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SOME FIXED POINT THEOREMS UNDER
IMPLICIT RELATION ON S-METRIC SPACES

Gurucharan Singh Saluja

ABSTRACT. The aim of this paper is to establish some fixed point and common
fixed points theorems in the setting of S-metric space under implicit relation.
Our results extend, unify and generalize several results from the current ex-
isting literature.

1. Introduction

Metric space is one of the most useful and important space in mathematics. Its
wide area provides a powerful tool to the study of variational inequalities, optimiza-
tion and approximation theory, computer sciences and so many other mathematics
fields. As it is well-known, one of the most useful result in nonlinear analysis is the
Banach contraction mappings principle [2]. Many authors generalized this famous
result in different ways. Recently the study of fixed point theory in metric space is
very interesting field and attract many researchers to investigated different results
on it.

In 2006, Mustafa and Sims [8] introduced a new structure of generalized metric
space, called G-metric space and gave a modification to the contraction principle of
Banach. After then, some authors [3, 9, 14] have proved some fixed point results
in these spaces. In 1992, B.C. Dhage [4] introduced the notion of D-metric space
and proved some fixed point theorems. In 2007, Sedghi et al. [11] introduced
D*-metric space which is a modification of D-metric spaces and proved some fixed
point theorems in D*-metric spaces. Later on many authors have studied the fixed
point theorems in generalized metric spaces (see, for example [1, 6, 7, 15]).
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In 2012, Sedghi et al. [12] introduced the concept of S-metric space which is
a generalization of a G-metric space and D*-metric space and obtained some fixed
point theorems in S-metric space. They also give some examples of S-metric space
which shows that S-metric space is different from other spaces.

In 2013, Gupta [5] introduced the concept of cyclic contraction on S-metric
space and proved some fixed point theorems on S-metric spaces which generalized
the results of Sedghi et al. [12]. In 2014, Sedghi and Dung [13] have proved
a general fixed point theorem in S-metric space using implicit relation and as
application they obtained many analogous of fixed point theorems in metric spaces
for S-metric spaces.

In 2015, Prudhvi [10] proved some fixed point theorems on S-metric spaces
which extend and improve the results of Sedghi and Dung [13].

Motivated by Gupta [5], Prudhvi [10] and some others, the main purpose of this
paper is to study and establish some fixed point and common fixed point theorems
in S-metric space satisfying ¢-implicit relation. Our results extend, generalize and
unify several results from the existing literature.

2. Preliminaries
We need the following definitions and lemmas in the sequel.
DEFINITION 2.1. ([12]) Let X be a nonempty set and S: X® — [0,00) be a
function satisfying the following conditions for all x, y, z, t € X:
(SM1) S(z,y,2z) =0 if and only if x =y = z;
(SM2) S(2,5,2) < S(w,2,8) + (5,5, £) + S(2 2, 1),
Then the function S is called an S-metric on X and the pair (X, .S) is called

an S-metric space or simply SMS.

ExaMPLE 2.1. ([15]) Let X be a nonempty set and d be the ordinary metric
on X. Then S(z,y,2) = d(z, z) + d(y, z) is an S-metric on X.

EXAMPLE 2.2. ([12]) Let X = R™ and ||.| a norm on X, then S(x,y,2) =
lly + 2z — 22| + ||y — z]| is an S-metric on X.

EXAMPLE 2.3. ([12]) Let X = R™ and ||.| a norm on X, then S(x,y,2) =
|z — 2| + ||y — 2|| is an S-metric on X.

EXAMPLE 2.4. ([13]) Let X = R be the real line. Then S(z,y,2) = |z — 2| +
ly — z| for all z,y,z € R is an S-metric on X. This S-metric on X is called the
usual S-metric on X.

LEMMA 2.1 ([12],Lemma2.5). If (X,S) is an S-metric space, then we have
S(z,z,y) = S(y,y,x) for all z,y € X.

LEMMA 2.2 ([12],Lemma2.12). Let (X,S) be an S-metric space. If x, — x
and Y, — Yy as n — oo, then S(xyn, Tn,yn) = S(x,2,y) asn — oco.

DEFINITION 2.2. ([12]) Let (X,S) be an S-metric space.
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(al) A sequence {z,} in X converges to x € X if S(zp,xn,2) = 0 as n — oo,
that is, for each ¢ > 0, there exists ng € N such that for all n > ng we have
S(xy, xy, ) < e. We denote this by lim, o z, = z or x,, — = as n — oo.

(a2) A sequence {z,} in X is called a Cauchy sequence if S(x,,, Zpn, Tm) — 0 as
n,m — oo, that is, for each € > 0, there exists ng € N such that for all n,m > ng
we have S(Tn, T, Tm) < €.

(a3) The S-metric space (X, S) is called complete if every Cauchy sequence in
X is convergent in X.

DEFINITION 2.3. Let T be a self mapping on an S-metric space (X,S). Then
T is said to be continuous at € X if for any sequence {z,} in X with =, — =
implies that Tz,, — Tx as n — co.

DEFINITION 2.4. ([12]) Let (X, S) be an S-metric space. A mapping T': X —
X is said to be a contraction if there exists a constant 0 < a < 1 such that

STz, Tz, Ty) < aS(x,x,y)

for all z,y € X. If the S-metric space (X, .S) is complete then the mapping defined
as above has a unique fixed point.

PROPOSITION 2.1. Let (X, S) be an S-metric space. Then the following state-
ments are equivalent.
(1) The sequence {z,} is Cauchy.

(2) For every e > 0, there exists ng € N such that S(Tn,Tn, Tm) < €, for all
n,m = ng.

PROPOSITION 2.2. Let (X,S) be an S-metric space. Then, for any x,y,z € X
it follows that:

(1) if S(z,y,2) =0, then x =y = z;

(2) S(z,z,y) <25(z,2,2) + S(y,y,2).

Now, we introduce an implicit relation to investigate some fixed point and
common fixed point theorems in S-metric spaces.

DEFINITION 2.5. (Implicit Relation) Let ® be the family of all real valued
continuous functions ¢: Ri — R, non-decreasing in the first argument for four
variables. For some k € [0,1), we consider the following conditions.

(R1) For z,y € Ry, if z < ¢(y,y, x, 41;'9), then = < ky.

(R2) For z € Ry, if z < ¢(0,2,0,0), then z = 0.

R3) For x € Ry, if x < ¢(2,0,0, %), then z = 0 since k£ € [0,1).
3

EXAMPLE 2.5. Let ¢(r, s,t,u) =r — g min{s,t,u} + (2 + pu)u, where p > 0.
EXAMPLE 2.6. Let ¢(r,s,t,u) = 2 + ar max{s,t,u} — bs, where a > 0,b > 0.

EXAMPLE 2.7. Let ¢(r, s, t,u) = r 4+ ¢ max{s,t,u}, where ¢ > 0.
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3. Main Results

In this section, we shall prove some fixed point and common fixed point theo-
rems satisfying an implicit relation in the setting of S-metric spaces.

THEOREM 3.1. Let T be a self-map on a complete S-metric space (X, S) and

S(Tx, Ty, Tz) < ¢

/

S(z,y,2),8(z,2,Tz),S(y,y, Ty),

[S(z, 2, Ty) + S(z,2,Ty) + Sy, v, Tx)])

Wl

(3.1)

for all z,y,z € X and some ¢ € ®. If ¢ satisfies the conditions (R1), (R2) and
(R3), then T has a unique fized point in X.

PRrROOF. For each zy € X and define a sequence {x,} in X such that x,; =
Tz, for any n € N. If for some n € N, x,,41 = x,, then z,, = Tz,, that is, 7 has
a fixed point. Thus, we may assume that x,11 # x, for all n € N. It follows from
(3.1), (SM2) and Lemma 2.1 that

S(xn+1,$n+1yxn) = S(TxnaTxnaTxnfl)
< Cb(s(xm :En; mn71)7 S(',I;’n*la 1‘7’7,717 Tmn71)7 S(xn7 :En; T‘T’I’L))

S xnaxnyTxn) + S(xn—laxn—lnyn) + S(l’n,l’n, Twn)])

Wl

S ) xnv‘rnfl)a S(xnflvl'nflvxn)v S(xnvwn»xn+1)7

<

Wl

S Fn, znaxn—l)y S(Inaxnaxn—l)7 S($7l+1axn+1axn)7

<

[S(
(s
[S(@n, T, Tng1) + S(@n—1, Tp—1, Tn+1) + S(Tn, Tn, xnﬂ)])
(st
[S(

S xn+17xn+l7xn) + S(xn+l7mn+laxnfl) + S(anrlaanrhxn)])

W =

< ¢(S($n,$n, xn—l)v S($n7xnaxn—1)7 S(xn—&-l; xn—&-lamn)a

1
g [2S($n+17 Tn+1, xn) + ZS(xn+17 Tn+1, xn) + S(xnfla Tn—1, xn)])
= QS(S(J;TL, Tn, mn71)7 S(.’L‘n, Tn, xn71)> S(:I;’I’L+1) (L‘n+17 xn)7

1
(3.2) 3 [4S(xn+1, Tnt1,Tn) + S(Tn, Tn, xn_l)]).
Since ¢ satisfies the condition (R1), there exists k € [0,1) such that

(33) S(anrhanrl?xn) < ks(mnyxnwrnfl) < kns($17$1;x0)~
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Thus for all n < m, by using (SM2), Lemma 2.1 and equation (3.3), we have

S(xmxnaxm) < 2S(xmxmxn+1) +S(1‘m,1‘m,$n+1)

= 2S(xn7$n;$n+1) +S(xn+1;$n+lyxm)

NG

2[](1” 4+ kmil}S(Io,xmxl)
2k™
<
< (v k)S(xo,xo,$1)~

Taking the limit as n,m — oo, we get S(zy, Tpn,Tm) — 0 since 0 < k < 1. This
proves that the sequence {z,} is a Cauchy sequence in the complete S-metric
space (X,S). By the completeness of the space, there exists u € X such that
lim, y00 £, = u. Now we prove that x is a fixed point of 7. Again by using
inequality (3.1), we obtain

S(xn-‘rla Tn+1, Tu) = S(Tﬂ?n, Txna TU)
< gf)(S Ty Ty ), Sy, Tw), S(xn, xn, Tp),

%[S(mn,xn, Txn) + S(u,u, Tay) + Sz, xn,Txn)])

¢<S TpyTp, U 7 (uvuaTu)?‘s(xnaxna'rn-‘rl)a

1
3 [S(Zn, Ty Trg1) + S (U, U, Tny1) + S(mn,wmmn+1)])

Note that ¢ € @, then using Lemma 2.2 and taking the limit as n — co, we get
S(u,u, Tu) < gb((), S(u,u,Tu),O,()).

Since ¢ satisfies the condition (R2), then S(u,u,Tu) < k.0 = 0. This shows that
u = Tu. Thus u is a fixed point of 7.

Now, we have to show that the fixed point of T is unique. For this, let w1, us
be fixed points of 7 with u; # us. We shall prove that u; = us. It follows from
equation (3.1) and Lemma 2.1 that

S(ul, Uy, ’u2) = S(Tul, Tul, TUQ)
< ¢<S(U17U1,U2),S(Ug,’lLQ,T’lLQ),S(Ul,’U,l,TU1),

[S’(uhul,Tul) + S(ug,ue, Tur) + S(ul,ul,Tul)D

¢(S(U17U1,U2),5(U27U2,u2),5(u1,u17u1)7
[S(Ul,uhul) + S(ug, ug, u1) + S(U1,U1,U1)]>

1
= ¢(S(U1,U1,UQ),0,0,gS(Ul,Ul,U2)>.
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Since ¢ satisfies the condition (R3), then we get

S(ur,ur,ug) < kS(ur,ui,us)
=  S(ui,ui,ug) =0, since 0 < k < 1.

This shows that u; = uy. Thus the fixed point of T is unique. This completes the
proof. (]

Common Fixed Point Theorems

THEOREM 3.2. Let T1 and T2 be two self-maps on a complete S-metric space
(X,S) and

S(Tia Ty, T2) < 0(S(2.9,2),8(2 2, T22), S0,y Tiy),

(3.4) % [S(x,z, Tiy) + S(z,2, Ty) + S(y, v, ﬂx)])

for all x,y,z € X and some ¢ € ®. Then T1 and Tz have a unique common fixed
point in X.

PrOOF. For each zg € X. Put zo,41 = Tiz9, and zo,i0 = Toxo,4y for
n=0,1,2,.... It follows from (3.4), (SM2) and Lemma 2.1 that

S(@on41, Tont1, Tan) = S(TiT2n, Ti%on, ToZon—1)

¢(5(l’2n, Ton, Tan—1), S(Tan—1,Tan—1, T2T2n—1), S(Zan, Tan, TiZ2n),

Wl /A

[5($2m Tan, Ti%on) + S(T2n—1,Tan—1, Ti%2n) + S(T2n, T2n, 7-1$2n)]>
= ¢(S($2m$2m$2n71)7 S(Ton—1,T2n—1,%2n), S(T2n, Tan, Tant1),

[S(Z‘Qm Ton, Tant1) + S(T2n—1, Toan—1, T2nt1) + S(T2n, T2n, I2n+1)])

W =

= ¢(S(5E2m T2an, x2n71)a S($2n, T2n, 1’27171)7 S($2n+17 Ton41, xZn)v
1

3 [S(Z2n41, T2nt1, T2n) + S(Ton1, Tong1, Tan—1)

+S(T2n41, Tany1, Cﬁzn)])

< ¢(5(902n,302n796‘2n—1), S(x2n, Ton, Tan—1), S (Tant1, Tant1, Tan),

1
3 (25 (2041, Ton+1, Ton) + 25 (T2nt1, Tant1, Ton) + S (T2n, Ton, x2n71)]>

= ¢(5($2n7$2m$2n71)7 S(x2n, Ton, Tan—1), S (Tant1, Tant1, Tan),
1
(3.5) 3 [4S(I2n+1, T2n+1, Tan) + S(Tan, Tan, IQn—l)] )
Since ¢ satisfies the condition (R1), there exists k € [0,1) such that

(3.6)  S(T2nt1, T2nt1, T2n) < kS(Tan, Ton, Tan—1) < K"S (21, 21, 0).
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Thus for all n < m, by using (SM2), Lemma 2.1 and equation (3.6), we have
S(wrmxn;xm) < 2S($naxn;xn+l)+S(xm;xm7xn+l)

25(Tp, Ty Tng1) + S(Tnt1, Tnyt, Tm)

N

2[]6” + -4 km_l}S(.’L'o,x()le)
2k™
< .
< (1 — k)5($07$07$1)

Taking the limit as n,m — oo, we get S(xy, Ty, Tm) — 0 since 0 < k < 1. This
proves that the sequence {z,} is a Cauchy sequence in the complete S-metric
space (X,S). By the completeness of the space, there exists v € X such that
lim, .o ©, = v. Now we have to prove that v is a common fixed point of 77 and
T>. For this, consider

=

v) = S(Tiwon, Titen, Tiv)

S($2n+1, Tan+1

< (b S((EQ»,“.'ITQn,U),S(’U,U,7—10)7S($2n,$2n,7—1$2n>,

[S(IQna T2n, lrll'Qn) + S(’U, v, ﬂIQn) + S(I2n7 Ton, ﬂzZn)})
= d)(S(xZna T2n, ’U), S(’Ua v, 7-1U)7 S(I'Qna Ton, x2n+1)7
[

S(Tan, Tan, Tant1) + S(v, 0, Tany1) + S(T2n, Tan, 9U2n+1)])
(3.7
Note that ¢ € @, then using Lemma 2.2 and taking the limit as n — co, we get

S(v,v, Tiv) < ¢(0,S(v,v,ﬂv),0,0).

Since ¢ satisfies the condition (R2), then S(v,v,Tiv) < k.0 = 0. This shows that
v = Tiv for all v € X. Similarly, we can show that v = Tov. This shows that v is a
common fixed point of 77 and 7.

Now to show that the common fixed point of 7; and 75 is unique. For this,
let v; be another common fixed point of 77 and 73, that is, Tiv1 = Tov1 = v with
v # v1. Then we have to show that v = v;. It follows from equation (3.4) and
Lemma 2.1 that

S(v,v,v1) = S(Tv, Tiv, Tav1)
S(Ua v, Ul)? S(Ulvvla 751“)7 S(U7U771U),

N
<

S(v,v, Tiv) + S(v1,v1, T1v) + S(uv,Tw)])

S(’U,’U,Ul),S(’Ul,’Ul,Ul), S(U7U7’U)7

I
<
AN — TN /T
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Since ¢ satisfies the condition (R3), then we get
S(v,v,v1) < kS(v,v,v1)
= S(v,v,v1) =0, since0 < k < 1.
Thus, we have v = v;. This shows that v is the unique common fixed point of 73
and T5. This completes the proof. O

THEOREM 3.3. Let T1 and T3 be two continuous self-maps on a complete S-
metric space (X,S) and
S(TFe. TPy, T2) < 6(S(@,y,2),5(2, 2. T52), S(y, . Ty,
1

g [S(xuxaﬁy) + S(Z7Z,7-1py)

(3.8) +S(y,y, T, fﬁ)])

for all x,y,z € X, where p and q are some integers and some ¢ € ®. Then T, and
T> have a unique common fized point in X.

PROOF. Since 77 and T, satisfy the conditions of Theorem 3.2. So 7 and
75! have a unique common fixed point. Let z be the common fixed point. Then,
we have

TPz=2=Ti(T'z) =Tz

If 71z = 2o, then 729 = 29. So, T1z is a fixed point of 7. Similarly, 73(75'2) =
T2z. Now, using equation (3.8) and Lemma 2.1, we obtain

S(z,2,Tiz) = S(TF2, T2, T (Tiz))

< S(z,2,T12),S(Tiz, Tz, T (T12)), S(2, 2, T{ 2),

S(z,2,T{z) + S(Tiz, Tz, TP 2) + S(z, 2, T¢ Z)])

o
1
3 5(
gi)(S 2,2, T12),S(Thz, T1z,T12),5(z, 2, 2),
%[5 (2,2,2) + S(Thz, Tiz,2) + S(z, 2 z)])
1
= ¢(S(z,z,7]z),0,0,gS(z,z,le)).

Since ¢ satisfies the condition (R3), then we get

S(z,2, Tiz) < kS(z,2Tiz)

= S(z,2,T12) =0, since 0 < k < 1.

Thus, we have z = 71z for all z € X. Similarly, we can show that z = 72z. This
shows that z is a common fixed point of 71 and 75. For uniqueness of z, let 2’ # z
be another common fixed point of 77 and 7. Then clearly 2’ is also a common
fixed point of 7 and 75 which implies z/ = 2. Hence 77 and 72 have a unique
common fixed point. This completes the proof. O
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THEOREM 3.4. Let {G,} be a family of continuous self mappings on a complete
S-metric space (X, S) satisfying

$(Gaw,90y.952) < 0(S(w,9,2),8(,2,G52), (9,4, Ga);

(5,2, Gy) + 52,7 Guy)

(3.9) +5(y, 9, Gaw)) )

for o, € ® with a # B and x,y,z € X. Then there exists a unique ¢ € X
satisfying Goq = q for all a € ®.

PROOF. For zy € X, we define a sequence as follows:
ZTont+1 = GaTon, Tant2 = GaTont1, n=10,1,2,....
It follows from (3.9), (SM2) and Lemma 2.1 that
S(T2nt1 5 T2nt1,T2n) = S(GaT2n, GaT2n, GaTan—1)

< ¢(5(5€2m=’ﬂ2m$2n—1),S($2n—1,fﬂ2n—1,gﬁ!ﬂ2n—1),5($2n,$2mga$2n),

1

g [S(-TQna T2n, gax2n) + S(xZn—lv Ton—1, gocx2n)
+S($2n7 Ton, gal'Zn)])

= ¢(5($2m$2m$2n71)7S($2n71,$2n71,xzn)75($2n,$2m$2n+1),
1

3 [S(Cﬂzn, Tan, Tant1) + S(T2n—1, Tan—1, T2n41)

+8 (@20, Ton, Tant1)) )

= ¢(5(12n, T2n, x2n—1)7 S(izm TL2n, 172n—1), S($2n+17 Ton+1, $2n),
1

3 [S(Z2n+1, T2nt1, T2n) + S(Ton1, Tong1, Tan—1)

+8(T2n11, T2nt1, Z’Qn)D

= ¢(S(x2n7$2n7x2n71)7S(x2n7x2nax2nfl)aS($2n+17x2n+17x2n)7

1

g [25($2n+1a Ton+1, xQn) + 2S(££2n+17 T2n+1, IQn)
+S(22n, Ton, x2n71)])

= ¢<S($2n, T2n, xzn—1)7 5(3327“ T2n, 332n—1), 5(1‘2n+17 Ton+1, xzn),
1

(3.10) 3 [4S(Z2n+1, Zon+1, Tan) + S(Z2n, Ton, :L'anl):l)~

Since ¢ satisfies the condition (R1), there exists & € [0,1) such that

(3.11)  S(@2n+41, T2nt1, T2n) < kS(Tan, Tan, Tan—1) < K"S (21, 21, 0).
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Thus for all n < m, by using (SM2), Lemma 2.1 and equation (3.11), we have

S(xnamn7xm) < QS(mnamn;xn-&-l) +S($m7mmaxn+1)

= 2S($n,$n,$n+1) +S((En+1,$n+1,$m)

< 2" 4+ K]S (2o, w0, 71)
2k™

< .

< (1 _k)S(xoﬁﬂoyfl)

2™
1-k

0 < k < 1. This proves that the sequence {z,} is a Cauchy sequence in the
complete S-metric space (X,S). By the completeness of the space, there exists
g € X such that x,, - ¢ € X as n — oco. By the continuity of G, and Gg, it is clear
that Goq = Ggq = q. Therefore ¢ is a common fixed point of G, for all a € ®.

In order to prove the uniqueness, let us take another common fixed point ¢’ of
G, and Gg where ¢’ # ¢. Then using equation (3.9) and Lemma 2.1, we obtain

S(g,9,4") 5(Gad,Gaq,G54q")
¢(S(q7 4.4),5(d.4q,654),5(q,49,Gaq),

1
3 [S(q,9,G0q) + S(d'. ¢, Gaq)
+5(q, 4, Qaq)])

= ¢(S(q7q,q’),S(q’,qﬁq'),S(q,q,q),

1

5[5(.0.0)+5(d ¢ a) + S(aq, q)D

1
_ / < /
= ¢(S(q7q7q),070,3S(q,q,q))-
Since ¢ satisfies the condition (R3), then we get

S(¢.q,4') < kS(q,9,9)
= S(q,q,¢') =0, since 0 < k < 1.

Taking the limit as n,m — oo, we get S(xn, Tn,Tm) — 0 as ( ) — 0 since

N

Thus, we have ¢ = ¢’ for all ¢ € X. This shows that ¢ is a unique common fixed
point of G, for all a € ®. This completes the proof. [l

Next, we give an analogue of fixed point theorem in metric spaces for S-metric
spaces by combining Theorem 3.1 with ¢ € ® and ¢ satisfies the conditions (R1),
(R2) and (R3). The following corollary is an analogue of Banach’s contraction
principle.

COROLLARY 3.1. Let (X,S) be a complete S-metric space. Suppose that the
mapping T: X — X satisfies the following condition:

S(Tx, Ty, Tz) <vS(x,y,2)
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for all z,y,z € X, where v € [0,1) is a constant. Then T has a unique fized point
in X. Moreover, T is continuous at the fized point.

PROOF. The assertion follows using Theorem 3.1 with ¢(a,b,c,d) = ya for
some v € [0,1) and all a,b,c,d € R,. O

Again, we give an analogue of fixed point theorem in metric spaces for S-metric
spaces by combining Theorem 3.2 with ¢ € ® and ¢ satisfies the conditions (R1),
(R2) and (R3). Then we have the following corollary.

COROLLARY 3.2. Let (X,S) be a complete S-metric space. Suppose that the
mappings T1,Ta: X — X satisfies the following condition:

S(Tz, Ty, T2z) < 65(x,y, 2)

for all z,y,z € X, where § € [0,1) is a constant. Then Ty and Tz have a unique
common fized point in X.

PrOOF. The assertion follows using Theorem 3.2 with ¢(a,b,c,d) = da for
some 6 € [0,1) and all a,b,¢,d € R. O

ExAMPLE 3.1. Let X = R be the usual S-metric space as in Example 2.4.
Now, we consider the mapping 7: X — X by 7 (x) = £ for all 2 € [0,1]. Then

STz, Ty, Tz) = |[Te—=Tz|+|Ty—"Tz|
= [)-GI+13) - ()]
[l — 2] + [y — ]

[l = 2| + |y — 2]

RN T RN

= ? (I, Y, Z)

= 7S(z,y,2)
where v = % < 1. Thus T satisfies all the conditions of Corollary 3.1 and clearly
0 € X is the unique fixed point of 7.

ExaMpPLE 3.2. Let X = R be the usual S-metric space as in Example 2.4.
Now, we consider the mapping 71,72: X — X by Ti(z) = § and T2(x) = 0 for all
x € [0,1]. Then

S(Tia, Ty, Te) = [Tie = Taz| + [Tiy — Taz|
Z
(5) -0 +1(z) -

[l=] + 1y]]

DO =
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and

N

[lz =2+ [y — 2]

=W W

(z,9,2)
= 68(,y,2)

where § = % < 1. Thus 77 and 7 satisfy all the conditions of Corollary 3.2 and
clearly 0 € X is the unique common fixed point of 77 and 7s.

EXAMPLE 3.3. Let X = [0,1]. We define S: X3 — R, by

S(z,y,2) = {

for all z,y,z € X. Then (X, S) is a complete S-metric space. Let 7: X — X be a

mapping defined as 7 (z) = § for all z € X.
Without loss of generality we may assume that x > y > z, then we have

0 if z=9y=z,
max{z,y,z} if otherwise.

_ ryEL_T
S(Tw, Ty, T2) =max {5, 5.2} = 5.
S(z,y,z) = max {x,y,z} =z,
S(z,2,T=z) zmax{z z f} =2z
) ) ) 73 )
_ Y1 _
S(y,y, Ty) = max {y,% 3} =y,
_ Y1 _
S(z,z, Ty) = max {m,a:, 3} =z,
_ Y1 _
S(z,2,Ty) = max{z,z, 3} =z,
x
S(yvvax) = max {yvyv g} =Y.
Now, we consider inequality (3.1), we have
x r+z+y
= — < - @7 .
S(Tw, Ty, Tz) =5 < cb{xzy ( 3 )}

Since ¢ satisfies the condition (R1), there exists k € (0,1) such that

x

o < k )

3 x
or k > % If we take 0 < k < 1, then 7 satisfies all the conditions of Theorem
3.1. Hence, applying Theorem 3.1, 7 has a unique fixed point. Here it is seen that
0 € X is the unique fixed point of 7.

EXAMPLE 3.4. Let X = [0,1]. We define S: X® — R, by

S(xay7 Z) - { max{xvy’ Z} lf OtherWiSE~

for all z,y,z € X. Then (X,S) is a complete S-metric space. Let T1,T2: X — X

x

be two mappings defined as 71(z) = § and Tz(z) = £ for all z € X.
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Without loss of generality we may assume that x > y > z, then we have

i3~ {52} -
S(z,y,z) = max {x,y,z} =z,

S(z, 2z, T22) —max{z,z,g} =z,

Y
S(y,y, Tiy) = max {y,% 4} =y,
S(x,z, Thy) = X{x,m,%}:x,
S(z,2, Tiy) = max{z,z,%} =z,
x
S(y,y, Tiz) = max {yy Z} =y.
Now, we consider inequality (3.4), we have
T r+z+y
= - < - 2
S(Tix. Tiy, To2) = 7 < é{w. 2y, () .

Since ¢ satisfies the condition (R1), there exists k& € (0,1) such that § < kx, or
k> i. If we take 0 < k < 1, then 77 and 7> satisfy all the conditions of Theorem
3.2. Hence, applying Theorem 3.2, 77 and 73 have a unique common fixed point.
Here it is seen that 0 € X is the unique common fixed point of 77 and 7.

4. Conclusion

In this paper, we establish some fixed point and common fixed point theorems
under an implicit relation in the framework of S-metric spaces. We support our
results by some examples. Our results extend, unify and generalize several results
from the existing literature.
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