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GRADINGS ON QUATERNION BLOCKS WITH

TWO SIMPLE MODULES

Dusko Bogdanic

Abstract. In this paper we show that tame blocks of group algebras with
quaternion defect groups and two isomorphism classes of simple modules can
be non-trivially graded. We prove this by using the transfer of gradings via

derived equivalences. The gradings that we transfer are such that the arrows
of the quiver are homogeneous elements. We also show that, up to graded
Morita equivalence, on such a block there exists a unique grading.

1. Introduction and preliminaries

This paper is a continuation of a series of papers [6, 7, 8] in which we study

existence of gradings on blocks of group algebras. In our previous paper [8], we

proved that tame blocks of group algebras with quaternion defect groups and three

isomorphism classes of simple modules can be non-trivially graded. We use the

same techniques of transfer of gradings between symmetric algebras via derived

equivalences (see [12]) in order to construct non-trivial gradings on quaternion

blocks of group algebras with two simple modules.

Let A be an algebra over a field k. We say that A is a graded algebra if A is

the direct sum of subspaces A =
⊕

i∈Z Ai, such that AiAj ⊂ Ai+j , i, j ∈ Z. The

subspace Ai is said to be the homogeneous subspace of degree i. It is obvious that

we can always trivially grade A by setting A0 = A. A given grading is positive if

Ai = 0 for all i < 0. In this paper we study the problem of existence of non-trivial

gradings on blocks of group algebras with quaternion defect groups and two simple

modules. Also, for a given pair of non-trivial gradings on these blocks, we study
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their relationship and prove that, up to graded Morita equivalence, these gradings

are equal. We refer the reader to [1] for details on defect groups of blocks of group

algebras.

Tame blocks of group algebras appear only for group algebras over fields of

characteristic 2, so for the remainder of this paper we will assume that the field k

we work over is of characteristic 2. All algebras in this paper are finite dimensional

algebras over the field k, and all modules will be left modules. The category of

finite dimensional A–modules is denoted by A–mod and the full subcategory of

finite dimensional projective A–modules is denoted by PA. The derived category of

bounded complexes over A–mod is denoted by Db(A), and the homotopy category

of bounded complexes over PA will be denoted by Kb(PA).

We refer the reader to [5, 8] for introductory remarks about graded algebras

and modules. The aim of this paper is to show how one can use transfer of gradings

via derived equivalences to grade tame blocks with quaternion defect groups and two

simple modules. These complex methods of constructing gradings on associative

algebras have previously been studied in [12, 5, 6, 7].

1.1. Quaternion blocks with two simple modules. If B is any block with

a quaternion defect group of order 2n and with two isomorphism classes of simple

modules, then B is Morita equivalent to the algebra Q(2A)2
n−2,c or to the algebra

Q(2B)2
n−2,c

1 for some c ∈ k (see [9]):

(1) For any integer r > 2 and c ∈ k let Q(2A) := Q(2A)r,c be the algebra

defined by the quiver and relations

0•α
'' β

++ •1
γ

kk
γβγ = (γαβ)r−1γα,

βγβ = (αβγ)r−1αβ, α2β = 0,

α2 = (βγα)r−1βγ + c(βγα)r.

(2) For any integer r > 3 and c ∈ k let Q(2B)1 := Q(2B)r,c1 be the algebra

defined by the quiver and relations

0•α
'' β

++ •1
γ

kk η
ww γβ = ηr−1, βη = αβγαβ,

ηγ = γαβγα, α2β = 0,

α2 = βγαβγ + c(βγα)2.

We recommend [2] and [4] as a good introduction to path algebras of quivers.

For fixed n and c, Holm proved in [10] that Q(2A)2
n−2,c and Q(2B)2

n−2,c
1 are

derived equivalent. It is not known whether for different scalars c we get algebras

that are derived equivalent.
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2. Transfer of gradings via derived equivalences

We prove the following theorem by using the transfer of gradings via derived

equivalences.

Theorem 2.1. Let A be a tame block of a group algebra with quaternion defect

groups and two isomorphism classes of simple modules. There exists a non-trivial

grading on A.

We recall from [8] the procedure of transfer of gradings via derived equivalences.

Let A and B be two symmetric algebras over a field k and let us assume that

A is a graded algebra, and that A and B are derived equivalent. For a given

tilting complex T of A-modules, which is a bounded complex of finitely generated

projective A-modules, there exists a structure of a complex of graded A-modules

T ′ on T . If T is a tilting complex that tilts from A to B, then EndKb(PA)(T ) ∼= Bop

(see [5] or [12] for more details). Viewing T as a graded complex T ′, and by

computing its endomorphism ring as a graded object, we get a graded algebra which

is isomorphic to the opposite algebra of the algebra B. The choice of a grading

on T ′ is unique up to shifting the grading of each indecomposable summand of

T ′, because any two different gradings on an indecomposable module (bounded

complex) differ only by a shift (see [3, Lemma 2.5.3]). We refer the reader to

[11, 6, 7] for details on categories of graded modules and their derived categories,

and [13] for basics of homological algebra.

We will use tilting complexes given in [10] to transfer gradings between quater-

nion blocks with two simple modules.

For the remainder of this paper, if we say that an algebra given by a quiver and

relations is graded, we will assume that it is graded in such a way that the arrows

and the vertices of its quiver are homogeneous.

Remark 2.1. By Example 2.5 in [7], we can always assume that the vertices

of the quiver are homogeneous elements of degree 0. Also, for any arrow of the

quiver we can assume that it is a sum of homogeneous paths, each with the same

start and end point as the given arrow. Moreover, using the same arguments as

in Lemma 2.12 in [7], we have that for any arrow α of the quiver, there exists a

homogeneous element of the form α + t, where t is a linear combination of paths

of length strictly greater than 1. For the simplicity of our calculations, we assume

that the arrows are homogeneous.

Let us now fix an integer r and an element c from the field k. Let us assume

that Q(2A) is graded in such a way that d1 = deg(α), d2 = deg(β) and d3 = deg(γ).
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Since the relations of Q(2A) are homogeneous, the following equations hold

r(d2 + d3)+(r − 3)d1=0,

(r − 2)(d2 + d3)+ rd1 =0.

It follows that d1 = 0 and d2 + d3 = 0. We write d and −d instead of d2 and

d3 respectively. Hence, this grading only depends on our choice of integer d2.

Thus, non-trivial gradings on Q(2A) such that the arrows of the quiver of Q(2A)

are homogenous are parameterized by Z r {0}. With respect to this grading, the

graded quiver of Q(2A) is

0•0
'' d

++ •1
−d

kk

Remark 2.2. From d3 = −d2 follows that d3 and d2 cannot be positive simul-

taneously. Hence, there does not exist a non-trivial positive grading on Q(2A) such

that the arrows of its quiver are homogeneous elements.

For a given algebra A, if we have two different gradings on A, we will denote

them by (A, π) and (A, π′).

Definition 2.1 ([12, Section 5]). Let (A, π) and (A, π′) be gradings on a finite

dimensional k-algebra A, and let S1, S2, . . . , Sr be the isomorphism classes of simple

A-modules. We say that (A, π) and (A, π′) are graded Morita equivalent if there

exist integers dij , where 1 6 j 6 dimSi and 1 6 i 6 r, such that the graded

algebras (A, π′) and Endgr(A,π)(
⊕

i,j Pi⟨dij⟩)op are isomorphic, where Pi denotes

the projective cover of Si.

Note that graded algebras (A, π) and (A, π′) are graded Morita equivalent if

and only if their categories of graded modules are equivalent.

Theorem 2.2. Up to graded Morita equivalence, there exists a unique non-

trivial grading on Q(2A) such that the arrows of its quiver are homogeneous.

Proof. We have seen above that the grading on Q(2A) is completely deter-

mined by our choice of degree d2 of the arrow β. If d2 and d′2 are two integers

giving us two non-trivial gradings on Q(2A) (respectively denoted by (Q(2A), π)

and (Q(2A), π′)), then by shifting P0, the projective indecomposable module that

we see as a graded module in such a way that its top is in degree 0, by d′2 − d2
we get that (Q(2A), π′) and Endgr(Q(2A),π)(P0⟨d′2 − d2⟩ ⊕ P1)

op are isomorphic as

graded algebras. �
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The graded radical layers, with respect to the above grading where d2 = d, of

the projective indecomposable Q(2A)-modules are:

S0

0 S0 S1 −d
−d S1 S0 0
0 S0 S0 0

...
...

0 S0 S1 −d
−d S1 S0 0
0 S0

,

S1

S0 d
d S0

0 S1

... S1 0
d S0

d S0

0 S1

.

The integers that appear to the left and right of simple modules in the above

radical layers denote homogeneous degrees of these simple modules.

With respect to this grading, the graded Cartan matrix of Q(2A) is(
4r 2rqd

2rq−d r + 2

)
and its determinant is 8r.

Let T := T0 ⊕ T1 be a complex of Q(2A)-modules, where

T0 : 0 // P1⟨d⟩ ⊕ P1⟨d⟩
(γ,γα) // P0

// 0

has non-zero entries in degrees 0 and 1, and T1 is the stalk complex with P1 in

degree 0. Holm proved in [10] that T tilts from Q(2A) to Q(2B)1. Viewing T

as a graded complex and calculating EndKb(PQ(2A))(T ) in the category of graded

complexes gives us Q(2B)1 as a graded algebra.

We easily conclude that EndgrKb(PQ(2A))
(T1) is isomorphic to the direct sum of

r + 2 copies of k⟨0⟩. It follows that deg(η) = 0 in the quiver of Q(2B)1. From the

relations of Q(2B)1 we get that deg(β) + deg(γ) = 0 and deg(α) = 0. It is obvious

that the only summand of

HomgrKb(PQ(2A))
(T1, T0) ∼= HomgrQ(2A)(P1, ker(γ, γα))

is k⟨d⟩. This means that the paths from the vertex corresponding to T1 to the

vertex corresponding to T0 are in degree −d. Since γ is one of these paths we have

that deg(γ) = −d and deg(β) = d.

With respect to this grading, the graded quiver of Q(2B)1 is given by

0•0
'' d

++ •1
−d

kk 0
ww

The graded Cartan matrix of Q(2B)1 with respect to this grading is(
8 4qd

4q−d r + 2

)
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and its graded determinant is 8r.

We see that for each quaternion block the resulting grading obtained by transfer

of gradings via derived equivalences is a non-trivial grading for an appropriate

choice of the homogeneous degrees of the arrows of an appropriate quiver. Thus,

we have proved Theorem 2.1. Also, since d and −d can not simultaneously be

greater than zero, it follows that this grading is never positive. Using the same

arguments as with Q(2A), it can be shown that up to graded Morita equivalence

there exists a unique grading on Q(2B)1.
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