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ANNIHILATOR IDEALS IN
0-DISTRIBUTIVE ALMOST LATTICES

G. Nanaji Rao and R. Venkata Aravinda Raju

ABSTRACT. The concept of annihilator ideal is introduced in a 0—distributive
Almost Lattice (AL) L and gave certain examples of annihilator ideals. We
proved that the set of all annihilator ideals of L forms a complete Boolean al-
gebra. The concept of an annihilator preserving homomorphism is introduced
in L and proved certain properties of annihilator preserving homomorphisms.
We proved that the images and the inverse images of an annihilator ideals
are again annihilator ideals under annihilator preserving homomorphisms. Fi-
nally, a sufficient condition for an AL homomorphism to become annihilator
preserving homomorphism is derived.

1. Introduction

In 1973, William H. Cornish [2] introduced the concept of annihilator ideals in
distributive lattices and studied many properties of annihilator ideals. Mark Man-
delker [3] studied the properties of relative annihilators in lattices and characterized
the distributive lattice in terms of relative annihilators. The concept of almost lat-
tice (AL) was introduced by Nanaji Rao, G. and Habtamu Tiruneh Alemu [4] as a
common abstraction of almost all lattice theoretic generalizations of Boolean alge-
bra like distributive lattices, almost distributive lattices and established necessary
and sufficient conditions for an AL L to become lattice. Also, Nanaji Rao, G.
and Habtamu Tiruneh Alemu [5] introduced the concept of ideals in an AL and
proved that the set Z(L) of all ideals in an AL L forms a complete lattice and
proved the PZ(L) of all principal ideals of L is a sublattice of the lattice Z(L). The
concept of pseudo-complemented almost lattices was introduced by Nanaji Rao,

2010 Mathematics Subject Classification. 06D99, 06D15.

Key words and phrases. Almost lattice, ideal, annihilator ideal, Boolean algebra, complete
Boolean algebra, annihilator preserving homomorphism.

Communicated by Daniel A. Romano.



2 G. N. RAO, R. V. ARAVINDA RAJU

G. and R.Venkata Aravinda Raju [6] and proved some basic properties of pseudo-
complementation on an AL L. Also, they proved that pseudo-complementation
on an AL L is equationally definable and proved that there is a one-to-one corre-
spondence between the set of all pseudo-complementations on L and the set of all
maximal elements in L. Later, Nanaji Rao, G. and R.Venkata Aravinda Raju [7]
introduced the concept of annihilator of a nonempty subset of an AL L and proved
certain basic properties of annihilators in L. Also, they introduced the concept of
0-distributive almost lattice and obtained necessary and sufficient conditions for
an AL with 0 to become 0-distributive AL in terms of annihilators, ideals and
pseudo-complementations.

In this paper the concept of annihilator ideals in an AL is introduced and
gave several examples of annihilator ideals and proved some basic properties of
the annihilator ideals. We proved that the set A(L) of all annihilator ideals of
an AL L with 0 form complete Boolean algebra. Next, the concept of annihilator
preserving homomorphism is introduced and gave certain examples of annihilator
preserving homomorphisms. A sufficient condition for an AL homomorphism to
become annihilator preserving homomorphism is derived. Finally, we proved that
the image and the inverse image of an annihilator ideal is again annihilator ideal
under annihilator preserving homomorphisms.

2. Preliminaries

In this section we collect few important definitions and results which are already
known and which will be used more frequently in the text.

DEFINITION 2.1. ([8]) Let (P,<) be a poset. Then P is said to be lattice
ordered set if for every pair z, y € P, Lu.b{z, y} and g.l.b{zx, y} exists.
DEFINITION 2.2. ([8]) An algebra (L, V, A) of type (2,2) is called a lattice if it
satisfies the following axioms. For any x,y,z € L,
(1) zvy=yVaand z Ay =yAz. (Commutative Law)
(2) (xvy)Vz=aV(yVz)and (zAy)Az=zA(yAz). (Associative Law)
(3) z V(zAy)=zand z A (zVy)==x. (Absorption Law)
It can be easily seen that in any lattice (L,V,A), V& = x and z Az =
z (Idempotent Law).

THEOREM 2.1 ([8]). Let (L,<) be a lattice ordered set. If we define x Ay is
the g.1.b of {z , y} and x Vy is the Lu.b of {z , y} (x,y € L), then (L,V,N) is a
lattice.

THEOREM 2.2 ([8]). Let (L,V,A) be a lattice. If we define a relation < on L,
by x <y if and only if v = x Ay, or equivalently xVy =y. Then (L, <) is a lattice
ordered set.

Important Note. Theorems 2.1. and 2.2. together imply that the concepts
of lattice and lattice ordered set are the same. We refer to it as a lattice in future.

DEFINITION 2.3. ([8]) Let (L, V, A) be a lattice. Then L is said to be a bounded
lattice if L is bounded as a poset.
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DEFINITION 2.4. [8] A bounded lattice L with bounds 0 and 1 is said to be
complemented if to each x € L, there exists y € L such that tAy =0and zVy = 1.

THEOREM 2.3 ([8]). In any lattice (L,V, A), for any z, y, z € L, the following
are equivalent:

(1) A (yVz)=(@Ay) V(zA2)
(2) (xVvyAhz=(xNz)V(yAz)
(3) zvVyAnz)=(xVy A(zV2)
(4) (zAy)Vz=(xzVaz)A(yVz)

DEFINITION 2.5. ([8]) A lattice (L,V,A) is called a distributive lattice if it
satisfies any one of the four conditions in the theorem 2.3.

DEFINITION 2.6. ([8]) A complemented distributive lattice is called a Boolean
algebra.

DEFINITION 2.7. ([8]) A lattice (L, V,A) is called a complete lattice if every
nonempty subset of L has both [.u.b and ¢.l.b.

THEOREM 2.4 ([8]). If P is a partial ordered set bounded above each of whose
non-void subsets R has an infimum, then each non-void subset P will have a supre-
mum, too, and by the definitions (VR = infR, |J = supR, then P becomes a
complete lattice.

THEOREM 2.5 ([1]). Let L be a lattice. Then for any x,y,z € L, the following
conditions are equivalent:
(1) zvynz) =(@Vvy Al
(2) zA(yVz)=(xAy)V(
(3) (zVy)Az<aV(yAz)
DEFINITION 2.8. ([4]) An algebra (L, V, A,0) of type (2,2,0) is called an AL
with 0 if, for any a, b, c € L, it satisfies the following conditions:
(1) (aAb)Aec=(bAa)Ac

)
)

xVz
A4

(2) (avb)Ahe=((bVa)Ac
(3) (anb)Ac=an (bAc)
(4) (avb)Ve=aV (bVe)
(5) an(aVd)=a

(6) aV(anb)=a

(1) (aAb)Vb=b

(8) OAa=0

It can be easily seen that a A b = a if and only if, a Vb= b in an AL.

DEFINITION 2.9. ([4]) Let L be an AL and a,b € L. Then we define a is less
than or equal to b and write a < b if and only if a Ab = a or equivalently a Vb = b.

THEOREM 2.6 ([4]). The relation < is a partial ordering on an AL L and hence
L, <) is a poset.
(

DEFINITION 2.10. ([4]) Let L be any nonempty set. Define, for any z,y € L |
xVy=x=yAx Then, clearly L is an AL and is called discrete AL.
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DEFINITION 2.11. ([4]) An AL L is said to be directed above if for any a,b € L
there exists ¢ € L such that a,b < c.

THEOREM 2.7 ([4]). Let L be an AL. Then the following are equivalent:
(1) L is directed above.
(2) A is commutative.

(3) V is commutative.
(4) L is a lattice.

DEFINITION 2.12. ([1]) Let L and L’ be two ALs with zero elements 0 and 0’
respectively. Then a mapping f : L — L’ is called a homomorphism if it satisfies
the following conditions.

(1) flaVb)=f(a)V f(b)
(2) flanbd) = f(a)A[f(b)
(3) f(0)=0".

DEFINITION 2.13. ([5]) Let L be an AL. Then a nonempty subset I of L is said
to be an ideal of L if it satisfies the following conditions.

(1) If z,y € I, then there exists d € I such that dAz =z and d Ay = y.
(2) fxrelandaec L, thenzAa € 1.

LEMMA 2.1 ([5]). Let L be an AL and I be an ideal of L. Then the following
are equivalent:

(1) z,y € I impliesxzVy € I.
(2) x,y € I implies there exists d € I such that dANx =2z andd ANy =1y.

COROLLARY 2.1 ([5]). Let L be an AL and a € L. Then (a] = {a Azx| x € L}
is an ideal of L and is called principal ideal generated by a.

COROLLARY 2.2 ([5]). Let L be an AL and a, b € L. Then a € (b] if and only
ifa=bAa.

COROLLARY 2.3 ([5]). Let L be an AL and a, b€ L. Then (a Ab] = (bAal.

THEOREM 2.8 ([5]). Let L be an AL. Then the set Z(L) of all ideals of L
form a lattice under set inclusion in which the glb and lub for any I,J € Z(L) are
respectively INJ =INJ and IVJ={z € L:(aVb) Az =z for somea €I and
be J}.

THEOREM 2.9 ([5]). Let L be an AL. Then the set PZ(L) of all principal ideals
of L is a sublattice of the lattice Z(L) of all ideals of L.

DEFINITION 2.14. ([5]) Let L be an AL. Then for any ideal I in L, define
I ={(a]: a € I}.
LEMMA 2.2 ([5]). Let L be an AL and I, J be ideals of L. Then we have the
following.
(1) I¢ is an ideal of the lattice PZ(L)
2 ICJesIcCJ°
3) IvJ)e=1I°vJe
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(4) InJ)e=1I¢nJe
(5) I is prime < I is prime.

DEFINITION 2.15. ([7]) Let L be an AL with 0. Then L is said to be 0-
distributive if for any a,b,c € L, aAb=0and a Ac= 0 imply a A (bV¢) =0.

COROLLARY 2.4 ([7]). Let L be an AL with 0. Then for any ideals I,J of L.
we have the following:

1) InI*={o0}
2) I = () (a]"
acl
3) (InJ) = (JNI)*
A ICT=JCI*
5) I"NJ* C (INJ)*
6) ICI*
9) (TUJ)*=I"nJ*=(JUI)*

COROLLARY 2.5 ([7]). Let L be an AL with 0. Then for any ideals I,J of L,
we have the following.
1) In)y*=1*nJ*=
2 InJ=0eICJ <JCI*

COROLLARY 2.6 ([7]). Let L be an AL with 0. If {I; : i € A} is a family of
ideals of L, then ( (| ;)™ = () (L;)**.
i€EA

[ISYAN

3. Annihilator ideals

In this section, we introduce the concept of annihilator ideal in an AL L,
give certain examples of annihilator ideals. Also, we establish a necessary and
sufficient condition for an ideal in L to become annihilator ideal. Finally, we prove
that the set A(L) of all annihilator ideals in L forms a complete Boolean algebra.
First, we begin this section with the following definition.

DEFINITION 3.1. Let L be an AL with 0 and I be an ideal of L. Then I is
called an annihilator ideal of L if I = A* for some non-empty subset A of L.

It can be easily seen that if I is an annihilator ideal in an AL L then I = I'**.
Also, seen that for any ideal I in L, I* is an annihilator ideal. Note that, the set
of all annihilator ideals in an AL L with 0 is denoted by A(L). In the following we
give certain examples of annihilator ideals.

ExAMPLE 3.1. Let X be a discrete AL with 0 and with atleast two elements,
other than 0. Then (X™,V,A,0') is an AL with 0’ = (0,0, ...,0), where V, A are
defined coordinate-wise. Now, put I = {(0,a1,ag, ...,an—1) : a; € X }. Then clearly
I is an ideal of L and also, I = I**. Hence [ is an annihilator ideal of L.
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EXAMPLE 3.2. Let (L,+,.,0) be a commutative regular ring with unity. For
any a € L, let a® be the unique idempotent element in L such that aL = a°L. For
any z,y € L, define z Ay = 2% and x Vy = 2+ (1 — 2%)y. Then clearly (L, V, A,0)
is an AL with 0. Now, consider I = (2°] and J = (1 — z°]. Then clearly I,.J are
an annihilator ideals in L.

EXAMPLE 3.3. Let L = {0,a,b,c} and define V and A on L as follows:

V|i0|la|b]|c AlO]la|b|c
0|0|a|blc 0{0[0|0|O
alala|lb|b|land |a|0|la|la]|0
b|b|b|b|b b|0|a|b|c
clc|b|blc c|0]0|c]|c

Then clearly (L,V,A,0) is an AL with 0. Now, put I = {0,a}. Then clearly I is
an ideal in L. Now, I* = {0, ¢} and also I** = {0,a} = I. Thus I is an annihilator
ideal in L.

Recall that for any ideal I of an AL L, I° = {(a] : a € I} is an ideal of the
lattice PZ(L). In the following we derive a necessary and sufficient condition for
an ideal in an AL to become annihilator ideal.

LEMMA 3.1. Let L be an AL with 0. Then an ideal I of L is an annihilator
ideal in L if and only if I¢ is an annihilator ideal in PZ(L).

PROOF. Suppose [ is an annihilator ideal in L. Then we have I = I**. Now,
we shall prove that 1¢ = (I¢)**. Clearly, I¢ C (I¢)**. Let (a] € (I¢)** and b € I*.
Then for any ¢ € I, (b]N(c] = (bAc] = (0]. Hence (b] € (I¢)*. Since (a] € (I¢)**, we
get (a]N(b] = (0]. This implies (a Ab] = (0]. It follows a Ab =0. Thusa € I** = I.
Hence a € I. Therefore (a] € I¢. Thus (I¢)** C I¢. Therefore I¢ = (I¢)**. Hence
I¢ is an annihilator ideal in PZ(L).

Conversely, suppose I¢ is an annihilator ideal in PZ(L). Then (I¢)** = I°.
Now, we prove that I = I**. We have I C I**. Let a € I"* and (b] € (I°)*.
Now, for any ¢ € I, (¢] € I°. Hence (b] N (¢] = (0]. This implies (b A ¢] = (0].
Hence bAc=0. Thus b € I*. Now, let a € I**. Then a Ab = 0. It follows that
(a A'b] = (0]. This implies (a] N (b] = (0]. Thus (a] € (I¢)** = I¢. Hence (a] € I°.
Therefore (a] = (t] for some ¢ € I. Now, a € (a] = (t] and hence a =t Aa € I.
Thus a € I. Therefore I** C I. Thus I** = I and hence I is an annihilator ideal
in L. O

THEOREM 3.1. Let L be a 0-distributive AL. Then for any ideal I of L, (I¢)*
is an annihilator ideal in PIZ(L).

PROOF. Suppose [ is an ideal of L. Then we have I¢ is an ideal of PZ(L).
Now, we prove that (I¢)* is an ideal of PZ(L). Since (0] N (a] = (0 A a] = (0]
for all (a] € I¢, (0] € (I¢)*. Hence (I¢)* is non empty subset of PZ(L). Let
(z],(y] € (I°)*. Then (x] N (a] = (0] and (y] N (a] = (0] for all (a] € I°. This
implies (z A a] = (0] and (y A a] = (0] for all (a] € I¢. It follows that 2 Aa = 0 and
yAa=0 for all a € I. Since L is 0-distributive AL, we get (z V y) A a = 0 for all
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a € I. This implies ((z V y) Aa] = (0] for all a € I. Tt follows that (x Vy] N (a] =
((x]V (y])N(a] = (0] for all (a] € I°¢. Therefore (x]V (y] € (I¢)*. Let (z] € (I¢)* and
(r] € PZ(L). Then (z] N (a] = (0] for all (a] € I¢. Now, for any (t] € I¢, consider
(N )N = (nE)n (] = (@atn(r]=0ln(]=(0Ar] = (0] Thus
(x] N (r] € (I¢)*. Therefore (I¢)* is an ideal. Clearly, (I¢)* is an annihilator ideal
in the lattice PZ(L). O

COROLLARY 3.1. Let L be a 0-distributive AL. Then for any annihilator ideal
Iin L, (I¢)* is an annihilator ideal in PZ(L).

Recall that the set Z(L) of all ideals of an AL L is a lattice. But, the set A(L)
of all annihilator ideals in L is not a sublattice of Z(L). For, consider the following
example.

ExAMPLE 3.4. Consider the distributive lattice L = {0, a,b, ¢, 1} whose Hasse
diagram is as follows:

) ek

FiGURE 1

Now, put I = {0,a} and J = {0,b}. Then clearly I and J are ideals of
L. Now, I* = {0,b} = J and J* = {0,a} = I. Tt follows that I and J are
annihilator ideals in L. Now, IV J = {0,a,b,c}. Therefore (I vV J)* = {0}. Hence
(IvJ)y* ={0}* =L # IV J. Therefore I vV J is not an annihilator ideal in L.

However, we prove that the set A(L) of all annihilator ideals in an AL L is a
complete Boolean algebra. For, this first we need the following.
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LEMMA 3.2. Let L be 0-distributive AL. Then for any I,J € A(L), INJ =
(I* Vv J*)*.

PROOF. Suppose I,J € A(L). Since I* C I*V J*, we get (I*VJ*)* C I*™* = 1.
Similarly, we get (I* Vv J*)* C J. Hence (I* VvV J*)* CINJ.

Conversely, suppose x € INJ and y € I* vV J*. Then y = (a V b) Ay for
some a € I[* and b € J*. It follows that x Aa = 0 and £ A b = 0. Now, consider
xAy=zA((aVd)Ay)=(xA(aVb)ANy=0Ay=0. Therefore x € (I* Vv J*)*.
Hence INJ C (I*Vv J*)*. Thus INJ = (I* Vv J*)*. O

THEOREM 3.2. Let L be a 0-distributive AL with 0. Then the set A(L) of all
annihilator ideals of L forms a complete Boolean algebra.

ProOOF. Let L be an AL with 0. Then clearly, A(L) is non empty, since
(0], L € A(L). Also, clearly A(L) is a poset with respect to the set inclusion. Let
I,J € A(L). Then I = I** and J = J**. Now, consider (INJ)** = I**NJ** = INJ.
Therefore I N J € A(L) and clearly T N J is the glb of I,J in A(L). Define
IVJ = (I* N J*)*. Now, consider (IV.J)™ = ((I* N J*)*)** = (I* A J*)*** =
(I*nJ** = IvJ. Thus (IVJ)*™ = IVvJ. Hence IVJ is an annihilator ideal.
Therefore IVJ € A(L). Let x € Tandy € I*NJ*. Thenx € I and y € I*. It
follows that x Ay € INI* = (0]. Thus z Ay = 0. Hence z € (I* N J*)*. Therefore
I C (I*nJ** =1IvJ. Similarly, we get J C IVJ. Therefore IVJ is an upper
bound of I, J in A(L).

Suppose H € A(L) such that H is an upper bound of I, J. Then I C H and
J C H. This implies H* C I* and H* C J*. Hence H* C I* N J*. Therefore
(I*NnJ*)* C H* = H. Thus IVJ C H. Therefore IVJ is the l.u.b of I, J. Hence
(A(L), A, V) is a lattice. Clearly, (0] and L are the least and greatest elements in
A(L) respectively. Hence A(L) is a bounded lattice. Let I € A(L). Then, we
have I* € A(L) and I N I* = (0]. Now, consider IVI* = (I* N I**)* = (0]* = L.
Thus every element in A(L) has a complement in A(L). Therefore A(L) is a
complemented lattice.

Now, we shall prove A(L) is a distributive lattice. Let I, J, K € A(L). Since
A(L) is a lattice, IV(JNK) C (IVJ)N(IVK). First we shall prove that (IVJ)NK C
IV(JNK). We have IN(KN(I*N(JNK)*)) = (0]. This implies KN(I*N(JNK)*) C
I*. Also, we have JN(KN(I*N(JNK)*)) = (0]. Therefore KN(I*N(JNK)*) C J*
. Hence KN(I*N(JNK)*) CI*NnJ* Thus (KN(I*N(JNK)*))N{I*NJ*)* C
(I*NJ*) N (I* NJ*)* = (0]. Therefore (KN (I*N(JNK)*))N(I*NJ*)* = (0]. This
implies (I*N(JNK)*)N(KN(I*NJ*)*) = (0]. Thus KN(I*NJ*)* C (I*N(JNK)*)*.
It follows that (I*NJ*)*NK C (I*N(JNK)*)*. Hence (IVJ)NK CIV(JNK).
Now, (IVJ) N (IVK) C IV(J N (IVK)) = IV((IVEK) N J) C IVIV(K N J)) =
(IVI)V(KNJ) = IV(JNK). Thus (A(L),Nn,V,*,(0],L) is a Boolean algebra.
Also, by theorem 2.4. and by corollary 2.6., we get A(L) is a complete Boolean
algebra. O
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4. Annihilator Preserving homomorphisms

In this section, we introduce the concepts of an annihilator preserving homo-
morphism and dense AL and give examples of annihilator preserving homomor-
phisms in terms of dense ALs. Next, we prove certain basic properties of annihi-
lator preserving homomorphisms. Finally, we derive sufficient condition for an AL
homomorphism to become annihilator preserving homomorphism. For, this first
we need the following.

LEMMA 4.1. Let L and L’ be two ALs with zero elements 0 and 0’ respectively
and f: L — L' a homomorphism. Then we have the following.
(1) If f is onto, then for any ideal I of L, f(I) is an ideal of L'.
(2) If J is an ideal of L', then f=1(J) is an ideal of L.
(3) ker(f) is an ideal of L.

PROOF. (1) Suppose I is an ideal of L. Then we have f(I) = {f(z) : v € I}.
Clearly f(I) is non empty, since f(0) € f(I). Let f(a), f(b) € f(I) where a,b € I.
Then a,b € I and hence aVb € I. Therefore f(aVb) € f(I). It follows f(a)V f(b) €
f(I). Again, let f(a) € f(I) and r € L’. Since f is onto and r € L', there exist
t € L such that f(t) = r. Now, since a € I and t € L, a At € I. Therefore
flant) e f(I). It follows f(a) A f(t) € f(I). Hence f(a) Ar € f(I). Therefore
f(I) is an ideal in L'.

(2) Suppose J is an ideal in L'. Then f~1(J) = {z € L : f(x) € J}. Since
f(0)=0" € J, we get 0 € f~1(J). Therefore f~1(J) is non empty subset of L. Let
a,b € f~Y(J). Then f(a), f(b) € J. Since J is an ideal in L', f(a)V f(b) € J. This
implies f(aVb) € J. Hence aVb € f~1(J). Again, let a € f~!(J) and z € L.
Then f(a) € J and f(x) € f(L) C L. Since J is an ideal in L, f(a) A f(z) € J.
Therefore f(a Ax) € J. Hence a Az € f~1(J). Thus f~1(J) is an ideal in L.

(3) We have {0’} is an ideal of L. Therefore by condition (2), we get f~({0'})
is an ideal of L. But, f71({0'}) ={x e L: f(z) e {0'}} ={z e L: f(x) =0} =
ker(f). Thus ker(f) is an ideal of L. O

LEMMA 4.2. Let f : L — L' be a homomorphism. Then for any non empty
subset A of L, f(A*) C (f(A))*.

PROOF. Let a € f(A*) and y € f(A). Then there exists b € A* and z € A
such that a = f(b) and y = f(x). Now, since b € A* and v € A, bAz = 0.
Therefore a Ny = f(b) A f(z) = f(bAz) = f(0) =0". Thus a € (f(A))*. Therefore
fA7) < (f(A). 0

But, the converse of the lemma 4.2. is not true. For, consider the following
example.

ExaMPLE 4.1. Let L = {0,a,b,c} be a discrete AL. Define a mapping f :
L — L by f(x) =0 for all z € L. Then clearly f is a homomorphism. Now, put
A = {a,b}. Then clearly A* = {0} and f(A4) = {0}. Hence f(4*) = {0} and
(f(A))* = L. Thus (f(A))" £ f(A).
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In view of above observation, we introduce the concept of annihilator preserving
homomorphism.

DEFINITION 4.1. Let L and L’ be two ALs with 0 and 0’ respectively. Then a
homomorphism f : L — L’ is called annihilator preserving if it satisfies f(A*) =
(f(A))*, for any {0} C A C L.

In the following we give an example of annihilator preserving homomorphism.

EXAMPLE 4.2. Let A = {0,a} and B = {0,b1,b2} be two discrete ALs. Write
L =Ax B ={(0,0),(0,b1),(0,b2), (a,0), (a,b1), (a,b2)}. Then (L,V,A,(0,0)) is
an AL under point-wise operations with the zero element (0,0). Also, put L' =
{0/,a’,', '} and define the operations V' and A on L’ as follows.

vVilold |6 | N0 [ ad | b ]|
o10 |a |V | o(o o |00
a |a |ad || and a |0 |a |0 |a
oY ||V Lo oYY
dlcd ||| |0 |d ||

Then clearly (L', V', A',0’) is an AL with zero. Now, define a mapping f : L — L’ by
f((0,0)) =0, f((a,0)) = a', f((0,b1)) = f((0,b2)) =V, f((a,b1)) = f((a,b2)) =

¢’. Then clearly f is a homomorphism from L onto L’ and also, clearly f is an

annihilator preserving homomorphism.

Next, we introduce the concept of dense AL and give an example of dense AL.
Also, we establish an example of annihilator preserving homomorphism interms of
dense ALs. For, this first we need the following.

DEFINITION 4.2. An element a of an AL L is called a dense element if [a]* =

{0}

It can be easily observed that every maximal element is dense. But, dense
element need not be maximal. For, consider the following example.

EXAMPLE 4.3. Let A = {0,a} and B = {0,b1,b2} be two discrete ALs. Now,
put L = A x B ={(0,0),(0,b1), (0,b2), (a,0), (a,b1), (a,b2)} and define operations
V and A on L as follows.

Vv (0,0) | (0,b1) | (0,b2) | (a,0) | (a,b1) | (a,b2)
(0,0) | (0,0) | (0,b1) | (0,b2) | (a,0) | (a,b1) | (a,b2)
(O, bl) (O, bl) (0, bl) (0, b1) (Cl, bl) (a, bl) (a, bl)
(0,b2) | (0,b2) | (0,b2) | (0,b2) | (a,b2) | (a,b2) | (a,b2)
(a,0) | (a,0) | (a,b1) | (a,b2) | (a,0) | (a,b1) | (a,bs2)
(a,b1) | (a,b1) | (a,b1) | (a,b1) | (a,b1) | (a,b1) | (a,b1)
(CL, bg) (CL7 b2) (CL, bg) (a, bg) (a, b2) (CL, bg) (a, bg)

and
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VAN (0, 0) (0, bl) (0, bg) (a, 0) (a, bl) (a, bg)
(0,0) 1 (0,0) | (0,0) | (0,0) | (0,0) | (0,0) | (0,0)
(0,b1) | (0,0) | (0,b1) | (0,b2) | (0,0) | (0,b1) | (0,b2)
(07 b2) (Oa 0) (07 bl) (Oa bZ) (Oa 0) (Oa bl) (07 b2)
(a,0) | (0,0) | (0,0) | (0,0) | (a,0) | (a,0) | (a,0)
(a,b1) | (0,0) | (0,b1) | (0,b2) | (a,0) | (a,b1) | (a,bs)
(a,b2) | (0,0) | (0,b1) | (0,b2) | (a,0) | (a,b1) | (a,b2)

Then clearly, (L,V,A,(0,0)) is an AL with (0,0) as its zero element. Now, let
L' = {(0,0), (0,b1), (0,b2), (a,b1), (a,b2)}. Then L’ is a sub AL of (L, V, A, (0,0)).
In L', (a,b1), (a,by) are only maximal elements. Now, [(0,b1)]* = {(0,0)}. So
that (0,b1) is a dense element, but not a maximal element in L’. Because (0,b1) A
(a,b1) = (0,b1) # (a, by). Similarly (0, b2) is also a dense element but not a maximal
element.

DEFINITION 4.3. Let L be an AL with 0. Then L is said to be dense AL if

every nonzero element in L is dense.

It can be easily seen that every discrete AL is a dense AL. More generally,
we have the following theorem.

THEOREM 4.1. Let L and L' be two dense ALs. Then every homomorphism
from L into L' is an annihilator preserving homomorphism.

PRrROOF. Suppose L and L’ are two dense ALs and f : L — L’ is a homo-
morphism. Suppose {0} € A C L. Now, we shall prove that f(A*) = (f(4))*.
Since L is dense and A* = [ [a]*, A* = {0}. Therefore f(A*) = f({0}) = {0}.

acA
On the other hand (f(A4))* = () [f(a)]* = {0}, since L’ is dense. Therefore
fla)ef(A)
f(A*) = (f(A))*. Thus f is an annihilator preserving homomorphism. O

Now, we prove some properties of annihilator preserving homomorphisms.

THEOREM 4.2. Let L and L' be two ALs with zero elements 0 and 0 respectively
and let f : L — L' be an annihilator preserving homomorphism such that ker(f) =
{0}. Then for any non empty subsets A and B of L, A* = B* if and only if
(f(A)" = (f(B)".

PROOF. Suppose A and B are two non empty subsets of L such that A* = B
Then clearly f(A*) = f(B*). Since f is annihilator preserving, (f(A))* = (f(B))*.
Conversely, suppose (f(A4))* = (f(B))*.

Now, t € A*=tAa=0 forall a € A.
= f(t Aa) = f(0)
F@&)A fla)=0 forallae A
f@) € (f(A)"
7(t) € (F(B))"
FONS
I

*

FOANf(b)=0 foralbe B
tAb)=0 forallbe B
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=tAbeker(f)={0}forallbe B
=tAb=0forallbe B
=te B*.

Therefore A* C B*. Similarly, we get B* C A*. Therefore A* = B*. O

THEOREM 4.3. Let L and L’ be two ALs with zero elements 0 and 0" respectively
and let f : L — L' be a homomorphism. Then we have the following.

(1) If f is annihilator preserving and onto, then f(I) is an annihilator ideal
of L' for every annihilator ideal I of L.

(2) If f=1 preserves annihilators, then f=1(J) is an annihilator ideal of L for
every annihilator ideal J of L'.

PRrROOF. (1) Suppose I is an annihilator ideal of L. Then by lemma 4.1(1),
f(I) is an ideal of L. Since f is annihilator preserving, (f(I))** = f(I**) = f(I).
Therefore f(I) is an annihilator ideal in L'.

(2) Suppose J is an annihilator ideal of L’. Then by lemma 4.1(2), f~1(J) is
an ideal of L. Since f~! preserves annihilators, (f~1(J))** = f~1(J**) = f~1(J).
Therefore f~1(.J) is an annihilator ideal in L. O

COROLLARY 4.1. Let L and L’ be two ALs with zero elements 0 and 0" respec-
tively and let f : L — L' be a homomorphism such that f~! preserves annihilators.
Then ker(f) is an annihilator ideal of L.

PrROOF. By lemma 4.1(3), we get ker(f) is an ideal of L. Also, we have
{0’} is an annihilator ideal in L’. Now, we have ker(f) = f=1({0’}). There-
fore (ker(f))™* = (f71({0'}))* = fH({0'}) = f71({0'}) = ker(f). Therefore

ker(f) is an annihilator ideal. O

It can be easily seen that if f : L — L’ is homomorphism such that f is one-one,
then ker(f) = {0}. But, converse need not be true. For, consider the following
example.

EXAMPLE 4.4. Let L = {0,a,b} and L' = {0’, ¢’} be two discrete ALs. Define
a mapping f : L — L' by f(0) = 0’ and f(a) = f(b) = ¢/. Then clearly f is a
homomorphism from L into L’ such that ker(f) = {0}. Now, we have f(a) = f(b),
but a # b. Hence f is not one-one.

Finally, we give sufficient condition for a homomorphism to become annihilator
preserving.

THEOREM 4.4. Let L and L’ be two ALs with zero elements 0 and 0" respectively
and let f: L — L' be a homomorphism. If ker(f) = {0} and f is onto, then both
f and £~ are annihilator preserving.

PROOF. Suppose f is onto and ker(f) = {0}. Let A be a non empty subset of
L such that {0} € A C L. Then we have f(A*) C (f(A))*. Now, let = € (f(A))*.
Since f is onto, there exists y € L such that f(y) = x. This implies f(y)A f(a) =0’
for all a € A. Hence f(y Aa) =0 for all a € A. Therefore y A a € ker(f) = {0}
for all a € A. Hence y Aa = 0 for all a € A. It follows that y € A*. This
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implies = f(y) € f(A*). Therefore (f(A))* C f(A*) and hence f(A*) = (f(4))*.
Therefore f is annihilator preserving homomorphism.

We shall prove that f~! preserves annihilators. Let B be a non empty subset
of L'. Let z € (f~*(B))*. Then x Ab = 0 for all b € f~1(B). This implies
f@) N f(b) = f(x Ab) =0 for all f(b) € B. It follows that f(x) € B*. Hence
x € f~1(B*). Therefore (f~1(B))* C f~1(B*). Conversely, suppose z € f~1(B*)
and b € f~1(B). Then f(z) € B* and f(b) € B. Hence f(x Ab) = f(x)A f(b) =0'.
Therefore x A b € ker(f) = {0} and hence z Ab = 0 for all b € f~(B). Hence
r € (f~YB))*. Thus f~1(B*) C (f~1(B))*. Therefore f~1(B*) = (f~1(B))*.
Thus f~! preserves annihilators. O

COROLLARY 4.2. Let L and L' be two ALs with zero elements 0 and 0’ respec-
tiwely and let f : L — L' be a homomorphism. If f is one-one and onto, then both
f and f=1 are annihilator preserving.
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