peg(h) and pg(z) = sup pe(h), we have

Evxzk hEvxzxw

inf pe(h) >aand sup pg(h) <

hEv*xzxw hEvxzxw

— hepg and h e pl)

= vkzxw € pL and vx zxw € p@

= vxzrw € €»P) for z € €®h),
Thus €(*#) is an interior ideal of € (®f).

Conversely, let us assume that % is not a cubic interior hyperideal. We have

pe(z) > inf pe(h) and pg(z) < sup pe(h).

hEv*z*xw

Then there exists ay € D0, 1] and 31 € [0, 1] such that
pe(z) > a1 > inf pe(h) and pg(z) <Br < sup pg(h)

hE€vxzxw
= py(2) > a1, inf pg(h) <oy and pp(z) < 1, sup pg(h) > 5
hevxzxw hEvxzxw
= 2 € Py andZEpg1 but h ¢ po! and h ¢ po! for h € v z+w

SO O

= 2 € P andzep?g1 but vx zxw ¢ pg' and v*z*wgépf;l
— 2P andvrzxw ¢ € P for h € vxz*w.

This is a contradiction to the fact that % is a cubic interior hyperideal. Hence %
is a cubic interior hyperideal. O

PROPOSITION 4.1. Intersection of a cubic interior hyperideal and a cubic hy-
perideal of F* is always a cubic interior hyperideal.

PROOF. Let € be a cubic interior hyperideal and & be a cubic hyperideal. For
h,v,w,z € A
min{pyna (v), frna(w)} = min{min{je(v)

(U)}’ min{ﬁ% (w)7 ﬁ@(w) }}
= min{min{p¢x (v) P

(w)}, min{pg (v), po(w)}}

aﬁ@
7/3%”
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< mll’l{hlnf ﬁ%(h)amln{hlnf ﬁ@(h)ahlnf ﬁ@(h)}}
cvw cvw cvw
(Since € is a cubic subsemihypergroup
and 9 is a cubic left and right hyperideal.)
< mind inf 5 C e~
< min{ (), inf, pa(h)}
<, inf {min{pe(h), po(h)}}
< f 7
<2, Pona (¥
Now,
max{pgnz (v), penz(w)} = max{max{ps (v), pz(v)}, max{pe (w), po(w)}}
= max{max{pe (v), p¢ (w)}, max{pz(v), p7(w)}}

= max{min{p¢ (v), pz(w)}, max{pz(v), poz(w)}}
> max{ sup p¢(h), max{ sup pz(h), sup pa(h)}}

hevw hevw hevw
(Since € is a cubic subsemihypergroup

and 9 is a cubic left and right hyperideal.)
> max{ sup px(h), sup py(h)}

hevw hevw
> sup {max{ps(h), pz(h)}}
>

hevw

sup pgna(h)

hevw

inf  pgng(h) = inf w{min{ﬁ%(h)»ﬁ@(h)}}

hE€vxzxw he.v*z* ) N i ~
= min{, nf, o)., ot 7o (1)
> mi s Cinf B
mind, DL, ) L po ()}
(Since P is a cubic right hyperideal)
2 min{pe(2), po(2)}
(Since 2 is a cubic left hyperideal.)
> pena(2).

and also

Now,
sup  pgng(h) = sup {pg(h)V pz(h)}

hEvxzrw hEv*zrw

= max{ sup pg(h), sup pg(h)}

hEvkzxw hEv*zxw

<max{ sup pg(h), sup pz(h)}

hEv*z+w h€vkz

(Since P is a cubic right hyperideal.)

< max{p (=), po (2))
(Since P is a cubic left hyperideal.)

< pena(2). O
LEMMA 4.2. Every cubic hyperideal of 7€* is a cubic subsemihypergroup.

PROOF. Let % be a cubic hyperideal. For h,v, h,w, z € J*,
min{pzna (v), peng(w)} = min{min{x (v), oz (v)}, min{peg (w), po(w)}}
= min{min{p% (v), oz (w)}, min{py (v), pz(w)}}
< min{min{hinf pe(h), hinf pe(h)},
cow cow
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min{hinf ﬁ@(h),hinf pa(h)}}

cvw cvw

(Since P is a cubic left and right hyperideal.)
< minl inf 7 N

< mind i, P, ), o ()}

,mf {min{pe(h), po(h)}}

Jnf pena(h)

NN

Now,

max{pzna(v), peng(w)} = max{max{ps(v), pz(v)}, max{pg(w), po(w)}}
= max{max{pg (v), p¢(w)}, max{pz(v), po(w)}}
= max{max{px (v), pz(w)}, max{py(v), po(w)}}

> max{max{hsup p%(h) Up pz(h)},
cow
max{ sup pg(h), Sup P@( )3
hevw hevw

(Since 2 is a cubic left and right hyperideal.)
> max{ sup px(h), sup pz(h)}

hevw hevw
> sup (max{pe (1), po (1))}
cvw
= hSUP penz(h)
cvw
Hence % is a cubic subsemihypergroup. O

PROPOSITION 4.2. Every cubic hyperideal of 7€* is a cubic interior hyperideal.

PRrROOF. Let € be a cubic hyperideal. For h,v, h,w, z € J* we have

inf pe(h)> il pe(h)

hev*z*wp he(vxz)*w

> hinf pe(h) (Since € is a cubic right hyperideal.)
Cvkz

> pe(2) (Since € is a cubic left hyperideal.)

and

sup  pg(h) < sup pg(h)

hEvxz w hE€vxz

< sup pg(h)
h€vkz

< pe(2).

Therefore we have % is a cubic interior hyperideal of J7*. O

The following example shows that every cubic interior hyperideal of J#* need
not be a cubic hyperideal of J#*.

EXAMPLE 4.2. Let s* = {p,q,r,s} be a semihypergroup with the hyper-
operation (e) as follows:
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P q r S
{g,s} {r,s} {s} {s}
{rish {at {s} {s}

{s}  {sy {s} {s}
{st {st {s} {s}

»w I 3|e

Define a cubic set € by

@ — p q T a4
~1([0:2,0.3],1)" ([0.5,0.6],0.6)" ([0.2,0.3],1)" ([0.9,1],0.3) | -
The (a, 8)—level set of € is as follows:

-[0.2,0.3 . -[0.5,0.6 ) [0.9,1 F
PN = pb = ex, OO0 = 08 = (g5}, and pLOY = pYP = (s}

Since for ¢ € {¢,s} and p € J* we have qep = {r,s} ¢ {q,s}. Therefore
{g, s} is not a right hyperideal of .77*. Therefore {q, s} is not a hyperideal of J#*.
From the Theorem 4.2 it is clear that ¢ is not a cubic hyperideal.
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