BULLETIN OF THE INTERNATIONAL MATHEMATICAL VIRTUAL INSTITUTE
ISSN (p) 2303-4874, ISSN (o) 2303-4955

www.imvibl.org /JOURNALS / BULLETIN

Bull. Int. Math. Virtual Inst., Vol. 11(1)(2021), 15-24

DOI: 10.7251/BIMVI2101015R

Former
BULLETIN OF THE SOCIETY OF MATHEMATICIANS BANJA LUKA
ISSN 0354-5792 (o), ISSN 1986-521X (p)

WEAK-INTERIOR IDEALS OF I'“SEMIGROUPS

Murali Krishna Rao Marapureddy and PRV Subba Rao Doradla

ABSTRACT. In this paper, we introduce the notion of weak-interior ideal of
I'—semigroup and we characterize the simple I'—semigroup and the regular
semigroup in terms of weak-interior ideals of I'— semigroup.

1. Introduction

Ideals play an important role in advance studies and uses of algebraic struc-
tures. Generalization of ideals in algebraic structures is necessary for further study
of algebraic structures. Many mathematicians proved important results and char-
acterization of algebraic structures by using the concept and the properties of gen-
eralization of ideals in algebraic structures. The notion of ideals was introduced
by Dedekind for the theory of algebraic numbers, was generalized by Noether for
associative rings. The one and two sided ideals introduced by her, are still cen-
tral concepts in ring theory and the notion of an one sided ideal of any algebraic
structure is a generalization of notion of an ideal.

In 1952, the concept of bi-ideals was introduced by Good and Hughes [1] for
semigroups. The notion of bi-ideals in rings and semigroups were introduced by
Lajos and Szasz [8, 9]. Quasi ideals are generalization of right ideals and left ideals
whereas bi-ideals are generalization of quasi ideals. Steinfeld [30] first introduced
the notion of quasi ideals for semigroups and then for rings. Iseki [3, 4, 5], Izuka [6]
introduced the concept of quasi ideal for a semigroup. Quasi ideals in I'—semigroups
were studied by Jagtap and Pawar [7]. Henriksen [2] and Shabir et al. [29] studied
ideals in semigroups.
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M. K. Rao [11, 12, 13, 14, 15, 16, 17, 18, 19, 20, 21] introduced the notion
of left (right) bi-quasi ideals, bi-interior ideals tri-ideals and bi-quasi interior ideals
of semiring, I'—semiring, I'—semigroup and studied their properties. In 1981, Sen
[28] introduced the notion of a I'—semigroup as a generalization of semigroup.
In 1995, M. K. Rao [22, 23, 24, 25] introduced the notion of a I'-semiring as a
generalization of I'-ring, ring, ternary semiring and semiring. As a generalization of
ring, the notion of a I'—ring was introduced by Nobusawa [27] in 1964. Semigroup,
as the basic algebraic structure was used in the areas of theoretical computer science
as well as in the solutions of graph theory, optimization theory and in particular
for studying automata, coding theory and formal languages.

In this paper,we introduce the notion of a weak-interior ideal and we charac-
terize the regular I'- semigroup in terms of weak-interior ideal of I'— semigroup.

2. Preliminaries

In this section, we will recall some of the fundamental concepts and definitions,
which are necessary for this paper.

DEFINITION 2.1. A semigroup is an algebraic system (M,.) consisting of a
non-empty set M together with an associative binary operation ‘-’.

DEFINITION 2.2. A subsemigroup 1" of a semigroup M is a non-empty subset
T of M such that TT CT.

DEFINITION 2.3. A non-empty subset T of a semigroup M is called a left (right)
ideal of M if MT CT (TM CT).

DEFINITION 2.4. A non-empty subset T" of a semigroup M is called an ideal of
M if it is both a left ideal and a right ideal of M.

DEFINITION 2.5. A non-empty @ of a semigroup S is called a quasi ideal of S
ifRSNSQ CQ.

DEFINITION 2.6. A subsemigroup 7" of a semigroup S is called a bi-ideal of S
ifTST CT.

DEFINITION 2.7. A subsemigroup 7' of a semigroup M is called an interior
ideal of M if MTM C T.

DEFINITION 2.8. An element a of a semigroup M is called a regular element if
there exists an element b of M such that a = aba.

DEFINITION 2.9. A semigroup M is called a regular semigroup if every element
of M is a regular element.

DEFINITION 2.10. Let M and I' be non-empty subsets. Then we call M a
I-semigroup, if there exists a mapping M x I' x M — M (images of (z,a,y) will
be denoted by zay,z,y € M and « € I') such that it satisfies za(yfz) = (zay)sz.
for all x,y,z € M and o, 8 €T.

DEFINITION 2.11. A non-empty subset A of I'—semigroup M is called
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(i) a I'-subsemigroup of M if ATA C A,

(ii) a quasi ideal of M if ATM N MTA C A,

(iii) a bi-ideal of M if ATMTA C A,

(iv) an interior ideal of M if MTAT'M C A,

(v) aleft (right) ideal of M if MT'A C A (res. ATM C A),
(vi) an ideal if ATM C A and MT' A C A.

DEFINITION 2.12. ATl'—semigroup M is said to be left (right) singular if for
each a € M there exists a € I such that aab = a (res. aab =1b), for all b € M.

DEFINITION 2.13. A I'—semigroup M is said to be commutative if aad = baa,
for all a,b € M and for all « € T'.

DEFINITION 2.14. Let M be a I'-semigroup. An element a € M is said to be
an idempotent of M if there exist o € I' such that a = aaa and «a is also said to be
« idempotent.

DEFINITION 2.15. Let M be a I'-semigroup. If every element of M is an
idempotent of M, then I'—semigroup M is said to be a band.

DEFINITION 2.16. Let M be a I'-semigroup. An element a € M is said to be a
regular element of M if there exist x € M, a, 8 € I" such that a = aaxfa.

DEFINITION 2.17. Let M be a I'-semigroup. Every element of M is a regular
element of M then M is said to be a regular I'-semigroup M.

DEFINITION 2.18. Let M be a semigroup. A non-empty set L of M is said
to be left bi-quasi (right bi-quasi) ideal of M if L is a subsemigroup of M and
MLNLMLCL (res. LMNLML C L).

DEFINITION 2.19. Let M be a semigroup. A nonempty subset L of M is said
to be bi-quasi ideal of M if L is a subsemigroup of M ML N LML C L and
LMNLML C L.

DEFINITION 2.20. ([10]) Let M be a semigroup. A non-empty subset L of M is
said to be bi-interior ideal of M if L is a subsemigroup of M and MLMNLML C L

3. Weak-interior ideals of I'- semigroups

In this section, we introduce the notion of weak-interior ideal as a generalization
of quasi-ideal and interior ideal of I'— semigroupand study the properties of weak-
interior ideal of I'- semigroup. Throughout this paper, M is a I'— semigroup with
unity element.

DEFINITION 3.1. A non-empty subset B of a I'— semigroupM is said to be left
weak-interior ideal of M if B is a I'—subsemigroup of M and MI'BI'B C B.

DEFINITION 3.2. A non-empty subset B of a I'— semigroupM is said to be
right weak-interior ideal of M if B is a I'—subsemigroup of M and BI'BI'M C B.

DEFINITION 3.3. A non-empty subset B of a I'— semigroupM is said to be
weak-interior ideal of M if B is a I'—subsemigroup of M and Bis a left weak-
interior ideal and a right weak-interior ideal of M.
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REMARK 3.1. A weak-interior ideal of a I'- semigroupM need not be quasi-
ideal, interior ideal, bi-interior ideal. and bi-quasi ideal of I'- semigroup M.

ExaMPLE 3.1. Let @ be the set of all rational numbers,

u-{(3 ) nsec)

be the additive semigroup M of matrices and I' = M. The ternary operation
AaB is defined as usual matrix multiplication of A, «, B, for all A, a, B € M.Then

M is a I'— semigroup If R = { ( 8 8 |0#£be Q} then R is a left weak interior

ideal of the I'— semigroupM and R is neither a left ideal nor a right ideal, not a
weak interior ideal and not a interior ideal of the I'— semigroupM .

In the following theorem, we mention some important properties and we omit
the proofs since they are straight forward.

THEOREM 3.1. Let M be a I'-semring. Then the following are hold:

(1) Every left ideal is a left weak-interior ideal of M.

(2) Ewvery right ideal is a right weak-interior ideal of M.

(3) Let M be aT- semigroupand B be a T'-subsemigroupof M.If MTUMTB C B
andBTMT'M C B then B is a weak-interior ideal of M.

(4) Every ideal is a weak-interior ideal of M.

(5) If B is a weak-interior ideal and T is an interior ideal of M then BNT
18 a weak-interior ideal of ring M .

(6) If L is a T'-subsemigroupof M and R is a right ideal of a T'- semigroupM
then B = LT'R is a weak-interior ideal of M.

(7) Let M be a T'- semigroupand B be a T'-subsemigroupof M. If

MI'MT'MTBCB
then B is a left weak-interior ideal of M.

THEOREM 3.2. If B be an interior ideal of a I'- semigroup M, then B is a left
weak-interior ideal of M.

PROOF. Suppose B is an interior ideal of the I'- semigroup M. Then
MTBT'B C MT'BT'M C B.
Hence B is a left weak-interior ideal of M. O

COROLLARY 3.1. If B be an interior ideal of a I'- semigroup M, then B is a
right weak-interior ideal of M.

COROLLARY 3.2. If B be an interior ideal of a I'- semigroup M, then B is a
weak-interior ideal of M.

THEOREM 3.3. Let M be a I'- semigroup and B be a I'-subsemigroupof M.
B is a weak-interior ideal of M if and only if there exists left ideal L such that
LI'LCBCL.
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PROOF. Suppose B is a weak-interior ideal of the I'— semigroupM. Then
MTBT'B C B. Let L = MI'BI'B. Then L is a left ideal of M. Therefore
ITLCBCL.

Conversely suppose that there exists left ideal L of M such that LI'L C B C L.
Then MT'BT'B C MT(L)I'(L) C LT'(L) C B. Hence B is a left weak-interior ideal
of M. O

COROLLARY 3.3. Let M be a I'— semigroupand B be a I'—subsemigroupof M.

B is a right weak-interior ideal of M if and only if there exist right ideal R such
that RTR C B C R.

COROLLARY 3.4. Let M be a I'— semigroup and B be a I'—subsemigroupof
M. B is a weak-interior ideal of M if and only if there exist ideal R such that
RI'RC BCR.

THEOREM 3.4. The intersection of a left weak-interior ideal B of a T'- semi-
group M and a left ideal A of M is always a left weak-interior ideal of M.

PrOOF. Suppose C' = BNA. Then MT'CT'C C MT'BT'B C B and MI'CTC C
MTAT'A C A since A is a left ideal of M. Therefore MI'CT'C C BNA = C. Hence
the intersection of a left weak-interior ideal B of a I'- semigroup M and a left ideal
A of M is always a left weak-interior ideal of M. O

COROLLARY 3.5. The intersection of a right weak-interior ideal B of a I'-
semigroupM and a right ideal A of M is always a right weak-interior ideal of M.

COROLLARY 3.6. The intersection of a weak-interior ideal B of a I'- semigroup
M and an ideal A of M is always a weak-interior ideal of M.

THEOREM 3.5. Let A and C be T'-sub semigroups of a I'- semigroup M and
B = AT'C and B is additively semigroup of M. If A is the left ideal of M then B
is a quasi-interior ideal of M.

PROOF. Let A and C be I'-sub semigroups of M and B = AT'C. Suppose A is
the left ideal of M. Then BI'B = AT'CTAI'C C AT'C = B and

MTI'BT'B = MT'ATCTATC C AI'C = B.
Hence B is a left weak-interior ideal of M. O

COROLLARY 3.7. Let A and C be I'-sub semigroups of a I'— semigroupM and
B = AT'Cand B is additively semigroup of M. If C is a right ideal then B is a
right weak-interior ideal of M.

THEOREM 3.6. If B is a left weak-interior ideal of a I'- semigroupM , BT'T is
an additively semigroup of M and T C B then BI'T is a left weak-interior ideal of
M.

PROOF. Suppose B is a left weak-interior ideal of the I'- semigroupM, BI'T is
an additively semigroup of M and T' C B.Then BI'TTBI'T' C BI'T. Hence BI'T
is a I'-subsemigroupof M. We have MI'BI'TT' BI'T C MT'BT'BI'T' C BI'T. Hence
BI'T is a left weak-interior ideal of the I'- semigroupM. (]
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THEOREM 3.7. Let B and I be a left weak interior ideals of a I'- semigroupM .
Then BN 1 is a left weak-interior ideal of M.

PRrROOF. Suppose B and [ are left weak interior ideals of M. Obviously BN is
a I-subsemigroupof M. Then MT (BNI)T'(BT'I) € MT'BI'B C B and MT (BN
I)T (BTI) € MTITT C I. Therefore MT'(BNI)I'(BT'I) C BNI. Hence BN 1T is
a left weak-interior ideal of M. O

THEOREM 3.8. The intersection of {Bx | A € A} left weak-interior ideals of a
T'- semigroupM is a left weak-interior ideal of M.

PrROOF. Let B = () Bx. Then B is a I-subsemigroupof M. Since B, is
A€A
a left weak-interior ideal of M, we have MI'B\,'B), C B, for all A € A and

MI'N By N By CNByx. Thus MI'BI'B C B. Hence B is a left weak-interior ideal
of M. O

COROLLARY 3.8. The intersection of {By | A € A} right weak-interior ideals
of a T'- semigroupM is a right weak-interior ideal of M.

COROLLARY 3.9. The intersection of {By | A € A} weak-interior ideals of a T'-
semigroupM is a weak-interior ideal of M.

THEOREM 3.9. Let B be a left weak-interior ideal of a I'- semigroupM ,e € B
and e be B—idempotent. Then el'B is a left weak-interior ideal of M.

PROOF. Let B be a left weak-interior ideal of the I'- semigroupM. Suppose
ze€ BNel'M. Then z € B and x = eay,a € I',y € M. Now, we have

x = eay = efeay = ef(eay) = efx € el'B.

Therefore BNel'M C eI'B. Thus eI'B C B and eI'B C eI'M. From here, it follows
e'BC BNel'M and eI'B = BNel'M. Hence eI'B is a left weak-interior ideal of
M. O

COROLLARY 3.10. Let M be a I'- semigroupM and e be a—idempotent. Then
el'M and MTe are left weak-interior ideal and right weak-interior ideal of M re-
spectively.

THEOREM 3.10. Let M be a I'-semigroup. If M = MTa, for alla € M. Then
every left weak-interior ideal of M is a quasi ideal of M.

PRrROOF. Let B be a left weak-interior ideal of the I'- semigroupM and a € B.
Then MT'a € MI'B and M C MI'B C M. Thus MI'B = M and BI'M =
BT'MTB C MI'BTMTI'B C B. Now, M'BNBI'M C MnBT'M C BTM C B.
Therefore B is a quasi ideal of M. Hence the theorem. O

THEOREM 3.11. B is a left weak-interior ideal of a I'- semigroupM if and only
if B is a left ideal of some ideal of a I'- semigroupM .
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PROOF. Suppose B is a left ideal of ideal R of the I'- semigroupM. Then
RI'BC B,MTR C R and MI'BTMI'B C MTRI'MTI'B C RTMI'B C RI'B C B.
Therefore B is a left weak-interior ideal of the I'- semigroupM .

Conversely suppose that B is a left weak-interior ideal of the I'- semigroupM.
Then MT'BTMT'B C B. Therefore B is a left ideal of ideal MT'BT'M of the I'-
semigroup M. U

COROLLARY 3.11. B is a right weak-interior ideal of a I'- semigroupM if and
only if B is a right ideal of some ideal of I'- semigroupM .

COROLLARY 3.12. B is a weak-interior ideal of a I'- semigroupM if and only
if B is an ideal of some ideal of T'- semigroupM .

4. Weak-interior simple I'-semiring

In this section,we introduce the notion of left(right) weak-interior simple I'-
semigroup and characterize the left weak-interior simple I'- semigroupusing left
weak-interior ideals of I'— semigroup and study the properties of minimal left weak-
interior ideals of I'- semigroup.

DEFINITION 4.1. A T'- semigroupM is a left (right) simple I'- semigroup if M
has no proper left (right) ideals of M.

DEFINITION 4.2. A T'- semigroupM is said to be simple I'- semigroup if M has
no proper ideals of M.

DEFINITION 4.3. A T'- semigroupM is said to be left(right) weak-interior simple
I'- semigroupif M has no left(right) weak-interior ideal other than M itself.

DEFINITION 4.4. A I'- semigroupM is said to be weak-interior simple I'- semi-
groupif M has no weak-interior ideal other than M itself.

THEOREM 4.1. If M is a division I'- semigroupthen M is a right weak-interior
simple I'— semigroup.

PROOF. Let B be a proper right weak-interior ideal of the division I'-semigroup
M,z € M and 0 # a € B. Since M is a division I'— semigroup, there exist
b€ M,a € T" such that aab = 1. Then there exists 8 € I' such that aabfzx =
r = zfaadb. Therefore x € BI'M and M C BT'M. We have BI'M C M. Hence
M = BT'M. Thus M = BI'M = BI'BI'M C B. Therefore M = B. Hence division
I'- semigroup M has no proper right-quasi-interior ideals. U

COROLLARY 4.1. If M is a division I'— semigroupthen M is a left weak-interior
simple I'— semigroup.

COROLLARY 4.2. If M is a division I'— semigroup then M is a weak-interior
left simple I'— semigroup.

THEOREM 4.2. Let M be a left simple T'- semigroup. Then M is a left weak-
interior simple I'- semigroup.
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PROOF. Let M be a simple I'- semigroup and B be a left weak-interior ideal
of M. Then MI'BI'B C B and MT'BI'B is an ideal of M. Since M is a simple
I'- semigroup, we have MI'BT'B = M. Therefore MI'B C MT'BI'BI'B C B and
MI'B C B. O

COROLLARY 4.3. Let M be a right simple I'- semigroup. Then M is a right
weak-interior simple I'- semigroup.

COROLLARY 4.4. Let M be a simple I'- semigroup. Then M is a weak-interior
simple T'- semigroup.

THEOREM 4.3. Let M be a I'- semigroup. M is a left weak-interior simple I'-
semigroup if and only if (a) = M for all a € M and where {(a) is the smallest left
weak-interior ideal generated by a.

PROOF. Let M be a I'- semigroup. Suppose M is the left weak-interior simple
I'- semigroup, a € M and B = MTa. Then B is a left ideal of M. Therefore, by
Theorem 3.5, B is a left weak-interior ideal of M. Thus B = M. Hence MT'a = M,
for all @ € M. Now, from MTa C (a) C M it follows M C (a) C M. Therefore,
M = (a).

Conversely suppose that (a) = M for all a € M and where (a) is the smallest
left weak-interior ideal generated by a for a € A. Then A = M. Hence M is a left
weak-interior ideal simple I'- semigroup. O

THEOREM 4.4. Let M be a I'- semigroup. Then M is a left weak-interior simple
T'- semigroupif and only if MT'al'a = M, for all a € M.

PROOF. Suppose M is the left-weak interior simple I'- semigroup and a € M.
Then MTal'a is a weak-interior ideal of M. Hence MT'al'a = M, for all a € M.

Conversely suppose that MT'al'a = M, for all a € M. Let B be a left weak-
interior ideal of the I'- semigroupM and a € B. Then M = MT'al'a C MT'BT'B C
B. Therefore M = B. Hence M is a left weak-interior simple I'- semigroup. U

COROLLARY 4.5. Let M be a I'- semigroup. Then M 1is a right weak-interior
simple I'-semriring if and only if al'al' M = M, for all a € M.

COROLLARY 4.6. Let M be a I'- semigroup. Then M is a weak-interior simple
T-semriring if and only if al'al' M = M and MT'aMT'a = M, for all a € M.

THEOREM 4.5. Let M be a I'- semigroupand B be a left weak-interior ideal of
M. Then B is a minimal left weak-interior ideal of M if and only if B is a left
weak-interior simple I'-subsemigroupof M .

PRrROOF. Let B be a minimal left weak-interior ideal of a I'- semigroupM and C'
be a left weak-interior ideal of B. Then BI'CT'C C C and BI'CBI'C is a left weak-
interior ideal of M. Since C' is a weak-interior ideal of B, we have BI'CT'C = B
and B = BI'CT'C C C. Then B = C.

Conversely suppose that B is the left weak-interior simple I'-subsemigroup of
M. Let C be a left weak-interior ideal of M and C C B. Then BI'CTC C
MTCTC C MT'BT'B C B. Therefore C is a left weak-interior of B. Thus B = C
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since B is a left weak-interior simple I'-subsemigroup of M. Hence B is a minimal
left weak-interior ideal of M. d

COROLLARY 4.7. Let M be a I'- semigroupand B be a right weak-interior ideal
of M. Then B is a minimal right weak-interior ideal of M if and only if B is a
right weak-interior simple I'-subsemigroupof M .

COROLLARY 4.8. Let M be a I'- semigroupand B be a weak-interior ideal of M.
Then B is a minimal weak-interior ideal of M if and only if B is a weak-interior
simple T'-subsemigroupof M .

THEOREM 4.6. Let M be a I'- semigroupand B = RIU'L, where,R is an ideal
and L is a minimal left ideal of M . Then B is a minimal left weak-interior ideal
of M.

PROOF. Obviously B = RI'L is a left weak-interior ideal of M. Let A be a
left weak-interior ideal of M such that A € B. We have MT'A is a left ideal of
M. Then MTA C MT'B and MT'A = MT'RT'L C L since L is a left ideal of M.
Therefore MT'A = L since L is a minimal left ideal of M. Hence

B=MTATAC MI'BI'BC MT'RTLTRI'L C L =MTI'ATA C A.

Therefore A = B. Hence B is a minimal left weak-interior ideal of M. O

COROLLARY 4.9. Let M be a I'- semigroup and B = RI'L, where R is a minimal

right ideal and L is an right ideal of M. Then B is a minimal right weak-interior
ideal of M.

THEOREM 4.7. M is reqular T'— semigroup if and only if ATB = AN B for
any right ideal A and left ideal B of I'-semigroup M.

THEOREM 4.8. Let M be a commutative I'-semigroup Then B is a weak-interior
ideal of reqular I'-semigroupM if and only if BT BI'M = B for all weak-interior
ideals B of M.

PROOF. Suppose M is the commutative regular semigroup, B is the weak-
interior ideal of M and x € B. Then MI'BI'B C B, y € M, «,f € I such that
z = zayfr = yaxfxr € MI'BT'B. Thus x € MI'BI'B. Hence MI'BT'B = B.

Conversely suppose that MI'BT'B = B for all weak-interior ideals B of M.
Let B=RNL and C = RI'L, where R, L are ideals of M. Then B and C are
weak-interior ideals of M. Thus MT(RN L)' (RN L) = RN L. From here, it
follows RNL = MT'(RNL)I'(RNL) C RTLTM and RNL = MI'(RNL)T'(RN
L) C MTRILTMTL C RTL C RN L since RI'L C L and RT'L C R. Therefore
RN L =RIL. Hence M is a regular I'— semigroup. O
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