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ON HYPER PSEUDO BCI-ALGEBRAS

Didem Sürgevil Uzay and Alev Firat

Abstract. In this paper, we introduce the notion of hyper pseudo BCI-
algebras and investigate some related properties. Also, we define some kinds

of hyper pseudo subalgebras on hyper pseudo BCI-algebras.

1. Introduction

The study of BCK-algebras was initiated by K. Iseki [4] as a generalization of
concept of set-theoretic difference and propositional calculus. In [5], the notion of
BCI-algebra which is a generalization of a BCK-algebra was introduced by Iseki.

The hyperstructure theory (called also multialgebras) was introduced by F.
Marty, [9], and hyper BCK-algebras were studied by many authors. Also the notion
of hyper pseudo BCK-algebras which is a generalization of a hyper BCK-algebra
and pseudo BCK-algebra was defined by R. A. Borzooei [1].

And then hyper BCI-algebras which is a generalization of a BCI-algebras was
studied by X. L. Xin [10]. In [11], the notion of multiplier of hyper BCI-algebras
was introduced and some properties of hyper BCI-algebras were investigated.

Also pseudo BCI-algebras was introduced by W. A. Dudek [2] and pseudo
BCI-algebras were studied by many authors.[3, 4, 7, 8, 12]

In this paper, we introduce the notion of hyper pseudo BCI-algebras, which is
a generalization of hyper BCI-algebras and pseudo BCI-algebras and discuss some
related properties. Also we define some kinds of hyper pseudo subalgebras on hyper
pseudo BCI-algebras.
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2. Preliminaries

Definition 2.1. ([5]) An algebra (X, ∗, 0) of type (2, 0) is said to be a BCI-
algebra if it satisfies: for all x, y, z ∈ X.

(BCI1) ((x ∗ y) ∗ (x ∗ z)) ∗ (z ∗ y) = 0,
(BCI2) ((x ∗ (x ∗ y)) ∗ y = 0,
(BCI3) x ∗ x = 0,
(BCI4) x ∗ y = 0 and y ∗ x = 0 imply x = y.

Definition 2.2. ([2]) A pseudo BCI-algebra is a structure X = {X,≼, ∗, ◦, 0}
where ′′ ≼′′ is a binary relation on a set X, ′′∗′′ and ′′◦′′ are binary operations on
X and 0 is an element of X, verifying the axioms, for all x, y, z ∈ X.

(a1) (x ∗ y) ◦ (x ∗ z) ≼ z ∗ y, (x ◦ y) ∗ (x ◦ z) ≼ z ◦ y,
(a2) x ∗ (x ◦ y) ≼ y, x ◦ (x ∗ y) ≼ y,
(a3) x ≼ x,
(a4) x ≼ y, y ≼ x imply x = y,
(a5) x ≼ y ⇔ x ∗ y = 0 ⇔ x ◦ y = 0.

Proposition 2.1 ([2, 7, 8]). Let X be a pseudo BCI-algebra. Then the fol-
lowing hold for all x, y, z ∈ X :

(b1) if x ≼ 0, then x = 0,
(b2) if x ≼ y, then z ∗ y ≼ z ∗ x and z ◦ y ≼ z ◦ x,
(b3) if x ≼ y and y ≼ z, then x ≼ z,
(b4) (x ∗ y) ◦ z = (x ◦ z) ∗ y,
(b5) x ∗ y ≼ z iff x ◦ z ≼ y,
(b6) (x ∗ y) ∗ (z ∗ y) ≼ x ∗ z, (x ◦ y) ◦ (z ◦ y) ≼ x ◦ z,
(b7) if x ≼ y, then x ∗ z ≼ y ∗ z and x ◦ z ≼ y ◦ z,
(b8) x ∗ 0 = x = x ◦ 0,
(b9) x ∗ (x ◦ (x ∗ y)) = x ∗ y, x ◦ (x ∗ (x ◦ y)) = x ◦ y,
(b10) 0 ∗ (x ◦ y) ≼ y ◦ x,
(b11) 0 ◦ (x ∗ y) ≼ y ∗ x,
(b12) 0 ∗ (x ∗ y) = (0 ◦ x) ◦ (0 ∗ y),
(b13) 0 ◦ (x ◦ y) = (0 ∗ x) ∗ (0 ◦ y),
(b14) 0 ∗ x = 0 ◦ x.

Definition 2.3 ([2]). By a pseudo BCI-subalgebra of a pseudo BCI-algebra
X, we mean subset S of X which satisfies x ∗ y ∈ S and x ◦ y ∈ S for all x, y ∈ S.

Definition 2.4 ([7]). Let X = (X,≼, ∗, ◦, 0) be a pseudo BCI-algebra. For
any nonempty subset J of X and any element y of X, we denote

∗(y, J) := {x ∈ X|x ∗ y ∈ J} and ◦ (y, J) := {x ∈ X|x ◦ y ∈ J}
Note that ∗(y, J) ∩ ◦(y, J) = {x ∈ X|x ∗ y ∈ J, x ◦ y ∈ J}.

A nonempty subset J of a pseudo BCI-algebra X is called a pseudo BCI-ideal
of X if it satisfies

(I1) 0 ∈ I,
(I2) (∀y ∈ J) ∗(y, J) ⊆ J and ◦(y, J) ⊆ J .
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Note that if X is a pseudo BCI-algebra satisfying x∗ y = x◦ y for all x, y ∈ X, then
the notion of a pseudo BCI-ideal and a BCI-ideal coincide.

Definition 2.5. ([3]) A pseudo BCI-algebra X is said to be p-semisimple if it
satisfies for all x ∈ X,

if 0 ≼ x, then x = 0.

Proposition 2.2 ([3]). Let X be a pseudo BCI-algebra. Then the following
are equivalent for x, y ∈ X,

(i) X is p-semisimple,
(ii) if x ≼ y, then x = y,
(iii) x ∗ (x ◦ y) = y = x ◦ (x ∗ y),
(iv) 0 ∗ (0 ◦ x) = x = 0 ◦ (0 ∗ x),
(v) x ∗ (0 ◦ y) = y ◦ (0 ∗ x).

3. ON HYPER PSEUDO BCI-ALGEBRAS

Definition 3.1. Let H be a nonempty set and ′′◦, ∗′′ be two hyper operations
on H and ′′0′′ is a constant element. (H, ◦, ∗, 0) is called to be a hyper pseudo
BCI-algebra, if it satisfies the following conditions:

(HPI1) (x ◦ z) ◦ (y ◦ z) ≪ x ◦ y, (x ∗ z) ∗ (y ∗ z) ≪ x ∗ y,
(HPI2) (x ◦ y) ∗ z = (x ∗ z) ◦ y,
(HPI3) x ≪ x,
(HPI4) x ≪ y , y ≪ x ⇒ x = y,
(HPI5) 0 ◦ (0 ◦ x) ≪ x, 0 ∗ (0 ∗ x) ≪ x,
(HPI6) x ≪ y ⇔ 0 ∈ x ◦ y ⇔ 0 ∈ x ∗ y.

Moreover for every A,B ⊆ H, A ≪ B is defined by there exists a b ∈ B such that
a ≪ b for all a ∈ A.

Example 3.1. Let H = {0, 1, 2} and ′′◦, ∗′′ be a hyper operation on H with
Cayley table as follows:

◦ 0 1 2

0 {0,1} {0,1} {0,1}
1 {1} {0,1} {0,1}
2 {2} {2} {0,1}

∗ 0 1 2

0 {0,1} {0,1} {0,1}
1 {1} {0,1} {0,1}
2 {2} {2} {0,1,2}

Then it is easily checked that (H, ◦, ∗, 0) is a hyper pseudo BCI-algebra.
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Theorem 3.1. Let (H, ◦, ∗, 0) be a hyper pseudo BCI-algebra. If itsatisfiesx∗
y = x ◦ y, for all x, y ∈ H, then H is a hyper BCI algebra; and if ′′ ∗ ′′, ′′ ◦ ′′ are
singleton, then H is a pseudo BCI-algebra.

Proof. Let H be a hyper pseudo BCI-algebra. If x∗y = x◦y, for all x, y ∈ H,
then H is a hyper BCI-algebra and if ′′ ∗ ′′, ′′ ◦ ′′ are singleton, then H is a pseudo
BCI-algebra.

By (a4), (a5) we have x ≪ y ⇔ x ∗ y = {0} ⇔ x ◦ y = {0}. Using (HPI1), we
get (x◦z)◦ (y ◦z) ≪ (x◦y). Therefore we have ((x◦z)◦ (y ◦z))∗ (x◦y) = 0. Using
(HPI2), we get ((x◦z)∗(x◦y))◦(y◦z) = 0. Then we have ((x◦z)∗(x◦y)) ≪ (y◦z).

Similarly we can see that; ((x ∗ z) ◦ (x ∗ y)) ≪ (y ∗ z). Hence (a1) holds.
(HPI3) x ≪ x. Then (a3) holds. Using (HPI2) and (a3), we get (x∗ (x◦y))◦y =
(x ◦ y) ∗ (x ◦ y). Therefore 0 ∈ (x ◦ y) ∗ (x ◦ y). So that (x ∗ (x ◦ y)) ≪ y.

Similarly, it can be proved that (x ◦ (x ∗ y)) ≪ y. Hence (a2) holds. Hence, H
is a hyper pseudo BCI-algebra. �

Proposition 3.1. Let (H, ◦, ∗, 0) be a hyper pseudo BCI-algebra. Then it
satisfies the following conditions for all x, y, z ∈ H:

(i) x ≪ 0 implies x = 0.
(ii) 0 ∈ x ◦ (x ∗ 0), 0 ∈ x ∗ (x ◦ 0),
(iii) x ≪ x ◦ 0, x ≪ x ∗ 0,
(iv) 0 ◦ (x ◦ y) ≪ y ◦ x, 0 ∗ (x ∗ y) ≪ y ∗ x,
(v) A ≪ A,
(vi) A ⊆ B implies A ≪ B,
(vii) A ≪ {0} implies A = {0},
(viii) x ◦ 0 ≪ {y} implies x ≪ y and x ∗ 0 ≪ {y} implies x ≪ y.
(ix) y ≪ z implies x ◦ z ≪ x ◦ y and x ∗ z ≪ x ∗ y.
(x) x ◦ y = {0} implies (x ◦ z) ◦ (y ◦ z) = {0} and x ◦ z ≪ y ◦ z.

x ∗ y = {0} implies (x ∗ z) ∗ (y ∗ z) = {0} ve x ∗ z ≪ y ∗ z.
(xi) A ◦ {0} = {0} implies A = {0}.

Proof. (i) Let x ≪ 0. Then 0 ∈ x ◦ 0 and 0 ∈ x ∗ 0 and so using (HPI1), we
have

0 ∈ 0 ◦ (x ◦ 0) ⊆ (0 ◦ 0) ◦ (x ◦ 0) ≪ 0 ◦ x,
0 ∈ 0 ∗ (x ∗ 0) ⊆ (0 ∗ 0) ∗ (x ∗ 0) ≪ 0 ∗ x.

Therefore 0 ≪ 0 ◦ x, 0 ≪ 0 ∗ x. On the other hand using (HPI5), we have
0 ∈ 0 ◦ (0 ◦ x) ≪ x, 0 ∈ 0 ∗ (0 ∗ x) ≪ x. Therefore we get 0 ≪ x. By (HPI4), we
find x = 0.

(ii) Using (HPI2), we find 0 ∈ (x◦0)∗ (x◦0) = (x∗ (x◦0))◦0. Therefore there
exists c ∈ x ∗ (x ◦ 0) such that c ≪ 0. By (i); we have c = 0. Hence 0 ∈ x ∗ (x ◦ 0).
Similarly, it can be prove that 0 ∈ x ◦ (x ∗ 0).

(iii) Using (ii), we have 0 ∈ x ∗ (x ◦ 0) and 0 ∈ x ◦ (x ∗ 0). Therefore, we get
x ≪ x ◦ 0, x ≪ x ∗ 0.

(iv) By (HPI3) and (HPI1); we find 0◦(x◦y) ⊆ (y◦y)◦(x◦y) ≪ y◦x. Hence
we get 0◦ (x◦y) ≪ (y ◦x). By the similar way, we can see that; 0∗ (x∗y) ≪ (y ∗x).

(v) For all x ∈ H, by (HPI3); we get x ≪ x. Therefore we find A ≪ A.
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(vi) Let A ⊆ B and a ∈ A. b ∈ B such that b = a and using (HPI3), we find
a ≪ b. Hence it can be prove that A ≪ B.

(vii) Let a ∈ A and A ≪ {0}. Then a ≪ 0 and using (i), we have a = 0. Hence
we find A = {0}.

(viii) By (HPI2); we have 0 ∈ (x◦0)∗y = (x∗y)◦0. Therefore we get 0 ∈ d◦0.
Hence there exists d ∈ x ◦ y such that c ≪ 0. By (i); we find d = 0 ∈ x ◦ y. The
similar way, it can be prove that x ≪ y for x ∗ 0 ≪ {y}.

(ix) Let y ≪ z. Then using (HPI1), we can find (x◦z)◦0 ⊆ (x◦z)◦(y◦z) ≪ x◦y
and (x ∗ z) ∗ 0 ⊆ (x ∗ z) ∗ (y ∗ z) ≪ x ∗ y. Hence we have (x ◦ z) ◦ 0 ≪ x ◦ y and
(x ∗ z) ∗ 0 ≪ x ∗ y. For all a ∈ x ◦ z there exists b ∈ x ◦ y such that a ◦ 0 ≪ {b} and
for all c ∈ x ∗ z such that d ∈ x ∗ y there exists c ∗ 0 ≪ {d}. Moreover, using (viii),
we have a ≪ b, c ≪ d and so we find x ◦ z ≪ x ◦ y and x ∗ z ≪ x ∗ y.

(x) Let x ◦ y = 0 and x ∗ y = 0. Then by (HPI1); we get (x ◦ z) ◦ (y ◦ z) ≪
(x ◦ y) = {0} and using (vii), we have (x ◦ z) ◦ (y ◦ z) = {0}. Similarly, we have
(x ∗ z) ∗ (y ∗ z) ≪ (x ∗ y) = {0} so that by (vii); we can write (x ∗ z) ∗ (y ∗ z) = {0}.

(xi) By (i); we can write a ◦ 0 = {0} for a ∈ A implies a = 0.Then A ◦ {0}
for a ∈ A implies A = {0}. The similar way, b ∗ 0 = {0} for b ∈ A implies b = 0.
Therefore A ∗ {0} for b ∈ A implies A = {0}. �

Definition 3.2. Let (H, ◦, ∗, 0) be a hyper pseudo BCI-algebra and S be a
nonempty subset of H and S be a hyper pseudo BCI-algebra with ′′ ∗ ′′, ′′ ◦ ′′ two
hyper operations on H. Then S is a hyper pseudo subalgebra of H.

Proposition 3.2. Let (H, ◦, ∗, 0) be a hyper pseudo BCI-algebra and S, a
nonempty subset of H. If x ◦ y ⊆ S and x ∗ y ⊆ S then 0 ∈ S for all x, y ∈ S .

Proof. Let x ◦ y ⊆ S and x ∗ y ⊆ S for all x, y ∈ S. Therefore we have a ∈ S
and b ∈ S. Moreover we can write a ≪ a, b ≪ b and then we get 0 ∈ a ◦ a ⊆ S and
we can find 0 ∈ b ∗ b ⊆ S. Hence we can prove that 0 ∈ S. �

Theorem 3.2. Let (H, ◦, ∗, 0) be a hyper pseudo BCI-algebra and S, a non-
empty subset of H. Then S is a hyper pseudo subalgebra of H if and only if it
satisfies x ◦ y ⊆ S and x ∗ y ⊆ S for all x, y ∈ S.

Proof. (⇒) It is easily see that x ◦ y ⊆ S and x ∗ y ⊆ S for all x, y ∈ S.
(⇐) Using Proposition 3.2, we have

x ◦ y ⊆ S and x ∗ y ⊆ S for all x, y ∈ S implies that 0 ∈ S.

For all x, y, z ∈ S, we get

x ◦ z ⊆ S, x ∗ z ⊆ S y ◦ z ⊆ S, y ∗ z ⊆ S x ◦ y ⊆ S, x ∗ y ⊆ S.

Hence, we have

(x ◦ z) ◦ (y ◦ z) =
∪

a∈x◦z,b∈y◦z a ◦ b ⊆ S, (x ∗ z) ∗ (y ∗ z) =
∪

c∈x∗z,d∈y∗z c ∗ d ⊆ S.

Therefore (HPI1) holds. The similar way, (HPI2), (HPI3) , (HPI4), (HPI5)
are true for S. Hence S is a hyper pseudo subalgebra of H. �
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Example 3.2. In Example 3.1. for S1 = {0, 1} ⊆ H, S1 is a hyper pseudo
subalgebra of H. On the other hand, S2 = {0, 2} ⊆ H, S2 is not a hyper pseudo
subalgebra of H because we have 2 ∈ S, 2 ∗ 2 = {0, 1, 2} * S2.

Theorem 3.3. Let (H, ◦, ∗, 0) be a hyper pseudo BCI-algebra and S(H) :=
{x ∈ H|0 ◦ x = 0 ∗ x = {0}} be a nonempty subset of H. Then S(H) is a hyper
pseudo subalgebra of H.

Proof. Let x, y ∈ S(H) and a ∈ x◦ y, b ∈ x∗ y. Then using (HPI1), we have

0 ◦ (x ◦ y) = (0 ◦ y) ◦ (x ◦ y) ≪ 0 ◦ x = 0,

0 ∗ (x ∗ y) = (0 ∗ y) ∗ (x ∗ y) ≪ 0 ∗ x = 0.

Hence by Proposition 3.1 (vii), we find

0 ◦ (x ◦ y) = {0}, and 0 ∗ (x ∗ y) = {0}.

Therefore we have x ◦ y ⊆ S(H) and x ∗ y ⊆ S(H). Hence S(H) is a hyper pseudo
subalgebra of H. �

Proposition 3.3. Let (H, ◦, ∗, 0) be a hyper pseudo BCI-algebra and Sk, a
nonempty set be defined such that

Sk := {x ∈ H|0 ∧ x = x ◦ (x ∗ 0) = {0}}.
If Sk is a nonempty subset of H then it satisfies x ◦ y ⊆ Sk.

Proof. Let x, y ∈ Sk and x ◦ (x ∗ 0) = {0}. By (HPI2), (HPI1); we get
(x ◦ y) ◦ ((x ◦ y) ∗ 0) = (x ◦ y) ◦ ((x ∗ 0) ◦ y) ≪ x ◦ (x ∗ 0) = {0}. Hence we have
0 ∧ (x ◦ y) = {0}. Therefore we get x ◦ y ⊆ Sk. �

Theorem 3.4. Let (H, ◦, ∗, 0) be a hyper pseudo BCI-algebra and SI be a non-
empty subset of H and it be defined by

SI := {x ∈ H|x ◦ x = x ∗ x = {0}}.
Then SI is a hyper pseudo subalgebra of H.

Proof. Let x, y ∈ S(I) and a ∈ x ◦ y, b ∈ x ∗ y. Then we find

(x ◦ y) ◦ (x ◦ y) ≪ x ◦ x = {0}, and (x ∗ y) ◦ (x ∗ y) ≪ x ∗ x = {0}.

By Proposition 3.1 (vii), we can write (x◦y)◦(x◦y) = {0} and (x∗y)◦(x∗y) = {0}.
Therefore we get a ◦ a = {0} and a, b ∈ SI so that we find b ∗ b = {0}. Then
x ◦ y ⊆ S(I) and x ∗ y ⊆ S(I). Hence, using Theorem 3.2, we can write SI is a
hyper pseudo subalgebra of H. �

Theorem 3.5. Let (H, ◦, ∗, 0) be a hyper pseudo BCI-algebra and SI , a non-
empty subset of H be defined by as follows:

SI := {x ∈ H|x ◦ x = x ∗ x = {0}}.
Then (SI , ◦, ∗) is a pseudo BCI-algebra.

Proof. Let x, y ∈ S(I) and a, b ∈ x ◦ y, c, d ∈ x ∗ y. Then we have

a ◦ b ⊆ (x ◦ y) ◦ (x ◦ y) ≪ x ◦ x = {0},
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c ∗ d ⊆ (x ∗ y) ◦ (x ∗ y) ≪ x ∗ x = {0}.

Therefore we find a ◦ b = {0}, c ∗ d = {0} and so we have a ≪ b and c ≪ d. The
similar way, it can be proved that b ≪ a and d ≪ c. Using (HPI4), we can find
a = b, c = d. Hence x ◦ y and x ∗ y are singleton. Using Theorem 3.1, we find that
SI is a pseudo BCI-algebra. �
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