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NOTE ON MEET-DISTRIBUTIVE LATTICE MATRICES

Rajesh Gudepu and DPRV Subba Rao

ABSTRACT. In this paper, we extended the notion of meet-distributive lattice
matrices. The properties of meet-distributive lattice matrices are studied and
various characterizations of them are given.

1. Introduction

The notion of lattice matrices appeared firstly in the work Lattice Matrices [5]
by Y. Giveon in 1964. A matrix is called a lattice matrix if its entries belong to a
distributive lattice. All Boolean matrices and fuzzy matrices are lattice matrices.
Lattice matrices in various special cases become useful tools in various domains
like the theory of switching nets, automata theory, and the theory of finite graphs
[6]. The basic properties of pseudocomplemented lattices and the representation
theorem are discussed by G. Birkhoff [1] and T. S. Blyth [2] in Lattice theory. We
know that multiplication of Boolean (lattice) matrices is associative and distributive
with respect to join. But, in general it is not true, that this multiplication is
distributive with respect to meet. In 1964 T. S. Blyth [3] introduce the concept of
meet-distributive Boolean matrices.

In this paper, as an analogue to T. S. Blyth [3], we generalize the concept
of meet-distributive Boolean matrices to meet-distributive lattice matrices and we
characterize those matrices.

In classical linear algebra, a QR factorization is a decomposition of a matrix A
into a product A = QR of an orthogonal matrix @ and an upper triangular matrix
R.
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26 GUDEPU AND DORADLA

In this paper, we have proven the meet-distributive lattice matrix can be de-
composed into a product A = @D of an invertible (orthogonal) matrix @ and a
diagonal matrix D.

2. Preliminaries

In this section, we will recall some of the fundamental concepts and definitions,
which are necessary for this paper.

DEFINITION 2.1. ([1]) A partially ordered set (L, <) is a lattice if for all a, b € L,
the least upper bound of a,b and the greatest lower bound of a,b exist in L. For
any a,b € L, the least upper bound and the greatest lower bound are denoted by
aVband a Ab (or ab), respectively. An element a € L is called greatest element of
Lif o <a,forall « € L. An element b € L is called least element of L if b < «, for
all « € L. We use 1 and 0 to denote the greatest element and the least element of
L, respectively.

DEFINITION 2.2. ([1]) A maximal element of a subset S of some partially
ordered set (poset) is an element of S that is not smaller than any other element

in S.
DEFINITION 2.3. ([1]) A lattice L is a distributive lattice, if for any a,b,c € L,

(1) av(dbre)=(aVb)A(aVc)and
(2) an(dVe)=(anb)V(aAc)hold.

For any two elements a, b of a pseudocomplemented distributive lattice, then the
following properties are due to Grétzer ([6]):

1) a* =max{z e L|anz =0}
2) 0** =0;

3) aNa*=0;

4) a < b implies b* < a*;

5) a < a**

6) ab =0 if and only if a < b* if and only if b < a*;
7) a < b implies a A b*=0;

8) a*r = a*;

(9) (aVb)* =a* Ab*;

(10) (a Ab)*™* = a** Ab*™.

Throughout this paper, unless otherwise stated, we assume that L is a bounded
pseudocomplemented distributive lattice with a* V a**= 1, for all a € L.

P

THEOREM 2.1 ([2]). If L is a pseudocomplemented distributive lattice with a*V
a**=1, for alla € L. Then the following equivalent statements hold for all x,y € L
(1) S(L) is a sublattice of L, where the set S(L) = {x** | x € L};
(2) (wAy) =a" vy
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Let M, (L) be the set of n x n matrices over a bounded distributive lattice L,
the elements of M, (L) denoted by capital letters and suppose A € M, (L), then
the (i,7)!" entry of A is denoted by a;;. Y. Giveon [5] calls them lattice matrices.

The following definitions are due to Y. Giveon [5] for the lattice matrices

A = [a;j], B = [bi;],C = [ci;] € M, (L), where a;;,bi5,¢i5 € L, 1 <i,j <n

A < B if and only if a;; < bij;

A+ B =Cif and only if ¢;; = ai; V bij;

AN B =C if and only if ¢;; = a;j A bij = ai;jbsj;

A-B=AB=Cif and only if ¢;; = V}_, (aix A by;);

AT = O if and only if Cij = Qji;

A® = I, where I is the identity matrix;

A(BC) = (AB)C,AI =IA= A, A0 =0A=0.

THEOREM 2.2 ([5]). If L is distributive lattice with 0 and 1. A € M, (L) is in-

vertible if and only if each row and each column of A is an orthogonal decomposition
of 1in L.

DEFINITION 2.4. ([4]) A lattice vector space V over L(or lattice vector space)
is a system (V, L, +, -), where V is a non-empty set, L is a distributive lattice with
1 and 0, + is a binary operation on V called addition and - is a map from L x V
to V called scalar multiplication such that the following properties hold: For every
X,y,z € V and a,b € L satisfy ([4]):

) x+y=y+x

(

(2) x4+ (y+2z)=(x+y)+z;

(3) there is an element 0 in V such that x + 0 = x, for every x in V;
(4) x+y=0ifand only if x =y = 0;

(5) a-(x+y)=a-x+a-y;

(6) (aVd) - x=a-x+b-x;

(7) (ab)x = a- (b-);

(8) 1-x=x;

(9) 0-x=0.

3. Meet-distributive lattice matrices

In this section, we extend the concept of meet-distributive matrices over Boolean
algebra [3] to meet-distributive matrices over lattice matrices, we find such matrices
for which the multiplication is distributive with respect to meet and we characterize
those matrices.

DEFINITION 3.1. A square matrix A € M, (L) is said to be left meet-distributive
if it satisfy A(X AY) = AX AN AY, for all X,Y € M, (L) and is said to be right
meet-distributive if it satisfy (X AY)A = XAAY A, forall X, Y € M,,(L). A matrix
is said to be meet-distributive if which is both left meet and right meet-distributive.

ExAaMPLE 3.1. Consider the lattice L = {0,a,b,c,d,1} where the Hasse dia-
gram of L is shown in Figure 1



28 GUDEPU AND DORADLA

1

0

FIGURE 1

and

AXAAY = (@ ENA (@ bY@ b,
c b c c c b

Clearly A is left meet-distributive matrix.

e (28 (21) (2 )
xanva= (5 )a(go)=(7 o)

Clearly A is right meet-distributive matrix. Therefore, A is meet-distributive ma-
trix.

and

Now we characterize the left meet-distributive and right meet-distributive lat-
tice matrices.

THEOREM 3.1. If L is a bounded distributive and a square lattice matriz P =
[pij] over L is left meet-distributive if and only if, for all i, p;; A pi=0, j # k.

PRrROOF. Let P = [p;;] € M, (L). Suppose that P(AA B) = PA A PB, for
all A = [a;5], B = [bi;] € Mp(L). In particular, we choose A = I'* = [(6*);;] and
B = I = [§;j], where §,;=1if i = j and 0 if ¢ # j. Consider, P(AAB) = P(I*NI) =
AO = 0.
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On the other hand

[PANA PBliy, = [Vj(pija)] A [Vi(pabix)]
= [V(pij (8)71)] A [Vi(padur)]
= (VjzkDij) N Dik-
Therefore, the equality gives (V;.ipij) A pik=Vjzk(pij A pir) = 0. Which implies
that pi; Api=0, j # k.
Conversely, suppose that p;; A pir= 0, j # k, then
[PANA PBJir = [V;(pijar)] A [Vi(pibi)]
= V,1(pij A ajr A pi Abik)
=V (pij A ajr A bjg
= [P(A A B)ik.

Therefore, P(AA B) = PANA PB. O

Similarly, we can obtain the following result:

THEOREM 3.2. If L is a bounded distributive and a square lattice matriz P =
[pij] over L is right meet-distributive if and only if, for all j, pi; ANprj= 0, i # k.

ExXAMPLE 3.2. Consider the lattice L = {0,a,b,¢,d, €, f, g, h,i,j, 1} where the
Hasse diagram of L is shown in figure 2.

FIGURE 2
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g a b
Let P = 0 j a |, here we have, for all j, p;; A prj= 0, i # k and for all
d 0 ¢
b ¢ d d f ¢
Lpi Apij= 0,5 # k. X = e f g and Y = b e a |. Consider,
a t h Jj i h
g a b b ¢ 0 0 b
PXAY)=|( 0 j a 0 ¢c 0 |]=1]0 a
d 0 c 0 ¢« h b ¢ ¢
and now
a ¢ b b e h 0 b
PXANPY =| e h i A b e a |=| 0 a
b ¢ h h f ¢ b c

Therefore, P(X ANY) = PX A PY.

We now denote the set of all left meet-distributive matrices of M, (L) as M} (L)
and the set of all right meet-distributive matrices of M, (L) as M (L).

COROLLARY 3.1. For any P,Q € M!(L)(or M’ (L)), A € M,(L). Then we
have

(a) PQ € M,,(L)(or M;(L)).
(b) PA A € M(L)(or MI(L)).

From Corollary 3.1, it follows that both M! (L) and M (L) forms a subsemi-
group and meet-subsemilattice of M, (L).

LEMMA 3.1. have

(a) If P,Q € ML(L), then PV Q € M. (L) if and only if, for all i,
Dij Nqi =0, j # k.

(b) If P,Q € M (L), then PV Q € M (L) if and only if, for all j,
pij Nakj =0, i # k.

THEOREM 3.3. If L is a pseudocomplemented lattice with 0, 1. Let P = [p;;] €
M},(L) is left meet-distributive, the matriz T = [t;;] € M},(L) defined by t;; = p},
J# 1 and ty = Npziply,. Then T is mazimal element of set left meet-distributive
matrices, containing P.

PROOF. Let P = [p;;] € M. (L), then we have p;; A (Vyz;pir) = 0, so which
implies that
Pij < (VijPik)" = NkstjPit, OF Vizj Pik = NieziPik < Djj-
Now we construct the matrix T' = [t;;], where t;; = pij, J # iand ti; = Agtipjy-
Consider for i # k, titix = Apzipfipin = 0. For @ # j # K, tijti, = P =
(pijpir)**= (0)** = 0. Therefore, T = [t;;] € ML(L).
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To prove T is maximal in M/ (L), consider any X = [z;;] € M (L) such that
T < X and we prove T = X (or X < T). Now consider, for i = j,
Tii < Neiiy, < Nkgtitin < AktiDin = NeiDi = tii-
For i # j,
Tij < NestiTiy = Tjg N[ Nigggriy]
<t N Niggzrtin]
= [Nitrpin]™ A [Nt jzrpin]
= [Viripir] A [NiztjzkDik]
= [pi7 V VizgzaDig ] A [Niztjapii]
= pij N[ Nigj#kDik]
<pif
= tij~
So, z;; < t;5, for all 7, j and since t;; < x5, for all ¢, 7 which gives z;; = t;;, for
all 4,5. Therefore, T = X. Consequently 7" is maximal in M! (L).
Similarly, if P = [p;;] € My, (L), the matrix T' = [t;;] defined by t;; = p}7, j # i
and t;; = Agzip),;. Then T is maximal element of M] (L) containing P. O
COROLLARY 3.2. If L is a pseudocomplemented lattice with 0, 1. Then T =
[t:;] € ML(L) is mazimal in ML (L) whenever V;t;; = 1.
PrROOF. Let T = [t;;] € ML(L) is maximal in M/ (L), then there exist P =
[pij] € ML (L) such that P < T and t;; = Py}, J # i and ti; = Agzipjy,. Consider
\/jtij =tV vj;é'itij
= [Arzipir] V [Vjzipis]
= [Viggpi]™ V [Vjzipig] ™
=1.
Suppose T = [t;;] € ML(L) and V;t;; = 1. Since T = [t;;] € ML(L), then t; A
(\/j;éitij) = 0. Which implies that tn‘ < (\/j;ﬁitij)*.
Consider
L=1tii V (Viziti;)
< (Vjzitig)™ vV (Vjzitis)
S (Vjzitig)™ V (Vjzitig)™
=1
we obtain from above, t;; = 77, j # ¢ and ¢; = Njzitij. Therefore, T' = [ti;] is

25

maximal in M! (L) . O

Similarly, we can prove T' = [t;;] € M, (L) is maximal in M, (L) whenever V;t,;
= 1.
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REMARK 3.1. If L is a pseudocomplemented distributive lattice with 0, 1. Let
T = [ti;] € M, (L) is maximal element of both M} (L) and M (L), then t;; = 2
J #iand ty; = Nizkpl, = NktiDi

COROLLARY 3.3. A € M, (L) is mazimal element of both M! (L) and M (L)
if and only if it is invertible.

ExaMPLE 3.3. Consider the lattice L = {0,a,b,¢,d, e, f, g, h,i,7,1} where the

d 0 ¢
Hasse diagram of L is shown in figure 2. Let P=[p;;] = g a 0 |, where, for
0 ¢ a
all j, pij Apikj=0, i # k and for all 4, p;p Ap;;=0, j # k. Then the maximal element
d 0 g
in both M. (L) and M!(L) willbe T = [ g d 0 | and here, for all i,
0 g d

tijtin = 0,5 # k Vit =1
for all 7,

tijti; = 0,0 # k; Vjty = 1.
Therefore, T is invertible.

Now we characterise meet-distributive lattice matrices.

THEOREM 3.4. If L is a pseudocomplemented distributive lattice with 0, 1.

Then A € M, (L) is meet-distributive if and only if there exists an invertible matriz
P e M, (L) such that A < P.

PROOF. Suppose A < P, where P is invertible, then by Corollary 3.1, we have
A=AANP e ML(L)and A= AAP € M!(L). Therefore, A is meet-distributive.

Conversely, suppose A is meet-distributive, then we wish to show that A is
contained in some invertible matrix C. Now we build up systematically a sequence
of matrices

ASN} <NJ - <N (= Csay)
in which each N/* is meet-distributive and N;* (= C) is invertible. Since A is meet-
distributive, we have for all ¢, a;ja; = 0, 7 # k and for all j, a;jar; =0, ¢ # k
which gives that a;; < Arxjaf, A /\k#a",;j.

Now we observe that the previous former relations remain unaltered if, for a
given a;; we replace this a;; by the right-hand side of later one. We use this fact
repeatedly in building up the sequence A < N7* < NI --- < N (= C) in the
following way. We begin by replacing the leading element of A, then proceed along
the first row and then down the first column. At this stage, we will have the matrix
N7 of the sequence which is meet-distributive, contains A and is such that its first
row and column orthogonal decomposition 1 in L.

We begin, therefore, with the matrix M{ defined from A by

/\k>1afk AN /\k>1a,";1, i=1,7=1

M), = )
[ ! ] g, Z#J

] —
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We now proceed along the first row, defining recursively the sequence
1 2
A<My <Mj - <M

in the following way:
©)

- (M ], i=1j<r
L — k ) :
[My"7)ij = Near [MI]5 A @ A Aksaay, j=ri=1
Qij, otherwise
Denoting for convenience M7 by N{ we now proceed down the first column,
thus defining the sequence N} < N2 --- < N7 in the following recursive way:
(") N, j=1li<r
r — k)1 * * . -
[Nl ]ij - /\k<r[N1( )}kl Ng>1 Qpp N Npg>rQpq, 1=T1,9 = 1
Qij, otherwise

At this stage, we have the matrix N{* of the sequence A < N* < NJ' --- < NJJ
(= C), and by its construction it satisfies the meet-distributive conditions and in
which each element of these matrices is a pseudocomplemented of some element.

Consider now the first row of Ni* (= B = b}; say). Taking the union of this
and using repeatedly the formula a* V (a** Ab*) = a* vV b* and the distributive law,
we have, V;[NT'[1; = V;[bj;] = (Aj[by;])" = (0)" = L.

Similarly, we can obtain that V;[N}"];1 = 1.

We may now re-start the process of substitution and build up the matrix N3
from N7' exactly as we built up Ny* from A, though in this case we leave the first
row and column alone and deal with the second row and second column. We then
build up N3 from NJ by concentrating on the third row and column of Nj'and so
on.

The entire sequence of matrices is given by

A<M11<M12-~- < {L:Nf<N12~- < {L:M21<M22--~ < My =
NSNS - < NP =M2< M- <MpP=Nj<Nj-- <NJ=--. M:Ll_—f
SMZ) S Moy = NpZP SNy = M=t <M= N (=€),

In this way, we construct the sequence A < NJ* < N} --- < NJ'(= C) and
eventually arrive at the matrix N”(= C) which is meet-distributive, contains A
and satisfies the condition V;[N;'];; = 1 = V;[N;];;. Consequently, N' (= C) is
invertible. 0

For simulation,consider the matrix
A= 0 a2 ) o ajpasy; a2 \ _ [ bin a2
= < =
a21 Aa22 a21 @22 az1 a2
< bir biyas, \ [ b b2 < b11 b12 _f b1 b2
~ - ~ -
as1 Q22 a1 Q22 biia3, g9 ba1r  ao

b11 b12 bll b12
< . 1w = = B.
( b21 b12b21 ) < b21 b22 )
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Consider
bi1 V bia = ajpa3; V (a12a3)" (ass)
= (a12 V a21)* V (a12 V az1)**(a3,)
= (aj2a3;) V (a3;)
= (a12a22)™ V (a21a22)"
=1
bi1 V ba1 = ajyas; V (ajaa3,)"(as)
= (a12 V as1)* V (a12 V ag1)** (a3,)
= (aja3;) V (a3;)
= (a12022)" V (a21022)"
=1
bia V baa = (ajza3;)"(a5y) V [(@26131)*(@;2)]*
= [(a12 V a21)")(a3) V (a12 V a21)" V (a3,)
= [(a12 V agl) *] V [(a12 \ a21)*} 4 (052)
=1V (a3,)
=1
and

*

ba1 V bag = (ajpa31)" (ase) V [(a72a31)" (a3s)]
[(a12 V a21)*"](a3s) V (@12 V a21)" V (a3;)
[(a12 V a21)™] V [(a12 V a21)*] V (a39)
1V (a3z)

1

with b11b12 = ba1baa = 0 = by1ba1 = b12bao.
Therefore, B is invertible and A < B.

ExaMPLE 3.4. Consider the lattice
L = {0’a7b7cﬂd7e’f7g7h’i7j7k7l7m’n707p7q’rﬂ 8’t7u7/U7 1}

where the Hasse diagram of L is shown figure 3:

g a c
Consider the matrix A = ¢ m a |, here we have, for all i, a;; A ax;=0,
d ¢ g

i # k and for all j, a;x A a;5=0, j # k. Then
g a c a*c*d* a ¢ m a c
A= c m a |< c m a = c m a
d ¢ g d c g d ¢ g
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P

m m*c* ¢ m d c m d m*d*a*g*
< c m a = c m a < c m a
d c g d ¢ g d ¢ g
m d c m d c m d c
= c m a < m*d*a®* m a = c m a
d ¢ g d c g d ¢ g
m d ¢ m d c m d c
< c m a = c m a < ¢ d*c*a* a
m*c*gt ¢ g d ¢ g d c g
m d c m d c m d c
= c m a < c m c'm*g* = c m d
d ¢ g d ¢ g d ¢ g
m d c m d c m d c
< c m d |= c m d < c m d
d d'm*g* g d ¢ g d ¢ d*c*
m d c
= C m d = P
d ¢ m

Clearly P is invertible and A < P

DEFINITION 3.2. Let V be a lattice vector space. An inner product on V is a
function <, >: V x V' — L which satisfy:

(1) <x,x>20,forallxeVand <x,x>= 0iff x = Oy;
(2) <x+y,z>=<x,z2>V<y,z> foralx,y,zeV;
B) <ax,y>= a<x,y> forallx,yeV and a € L;

4) <y,x>=<x,y> forallx,yeV.
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DEFINITION 3.3. A vector space V together with an inner product <,> is
called an inner product space which is denoted by (V, <, >).

EXAMPLE 3.5. Let V = V,,(L) = {x € V|x = (z1,%2,...2,)}(set of all n-
tuples). By defining “+” on V as (z1,22,...@n) + (Y1,¥2,---Yn) = (x1 Vy1,22 V
Y2, .., Tn V yn) and scalar multiplication - on V' as a(z1,xo,...2,) = (azx1, azs,

. aTy), Vu(L) forms a vector space over L. For any x,y € V, by defining
<x,y >=xlyorylx, (V,(L),<,> ) forms an inner product space.

Now we will see another characterization of meet-distributive lattice matrices.

THEOREM 3.5. If L is a pseudocomplemented distributive lattice with 0, 1 and
a matriz in M, (L) is meet-distributive lattice matriz if and only if it is a product
of an orthogonal and a diagonal matrices.

PRrROOF. Let A = [a];; € M, (L) be a meet-distributive lattice matrix, then by
Theorem 3.4 there exist an invertible (orthogonal) matrix @ = [¢];; € M, (L) such
that A < @. Let the columns of A be aj,as,---,a, and the columns of @ be
d:,dy, - ,d,- Now we construct a matrix D = [d];; as d;; =< q;,a; > , for all
i,7. Then we can obtain that, < q;,a; > = 0, for ¢ # j. Therefore, A = QD and
QTA=D.

Converse obvious, that is, the product of an orthogonal and a diagonal lattice
matrices is a meet-distributive lattice matrix. (]

EXAMPLE 3.6. Consider the lattice L = {0,a,b,¢,d,e, f,g,h,i,7,k,l,m,n,o,p,
q,7,8,t,u,v,1} where the Hasse diagram of L is shown in Figure 3.

g a ¢
Consider the matrix A = [a; ag ag] = c m a |, here we have, for all
d ¢ g
i, a;j A ag;=0, © # k and for all j, a;x A a;5=0, 7 # k. Then by Theorem 3.4,
m d c
there exists a invertible (orthogonal) matrix Q@ = [q; qy q3] = c m d
d ¢ m
< qp,a; > 0 0
and construct D = 0 < qy,az > 0 . So,
0 0 < qz,a3 >
m d c < qp,a; > 0 0
QD = c m d 0 < gq,ag > 0
d ¢ m 0 0 < qs,az >
m d c v 0 0 g a c
= c m d 0 v 0 | = cm a | =A
d ¢ m 0 0 r d ¢ g

Conclusion. In this paper, we extended and studied the notion of meet-
distributive lattice matrices. The properties of meet-distributive lattice matrices
and various characterizations of them are given. Also, as an analogue to T. S.
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Blyth [3], we generalize the concept of meet-distributive Boolean matrices to meet-
distributive lattice matrices and characterize those matrices. It is proved that, the
meet-distributive lattice matrix can be decomposed into a product A = QD of an
invertible (orthogonal) matrix @ and a diagonal matrix D.
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