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GENERALIZED c-ALMOST PERIODIC FUNCTIONS

AND APPLICATIONS

Mohammed Taha Khalladi, Marko Kostić, Manuel Pinto,
Abdelkader Rahmani, and Daniel Velinov

Abstract. In this paper, we introduce the class of (equi-)Weyl-(p, c)-almost
periodic functions as well as the classes of quasi-asymptotically c-almost peri-
odic functions, S-asymptotically (ω, c)-periodic functions and their Stepanov

generalizations, where c ∈ Cr{0}. Composition principles for quasi-asymptoti-
cally c-almost periodic functions and related composition principles are estab-
lished, as well.

1. Introduction and preliminaries

The notion of almost periodicity was studied by Bohr around 1925 and later
generalized by many others. We refer the interested reader to the research mono-
graphs by Diagana [1], Fink [3], Guérékata [4], Kostić [7] and Zaidman [10] for the
basic introduction to the theory of almost periodic functions.

The main aim of this paper is to continue our recent research study [6], where
we have introduced and analyzed the class of c-almost periodic functions. We basi-
cally aim to report how the ideas followed in [6] can be used to define many other
function spaces of almost periodic functions. In this paper, we concretely intro-
duce and analyze the class of (equi-)Weyl-(p, c)-almost periodic functions as well as
the classes of quasi-asymptotically c-almost periodic functions, S-asymptotically
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Marko Kostić and Daniel Velinov are partially supported by grant 174024 of Ministry of
Science and Technological Development, Republic of Serbia and Bilateral project between MANU
and SANU. Manuel Pinto is partially supported by Fondecyt 1170466.

Communicated by Daniel Abraham Romano.

283
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(ω, c)-periodic functions and their Stepanov generalizations, where c ∈ C r {0}.
Concerning the corresponding classes of functions depending on two variables, we
will only consider quasi-asymptotically c-almost periodic functions and formulate
some composition principles in this direction.

The organization of paper can be briefly described as follows. After collect-
ing some basic definitions and results about almost periodic type functions, in
Section 2 we introduce and analyze the class of (equi-)Weyl-(p, c)-almost periodic
functions. Quasi-asymptotically c-almost periodic functions and S-asymptotically
(ω, c)-periodic functions are introduced and analyzed in Subsection 3; in Subsection
3.1, we consider composition principles for quasi-asymptotically c-almost periodic
functions. Special attention is paid to the analysis of invariance of introduced types
of c-almost periodicity under the actions of convolution products and giving some
illustrative applications.

We use the standard notation. By (E, ∥·∥) we denote a complex Banach space.
By Lp

loc(I : E), C(I : E) and C0(I : E) we denote the vector spaces consisting of all
p-locally integrable functions f : I → E, all continuous functions f : I → E and all
continuous functions f : I → E satisfying that lim|t|→+∞ ∥f(t)∥ = 0, respectively

(1 6 p < ∞). If f : R → E, then we define f̌ : R → E by f̌(x) := f(−x), x ∈ R;
S1 := {z ∈ C ; |z| = 1}.

In this paper, we will always assume that c ∈ C r {0}. Let f : I → E be a
continuous function and let a number ϵ > 0 be given. We call a number τ > 0 an
(ϵ, c)-period for f(·) if ∥f(t+ τ)− cf(t)∥ 6 ϵ for all t ∈ I. By ϑc(f, ϵ) we denote the
set consisting of all (ϵ, c)-periods for f(·). It is said that f(·) is c-almost periodic if
and only if for each ϵ > 0 the set ϑc(f, ϵ) is relatively dense in [0,∞), which means
that for each ϵ > 0 there exists l > 0 such that any subinterval I ′ of [0,∞) of length
l contains an element of set ϑc(f, ϵ). The space consisting of all c-almost periodic
functions from the interval I into E will be denoted by APc(I : E). If c = 1, resp.
c = −1, then we also say that the function f(·) is almost periodic, resp. almost
anti-periodic.

Let 1 6 p < ∞. We continue by recalling that a function f ∈ Lp
loc(I : E) is

said to be Stepanov p-bounded if and only if

∥f∥Sp := sup
t∈I

(∫ t+1

t

∥f(s)∥p ds

)1/p

< ∞.

Equipped with the above norm, the space Lp
S(I : E) consisted of all Stepanov

p-bounded functions is a Banach space. A function f ∈ Lp
S(I : E) is said to be

Stepanov (p, c)-almost periodic, resp. Stepanov p-almost periodic, if and only if the

function f̂ : I → Lp([0, 1] : E), defined by

f̂(t)(s) := f(t+ s), t ∈ I, s ∈ [0, 1],

is c-almost periodic, resp. almost periodic. Furthermore, we say that a function
f ∈ Lp

S(I : E) is asymptotically Stepanov (p, c)-almost periodic if and only if
there exist a Stepanov (p, c)-almost periodic (Stepanov p-almost periodic) function
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g ∈ Lp
S(I : E) and a function q ∈ Lp

S(I : E) such that f(t) = g(t) + q(t), t ∈ I and
q̂ ∈ C0(I : Lp([0, 1] : E)).

2. Weyl-(p, c)-almost periodic type functions

We introduce the notion of an (equi-)Weyl-(p, c)-almost periodic function as
follows:

Definition 2.1. Let 1 6 p < ∞ and f ∈ Lp
loc(I : E).

(i) We say that the function f(·) is equi-Weyl-(p, c)-almost periodic, f ∈
e − W p

ap;c(I : E) for short, if and only if for each ϵ > 0 we can find two
real numbers l > 0 and L > 0 such that any interval I ′ ⊆ I of length L
contains a point τ ∈ I ′ such that

sup
x∈I

[
1

l

∫ x+l

x

∥∥f(t+ τ)− cf(t)
∥∥p dt]1/p 6 ϵ.(2.1)

(ii) We say that the function f(·) is Weyl-(p, c)-almost periodic, f ∈ W p
ap;c(I :

E) for short, if and only if for each ϵ > 0 we can find a real number L > 0
such that any interval I ′ ⊆ I of length L contains a point τ ∈ I ′ such that

lim
l→+∞

sup
x∈I

[
1

l

∫ x+l

x

∥∥f(t+ τ)− cf(t)
∥∥p dt]1/p 6 ϵ.

If c = 1, resp. c = −1, then we also say that f(·) is (equi-)Weyl-p-almost
periodic, resp. (equi-)Weyl-p-almost anti-periodic.

It is clear that any equi-Weyl-(p, c)-almost periodic function is Weyl-(p, c)-
almost periodic. The proofs of following results are trivial and therefore omitted:

Proposition 2.1. Suppose that f : I → E is (equi-)Weyl-(p, c)-almost peri-
odic. Then ∥f∥ : I → [0,∞) is (equi-)Weyl-p-almost periodic.

Proposition 2.2. Let 1 6 p < ∞ and f ∈ Lp
loc(I : E). If the function f(·)

is (equi-)Weyl-(p, c)-almost periodic and I = R, then the function f̌ : R → E is
(equi-)Weyl-(p, 1/c)-almost periodic.

We will include the proof of following proposition for the sake of completeness:

Proposition 2.3. Let 1 6 p < ∞ and f ∈ Lp
loc(I : E). If the function f(·)

is (equi-)Weyl-(p, c)-almost periodic and m ∈ N, then the function f(·) is (equi-
)Weyl-(p, cm)-almost periodic.

Proof. We will give the proof for the class of equi-Weyl-(p, c)-almost periodic
functions. Let ϵ > 0 be fixed; then we can find two real numbers l > 0 and L > 0
such that any interval I ′ ⊆ I of length L contains a point τ ∈ I ′ such that (2.1)
holds true. Clearly, we have (x ∈ I, τ > 0):

f
(
x+mτ

)
− cmf(x) =

m−1∑
j=0

cj
[
f
(
x+ (m− j)τ

)
− cf

(
x+ (m− j − 1)τ

)]
.(2.2)
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Integrating this estimate over the segment [x, x + l], where x ∈ I, we obtain the
existence of a finite constant cp > 0 such that[

1

l

∫ x+l

x

∥∥f(t+mτ)− cmf(t)
∥∥p dt]1/p

6 cp

[
m−1∑
j=0

|c|jp

l

∫ x+l

x

∥∥∥f(t+ (m− j)τ
)
− cf

(
t+ (m− j − 1)τ

)∥∥∥p dt]1/p

6 cp

[
m−1∑
j=0

|c|jp

l

∫ x+l+(m−j−1)τ

x+(m−j−1)τ

∥∥∥f(t+ τ
)
− cf

(
t
)∥∥∥p dt]1/p

6 cpϵ

[
m−1∑
j=0

|c|jp
]1/p

.

Therefore, for this number ϵ > 0, we can take the numbers l > 0 and mL > 0 in
definition of equi-Weyl-(p, c)-almost periodicity. This completes the proof. �

Consider now the following condition:

m ∈ Z r {0}, n ∈ N, (m,n) = 1, |c| = 1 and arg(c) = πm/n.(2.3)

The next corollary of Proposition 2.3 follows immediately:

Corollary 2.1. Let 1 6 p < ∞, f ∈ Lp
loc(I : E), and let (2.3) hold.

(i) If m is even and f(·) is an (equi-)Weyl-(p, c)-almost periodic function,
then f(·) is (equi-)Weyl-p-almost periodic.

(ii) If m is odd and f(·) is an (equi-)Weyl-(p, c)-almost periodic function, then
f(·) is (equi-)Weyl-p-almost anti-periodic.

Proposition 2.4. Let 1 6 p < ∞, f ∈ Lp
loc(I : E), and let |c| = 1, arg(c)/π /∈

Q. If f(·) is (equi-)Weyl-(p, c)-almost periodic and Stepanov p-bounded, then f(·)
is (equi-)Weyl-(p, c′)-almost periodic for all c′ ∈ S1.

Proof. It suffices to consider case in which the function f(·) is not almost
everywhere equal to zero. Let the numbers c′ ∈ S1 and ϵ > 0 be fixed; then the
set {cl : l ∈ N} is dense in S1 and therefore there exists an increasing sequence
(lk) of positive integers such that limk→+∞ clk = c′. Let k ∈ N be such that
|clk − c′| < ϵ/(2∥f∥Sp), and let ϵ > 0 be given. Then we can find two real numbers
l > 0 and L > 0 such that any interval I ′ ⊆ I of length L contains a point τ ∈ I ′

such that (2.1) holds. Then we have∥∥f(x+ τ)− c′f(x)
∥∥ 6

∥∥f(x+ τ)− clkf(x)
∥∥+ ∣∣clk − c′

∣∣ · ∥f(x)∥,
for any x ∈ I. Then the conclusion follows from Proposition 2.3, after integrating
the above estimate over the segment [x, x+ l] and using the estimate

1

l

∫ x+l

x

∥f(t)∥p dt 6 1

l
(1 + ⌊l⌋)∥f∥pSp .

�
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The main structural properties of (equi-)Weyl-(p, c)-almost periodic functions
are collected in the following theorem (see also [7, Proposition 2.3.5]):

Theorem 2.1. Let f : I → E be (equi-)Weyl-(p, c)-almost periodic, and let
α ∈ C. Then we have:

(i) αf(·) is (equi-)Weyl-(p, c)-almost periodic.
(ii) If E = C and ess infx∈R |f(x)| = m > 0, then 1/f(·) is (equi-)Weyl-

(p, 1/c)-almost periodic).
(iii) If (gn : I → E)n∈N is a sequence of bounded, continuous, (equi-)Weyl-

(p, c)-almost periodic functions and (gn)n∈N converges uniformly to a func-
tion g : I → E, then g(·) is (equi-)Weyl-(p, c)-almost periodic.

(iv) If a ∈ I and b ∈ Ir{0}, then the functions f(·+a) and f(b ·) are likewise
(equi-)Weyl-(p, c)-almost periodic.

Now we will provide two illustrative examples:

Example 2.1. Set f(t) := χ[0,1/2](t), t ∈ R. Then for each number l > 0 we
have

1

l

∫ x+l

x

|f(t+ τ)− cf(t)|p dt 6 1

2l
(1 + |c|)p, x ∈ R.

This implies that f(·) is equi-Weyl-(p, c)-almost periodic for each complex number
c ∈ Cr {0} and for each finite exponent p > 1.

Example 2.2. Set f(t) := χ[0,∞)(t), t ∈ R. Then for each number l > 0 we
have

sup
x∈R

1

l

∫ x+l

x

|f(t+ τ)− cf(t)|p dt > |1− c|p,

so that f(·) cannot be Weyl-(p, c)-almost periodic for c ̸= 1. On the other hand, it
is well known that f(·) is Weyl-(p, 1)-almost periodic for any finite exponent p > 1.

Concerning the invariance of (equi-)Weyl-(p, c)-almost periodicity under the
actions of convolution products, we will only note that the statements of [7, Propo-
sition 2.11.1, Theorem 2.11.4, Proposition 2.11.6] can be simply reformulated in
our framework.

3. S-asymptotically (ω, c)-periodic functions

We start this section by introducing the following notion:

Definition 3.1. Let ω ∈ I. Then we say that a continuous function f : I → E
is S-asymptotically (ω, c)-periodic if and only if lim|t|→∞ ∥f(t+ ω)− cf(t)∥ = 0; a
continuous function f : I → E is said to be Sc-asymptotically periodic if and only if
there exists ω > 0 such that f(·) is S-asymptotically (ω, c)-periodic. By SAPω;c(I :
E) and SAPc(I : E) we denote the spaces consisting of all such functions; if c = −1,
then we also say that the function f(·) is S-asymptotically ω-anti-periodic, resp.
S-asymptotically anti-periodic.
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This definition extends the well known definition of an S-asymptotically ω-
periodic function, introduced by H. Henŕıquez et al. [5] for case I = R and M.
Kostić [8] for case I = [0,∞). For the Stepanov classes, we will use the following
notion:

Definition 3.2. Let p ∈ [1,∞). A p-locally integrable function f(·) is said to
be Stepanov p-asymptotically (ω, c)-periodic if and only if

lim
|t|→∞

∫ t+1

t

∥∥f(s+ ω)− cf(s)
∥∥p ds = 0;

a p-locally integrable function f : I → E is said to be Stepanov pc-asymptotically
periodic if and only if there exists ω > 0 such that f(·) is Stepanov p-asymptotically
(ω, c)-periodic. By SpSAPω;c(I : E) and SpSAPc(I : E) we denote the spaces
consisting of all such functions; if c = −1, then we also say that the function
f(·) is Stepanov p-asymptotically ω-anti-periodic, resp. Stepanov p-asymptotically
anti-periodic.

Now we will introduce the class of quasi-asymptotically c-almost periodic func-
tions:

Definition 3.3. It is said that a continuous function f : I → E is quasi-
asymptotically c-almost periodic if and only if for each ϵ > 0 there exists a finite
number L(ϵ) > 0 such that any interval I ′ ⊆ I of length L(ϵ) contains at least one
number τ ∈ I ′ satisfying that there exists a finite number M(ϵ, τ) > 0 such that

∥f(t+ τ)− cf(t)∥ 6 ϵ, provided t ∈ I and |t| > M(ϵ, τ).

Denote by Q−AAPc(I : E) the set consisting of all quasi-asymptotically c-almost
periodic functions from I into E; if c = −1, then we also say that the function f(·)
is quasi-asymptotically almost anti-periodic.

The various notions of Stepanov quasi-asymptotically almost periodic functions
in Lebesgue spaces with variable exponent, introduced and analyzed in [2], can be
slightly generalized by the use of the difference f(·+ τ)− cf(·). For simplicity, we
will consider the following notion of Stepanov (p, c)-quasi-asymptotically almost
periodicity, only:

Definition 3.4. A p-locally integrable function f(·) is said to be Stepanov
(p, c)-quasi-asymptotically almost periodic if and only if for each ϵ > 0 there exists
a finite number L(ϵ) > 0 such that any interval I ′ ⊆ I of length L(ϵ) contains at
least one number τ ∈ I ′ satisfying that there exists a finite number M(ϵ, τ) > 0
such that∫ t+1

t

∥f(s+ τ)− cf(s)∥p ds 6 ϵp, provided t ∈ I and |t| > M(ϵ, τ).

By SpQ − AAPc(I : E) we denote the set consisting of all Stepanov p-quasi-
asymptotically c-almost periodic functions from I into E; if c = −1, then we also
say that the function f(·) is Stepanov p-quasi-asymptotically almost anti-periodic.
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Remark 3.1. A p-locally integrable function f(·) is Stepanov (p, c)-quasi-
asymptotically almost periodic if and only if the function f : I → Lp([0, 1] : E) is
quasi-asymptotically c-almost periodic. Similar statements hold for the classes of
Stepanov p-asymptotically (ω, c)-periodic functions and Stepanov pc-asymptotically
periodic functions. This observation enables one to see that many results clarified
below, like Proposition 3.1, Corollary 3.1 and Theorem 3.1, continue to hold for
the corresponding Stepanov classes of functions under our consideration.

It is very simple to prove that any asymptotically c-almost periodic function is
quasi-asymptotically c-almost periodic. Furthermore, (2.2) easily implies:

Proposition 3.1. Let ω > 0, f : I → E be an S-asymptotically (ω, c)-periodic
(Sc-asymptotically periodic, quasi-asymptotically c-almost periodic), and let m ∈
N. Then f(·) is S-asymptotically (mω, cm)-periodic (Scm-asymptotically periodic,
quasi-asymptotically cm-almost periodic).

The next corollary of Proposition 3.1 follows immediately:

Corollary 3.1. Let f : I → E be a continuous function, and let (2.3) hold.

(i) If m is even and f(·) is S-asymptotically (ω, c)-periodic (Sc-asymptotically
periodic, quasi-asymptotically c-almost periodic), then f(·) is
S-asymptotically ω-anti-periodic (S-asymptotically anti-periodic, quasi-
asymptotically almost anti-periodic).

(ii) If m is odd and f(·) is S-asymptotically (ω, c)-periodic (Sc-asymptotically
periodic, quasi-asymptotically c-almost periodic), then f(·) is
S-asymptotically ω-periodic (S-asymptotically periodic,
quasi-asymptotically almost periodic).

Therefore, if arg(c)/π ∈ Q, then the class of S-asymptotically (ω, c)-periodic
functions (Sc-asymptotically periodic functions, quasi-asymptotically c-almost pe-
riodic functions) is always contained in the class of S-asymptotically ω-periodic
functions (S-asymptotically periodic functions, quasi-asymptotically almost peri-
odic functions).

Arguing as in the proof of [6, Proposition 2.11], we may conclude that the
following result holds true:

Corollary 3.2. Let |c| = 1 and arg(c)/π /∈ Q. If f(·) is bounded
S-asymptotically (ω, c)-periodic (bounded Sc-asymptotically periodic, bounded quasi-
asymptotically c-almost periodic), then f(·) is S-asymptotically ω-periodic
(S-asymptotically periodic, quasi-asymptotically almost periodic).

Further on, a slight modification of the proof of [8, Theorem 2.5] shows that
the following statement holds:

Theorem 3.1. Let F (I : E) be any space consisting of continuous functions
h : I → E such that supt∈I ∥h(t + τ) − ch(t)∥ = supt>a ∥h(t + τ) − ch(t)∥, a ∈ I.
Then the following holds:

(i) AAAc(I : E) ∩Q−AAPc(I : E) = AAPc(I : E).
(ii) AAc(R : E) ∩Q−AAPc(R : E) = APc(R : E).
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We will include the proof of the following proposition for the sake of complete-
ness (see also the proof of [8, Proposition 2.7]):

Proposition 3.2. Let |c| 6 1. Then SAPω;c(I : E) ⊆ Q−AAPc(I : E).

Proof. Let ϵ > 0 be given. Then we can take L(ϵ) = 2ω in definition of
space Q−AAPc(I : E). Then any interval I ′ ⊆ I of length L(ϵ) contains a number
τ = nω for some n ∈ N. For this n and ϵ, there exists a finite number M(ϵ, n) > 0
such that ∥f(t+ ω)− cf(t)∥ 6 ϵ/nω for |t| > M(ϵ, n). Then we have

∥f(t+ nω)− cf(t)∥ 6
n−1∑
k=0

|c|n−k−1∥f(t+ (k + 1)ω)− cf(t+ kω)∥

6
n−1∑
k=0

∥f(t+ (k + 1)ω)− cf(t+ kω)∥ 6
n−1∑
k=0

ϵ

nω
= ϵ/ω,

provided |t| > M(ϵ, n) + nω. This completes the proof. �

The following proposition can be deduced from the argumentation contained
in the proof of [8, Proposition 2.12]:

Proposition 3.3. We have SpQ−AAPc(I : E) ⊆ W p
ap;c(I : E).

The structural properties of quasi-asymptotically almost periodic functions
clarifed in [8, Theorem 2.13] can be slightly generalized in the following manner:

Theorem 3.2. Let f : I → E be a quasi-asymptotically c-almost periodic
function (Stepanov (p, c)-quasi-asymptotically almost periodic function). Then we
have:

(i) αf(·) is quasi-asymptotically c-almost periodic (Stepanov (p, c)-quasi-asy-
mptotically almost periodic) for any α ∈ C.

(ii) If E = C and infx∈I |f(x)| = m > 0 (essinfx∈I |f(x)| = m > 0),
then 1/f(·) is quasi-asymptotically 1/c-almost periodic (Stepanov (p, 1/c)-
quasi-asymptotically almost periodic).

(iii) If (gn : I → E)n∈N is a sequence of quasi-asymptotically c-almost periodic
functions and (gn)n∈N converges uniformly to a function g : I → E, then
g(·) is quasi-asymptotically c-almost periodic.

(iv) If (gn : I → E)n∈N is a sequence of Stepanov (p, c)-quasi-asymptotically
almost periodic functions and (gn)n∈N converges to a function g : I → E
in the space Lp

S(I : E), then g(·) is Stepanov (p, c)-quasi-asymptotically
almost periodic.

(v) The functions f(·+a) and f(b ·) are likewise quasi-asymptotically c-almost
periodic (Stepanov (p, c)-quasi-asymptotically almost periodic), where a ∈
I and b ∈ I r {0}.

The space of quasi-asymptotically c-almost periodic functions is not closed un-
der pointwise addition and multiplication, as easily approved (see also [8, Proposi-
tion 2.15, Example 2.16-Example 2.18]).
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Concerning the invariance of quasi-asymptotical c-almost periodicity under the
actions of convolution products, the structural results clarified in [8, Section 3]
continue to hold for (Stepanov p-) bounded forcing terms f(·) :

Proposition 3.4. (i) Suppose that (R(t))t>0 ⊆ L(X,E) is a strongly continu-
ous operator family and

∫∞
0

∥R(s)∥ ds < ∞. If the function f ∈ Q−AAPc([0,∞) :
X) is bounded, then the function F (·), defined through

F (t) :=

∫ t

0

R(t− s)f(s) ds, t > 0,(3.1)

belongs to the class Q−AAPc([0,∞) : E).
(ii) Suppose that (R(t))t>0 ⊆ L(X,E) is a strongly continuous operator family

and
∫∞
0

∥R(s)∥ ds < ∞. If f ∈ Q − AAPc(R : X) is bounded, then the function
F(t), defined through

F(t) :=

∫ t

−∞
R(t− s)f(s) ds, t ∈ R,(3.2)

belongs to the class Q−AAPc(R : E).

Proposition 3.5. (i) Suppose that 1/p + 1/q = 1, (R(t))t>0 ⊆ L(X,E) is a
strongly continuous operator family and

∑∞
k=0 ∥R(·)∥Lq [k,k+1] < ∞. If f ∈ SpQ −

AAPc([0,∞) : X) is Stepanov p-bounded, then the function F (·), defined by (3.1),
belongs to the class Q−AAPc([0,∞) : E).

(ii) Suppose that 1/p + 1/q = 1, (R(t))t>0 ⊆ L(X,E) is a strongly continuous
operator family and

∑∞
k=0 ∥R(·)∥Lq [k,k+1] < ∞. If f ∈ SpQ − AAPc(R : X) is

Stepanov p-bounded, then the function F(·), defined by (3.2), belongs to the class
Q−AAPc(R : E).

3.1. Composition principles for quasi-asymptotically c-almost peri-
odic functions. The main aim of this subsection is to introduce the class of
quasi-asymptotically c-almost periodic functions depending on two parameters, its
Stepanov generalization and to formulate several composition principles for quasi-
asymptotically c-almost periodic functions. The following notion has recently been
introduced in [2]:

Definition 3.5. Let B ⊆ P (E), where P (E) denotes the power set of E. A
continuous function F : I × X → E is said to be uniformly continuous on B,
uniformly for t ∈ I if and only if for every ϵ > 0 and for every B ∈ B there exists
a number δϵ,B > 0 such that ∥F (t, x) − F (t, y)∥ 6 ϵ for all t ∈ I and all x, y ∈ B
satisfying that ∥x− y∥ 6 δϵ,B .

We continue by introducing the folowing definition:

Definition 3.6. Suppose that F : I × X → E is a continuous function and
F is a non-empty collection of subsets of X. Then we say that F (·, ·) is quasi-
asymptotically c-almost periodic, uniformly on F if and only if for each ϵ > 0 there
exists a finite number L(ϵ) > 0 such that any interval I ′ ⊆ I of length L(ϵ) contains
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at least one number τ ∈ I ′ satisfying that there exists a finite number holds with a
number M(ϵ, τ) > 0 such that for each subset B ∈ F we have:∥∥F (t+ τ, x)− cF (t, x)

∥∥
Y
6 ϵ, provided t ∈ I, x ∈ B and |t| > M(ϵ, τ).

Denote by Q − AAPc;F (I × X : E) the set consisting of all quasi-asymptotically
c-almost periodic functions F : I ×X → E on F .

Suppose that F : I ×X → E is a continuous function and there exists a finite
constant L > 0 such that

∥F (t, x)− F (t, y)∥ 6 L∥x− y∥X , t ∈ I, x, y ∈ X.(3.3)

Define F(t) := F (t, f(t)), t ∈ I. We need the following estimates (τ > 0, t ∈ I):∥∥∥F (t+ τ, f(t+ τ))− cF (t, f(t))
∥∥∥

6
∥∥∥F (t+ τ, f(t+ τ))− F

(
t+ τ, cf(t)

)∥∥∥+∥∥∥F(t+ τ, cf(t)
)
− cF (t, f(t))

∥∥∥
6 L

∥∥∥f(t+ τ)− cf(t)
∥∥∥+ ∥∥∥F(t+ τ, cf(t)

)
− cF (t, f(t))

∥∥∥.(3.4)

Using (3.4) and the proofs of [1, Theorem 3.30, Theorem 3.31], we may deduce
the following composition principles:

Theorem 3.3. Suppose that F ∈ Q−AAPc(I ×X : E) and f ∈ Q−AAPc(I :
X). If there exists a finite number L > 0 such that∥∥F (t, x)− F (t, y)

∥∥
Y
6 L∥x− y∥, x, y ∈ X, t ∈ I

and for each ϵ > 0 there exists a finite number L(ϵ) > 0 such that any interval
I ′ ⊆ I of length L(ϵ) contains at least one number τ ∈ I ′ satisfying that∥∥∥F (t+ τ, cf(t)

)
− cF (t, f(t))

∥∥∥6 ϵ, t ∈ I,(3.5)

then the function t 7→ F (t, f(t)), t ∈ I belongs to the class Q−AAPc(I : E).

Theorem 3.4. Suppose that F ∈ Q−AAPc(I ×X : E) and f ∈ Q−AAPc(I :
X). If the function x 7→ F (t, x), t ∈ I is uniformly continuous on R(f) uniformly for
t ∈ I and for each ϵ > 0 there exists a finite number L(ϵ) > 0 such that any interval
I ′ ⊆ I of length L(ϵ) contains at least one number τ ∈ I ′ satisfying that (3.5) holds,
then the function t 7→ F (t, f(t)), t ∈ I belongs to the class Q−AAPc(I : E).

The notion of a Stepanov (p, c)-quasi-asymptotically almost periodic function
depending on two parameters can be also introduced, and [8, Theorem 2.23, The-
orem 2.24] can be slightly generalized in this framework.

It is clear that Proposition 3.4 and Proposition 3.5 can be applied at any place
where the variation of parameteters formula takes effect. In [8, Section 4], we
have analyzed the qualitative solutions of the abstract nonautonomous differential
equations u′(t) = A(t)u(t) + f(t), t ∈ R,

u′(t) = A(t)u(t) + f(t), t > 0; u(0) = x(3.6)

and their semilinear analogues. We close the paper with the observation that
the structural results established in [8, Theorem 4.1, Theorem 4.3] can be simply
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reformulated in our context; for example, in the formulation of [8, Theorem 4.1],
we can assume that

∞∑
k=0

∥∥Γ(t+ τ, t+ τ − ·)− cΓ(t, t− ·)
∥∥
Lq[k,k+1]

6 ϵ, provided t > M(ϵ, τ),

in place of condition [8, (4.1)]. Then the unique mild solution u(·) of the abstract
Cauchy problem (3.6) will belong to the class Q−AAPc([0,∞) : E)+F ; see [8] for
the notation. The structural results established for the abstract nonautonomous
semilinear differential equations [8, Theorem 4.6, Theorem 4.7] can be slightly
generalized in our framework, as well.
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