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A NOTE ON POSITIVE PLURIHARMONIC
FUNCTIONS IN THE UNIT BALL IN C"

Milos Arsenovié' and Jelena Gajié

ABSTRACT. We prove Schwarz-Pick lemma for strictly positive pluriharmonic
functions in the unit ball in C". We give a distance estimate in terms of
Bergman metric as well as an estimate on the gradient of such functions.

1. Introduction

We use standard notation: the open unit ball in C™ is denoted by B™, the
Hermitian inner product of z = (21,...,2,) and w = (wy, ..., w,) is denoted by

n
(z,w) = Z 2;W;5.
i=1

This inner product induces the standard Euclidean norm |2| = (37, |zj|2)% of a
vector z in C™. The operator norm is denoted by || - ||. The open unit disc in the
complex plane is denoted by D and the right half-plane {z € C : 2z > 0} in C is
denoted by K.

Let Q@ C C™ be a domain (an open, connected and nonempty set). A function
u € C?(2,C) is said to be pluriharmonic if for every complex line

l=lgp={a+&b:£€C}, aceC” beC" b#0
the function & — u(a + £b) is harmonic on the set & = {{ € C : a + &b € Q}.
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The set of all holomorphic maps between domains ; C C™ and Q9 C C™ is
denoted by H(Q1,s). The following proposition establishes connection between
real valued pluriharmonic functions and holomorphic functions.

PROPOSITION 1.1 ([2]). A function u € C*(B",R) is pluriharmonic if and only
if it is the real part of a holomorphic function on B™.

Let, for a in B", P, be the orthogonal projection of C™ onto the subspace

[a] generated by a and let Q, = I — P, be the projection onto the orthogonal
complement of [a]. Set s, = (1 — |a|?)2 and define
a— Py(z) — 5,Qa(2)
1]. a = )
(11) Bul2) e
Then ¢/,(0) = —s2P, — $4Qq and ¢/, (a) = — 25 P, — -Q,. More details about these
automorphisms of the unit ball B” can be found in [6]. Note that for n = 1 they
are well known automorphisms of the unit disc.

z € B".

Regarding Bergman metrics, we refer the reader to [1]. The Bergman distance
on a domain Q C C" is denoted by dg(z,w), the Bergman norm of a (tangent)
vector £ € T,Q) = C™ is denoted by |{|p,a,» or, when there is no ambiguity, by |¢| 5. ..
The following proposition is a fundamental invariance property of the Bergman
distance.

PROPOSITION 1.2 ([1]). Let Qq,Qs C C™ be domains and let f: Q1 — Qs be a
biholomorphic mapping. Then f induces an isometry of Bergman metrics:

|£|B,z = |<J(Cf)§|B’j(z) 9 zZ € Ql7 5 € (Cn'

Equivalently, f induces an isometry with respect to Bergman distances:

(1'2) sz(f(Z)’f(w)) :d91(27w)7 z,w € €.
The Bergman distance on B" is given by
1+ |¢w(2)|

1.3 dgn (z,w) = In ————-, z,w € B",
3 e ) =TT )

where ¢,, denotes automorphism of B" introduced in (1.1). A multiplicative factor
often appears in literature in the above formula; we choose to drop it in order to
conform to [4]. The upshot is that we can use Theorem 1.1 without modifications.

Applying Proposition 1.2 to a conformal map z — (z —1)/(z + 1) of K onto D
after a simple calculation one obtains Bergman distance on K:
z—1 w—l) |w+ z| + |z — w|

—— ——— | =In — , z,w € K.
z4+1 w+1 |lw+z| — |z — w|

(14) dK(Z,U}) = d]]) (
In particular, for real z,y > 0 we have

(1.5) dg(x,y) =

lnm‘.
Yy



ON POSITIVE PLURIHARMONIC FUNCTIONS IN THE UNIT BALL IN C" 251

In general, f € H(21,82) does not imply that
(1.6) doy (F(2), f(w)) < doy (5w)  forall 2w e 9.

However, in some special cases the above contraction property does hold. This is
the content of the following theorem.

THEOREM 1.1 ([4]). Every holomorphic function f : B™ — D is a contraction
with respect to Bergman metric on B" and D.

For a function f € C1(B") M-invariant real gradient is defined by
Vf(z) = V(f0:)(0),
where ¢, denotes automorphism of B". Then IVF(0)| = |Vf(0)] and [V f(z)] =
IV (fo¢,)(0)]. More details about M— invariant real gradient can be found in [5].
2. Main results
We begin with an elementary lemma.

LEMMA 2.1. For all z1 and z2 in K we have
%2’1 — %Zz
Rz1 + Rzo
Equality holds if and only if Sz1 = Szs.

21 — 22
~ —_
Zl+22

(2.1)

PROOF. We have z; = x1 + iy; and 2o = x9 + iys, where 1,22 > 0. Our
inequality is equivalent to |z1 — x| - [Z1 + 22| < |21 + 22| - |21 — 22| and therefore to
(21— 22)?((x1 + 22)* + (12 — 11)?) < (21 + 22)*((z1 — 22)> + (y1 — ¥2)?).

The last inequality is equivalent to an obviously valid inequality
(10 = )2 (1 +22)? = (21 = 22)?) 2 0.
Clearly, equality holds if and only if y; = ya. O
The method of using estimates for analytic functions to obtain results of

Schwarz-Pick type for harmonic functions was developed by M. Mateljevi¢ and
his collaborators, see [3].

THEOREM 2.1. Let u be a pluriharmonic function from B™ to (0,+00). Then
we have
(2.2) dx (u(z),u(w)) < dgn(z,w), z,w € B".

Proo¥r. By Proposition 1.1 there is a holomorphic function f : B™ — K such
that u = Rf. Therefore g(z) = L22=1 ¢ H(B", D).

e+
By Proposition 1.2 and Theorem 1.1 we have
(2.3) dx (f(2), f(w)) = dp(g9(2), 9(w)) < dpn(z,w)  z,weB"

Since %7 0 <z <1,and Inz, z > 0, are increasing functions we have, by Lemma
2.1

d (u(2), w(w)) = dx(Rf(2), Rf (w)) < d(f(2), f(w)),
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which, combined with (2.3), gives (2.2). O

In view of (1.5) inequality (2.2) can be written in the following form

(24) e*d[as”(z,w) < 'LL(Z) < edmn(z,w), z,wE B™.
u(w)

COROLLARY 2.1. If f is a holomorphic function on B™ and 0 < |f(z)| < 1, then
Ed n (z,w)
(2.5) [ f(w)|*™

PROOF. Let u(z) =In le)l Then u is a pluriharmonic function from B" into

—dpn (z,w)

< f(2)| < [ f(w)| , z,w € B".

(0, +00) and according to (2.4) we have

o—dzn (z,w) cdpn (z,w)
In (1) <lIn 1 <ln <1>
|f(w)] SR T T\ f ()]
which gives (2.5). O
THEOREM 2.2. If u is a pluriharmonic function from B™ to (0,+0c0), then
2u(z) n
[Vu(z)] < e z € B".

PROOF. As in the proof of Theorem 2.1, there exists a holomorphic function
f € HB", K) such that w = Rf. Using Cauchy-Riemann equations we obtain

n 2 n 2

af , .| | du u

/ o _ _

(26) |f'(2) = ;:1 o= (2) ;:1 oo, (2) +i§:1j e (2)| =|Vu(z).
Since g(z) = ;Ejg: € H(B",D) we can apply classical Schwarz lemma to

he(N) = g(AE), where & € C™ and || = 1, to obtain |¢’(0)¢] < 1 — |g(0)[*>. Since
this is valid for all |¢] = 1, we obtain |¢/(0)] < 1 — |g(0)|>. Therefore
2 / 1—|g(0)?
— = |g(0)] < 2— L
Teop O o
This, combined with 1 — |g|? = |fj-7u1\2 and |1 —g|? = ﬁ7 gives
[Vu(0)] < 2u(0),

which is desired estimate at the origin. The function v = uog, is also pluriharmonic,
see [6], so we can apply the obtained estimate at the origin and get

(2.7) [Vo(0)] = [V (u o ¢:)(0)] < 2(uo ¢:)(0) = 2u(2).

Since Vu(0) = Vu(z) - ¢,(0) and ¢,(2)¢,(0) = I, we have Vu(z) = Vo(0)¢, ().
Using ||¢.(2)|| = ﬁ and (2.7) we obtain

IVu(0)] = [£(0)] =

2u(z)
1z

and complete the proof. O

[Vu(z)| = [Vo(0)¢%(2)] < [Vo(0)] - [|¢%(2)]| <
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At the origin, based on the previous theorem, we have |Vu(0)| < 2u(0). Then,
V(1o ¢.)(0)] < 2(uocg.)(0) = 2u(z).
Since |Vu(z)| = |V (u o ¢,)(0)| we have obtained the following corollary.
COROLLARY 2.2. If u is a pluriharmonic function from B™ to (0,+0o0), then
|Vu(z)| < 2u(2), z € B".
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