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TRI-QUASI IDEALS OF I'-SEMIGROUPS

Murali Krishna Rao Marapureddy

ABSTRACT. In this paper, as a further generalization of ideals, we introduce
the notion of tri-quasi ideals as a generalization of ideal,left ideal,right ideal,
tri-ideal, bi-ideal, quasi ideal, interior ideal, bi-interior ideal, bi-quasi-interior
ideal and bi-quasi ideal of I'-semigroup and study the properties of tri-quasi
ideals of I'-semigroup.

1. Introduction

As a generalization of a ring, the notion of a I'—ring was introduced by Nobu-
sawa [6] in 1964. In 1981. Sen [15] introduced the notion of a I'-semigroup as
a generalization of semigroup. The notion of a ternary algebraic system was in-
troduced by Lehmer [5] in 1932. Ideals play an important role in advance studies
and uses of algebraic structures. Generalization of ideals in algebraic structures is
necessary for further study of algebraic structures. Many mathematicians proved
important results and characterization of algebraic structures by using the concept
and the properties of generalization of ideals in algebraic structures. We know that
the notion of a one sided ideal of any algebraic structure is a generalization of an
ideal. The quasi ideals are generalization of left ideal and right ideal whereas the
bi-ideals are generalization of quasi ideals. In 1952, the concept of bi-ideals was
introduced by Good and Hughes [1] for semigroups. The notion of bi-ideals in rings
and semigroups were introduced by Lajos and Szasz [3, 4]. Bi-ideal is a special
case of (m — n) ideal. Steinfeld [14] first introduced the notion of quasi ideals for
semigroups and then for rings. Murali Krishna Rao [7, 8, 9, 10, 11, 12, 13]
introduced the notion of left (right) bi-quasi ideal, bi-interior ideal, quasi-interior
ideal and bi-quasi-interior ideal of semiring, I'-semiring,I'-semigroup and studied
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their properties. In this paper,as a further generalization of ideals, we introduce
the notion of tri-quasi ideal as a generalization of bi-ideal, quasi ideal, interior
ideal, bi-interior ideal, tri-ideal and bi-quasi ideal of I'-semigroup and study some
of the properties of tri-quasi ideals of I'-semiring. Some charecterizations of tri-
quasi ideals of I' -semigroup, regular I' -semigroup and simple I" -semigroup are
given.

2. Preliminaries

In this section, we will recall some of the fundamental concepts and definitions,
which are necessary for this paper.

DEFINITION 2.1. Let M and I' be non-empty subsets. Then we call M a
I'—semigroup, if there exists a mapping M x I' x M — M (images of (z, o, y) will
be denoted by zay,z,y € M,« € T') such that it satisfies za(yfz) = (zay)Bz for
all z,y,2 € M and a, 5 €T

DEFINITION 2.2. Let M be a I'—semigroup. An element 1 € M is said to be
unity if for each € M there exists o € I' such that zal = lax = z.

DEFINITION 2.3. A T'—semigroup M is said to be commutative if aab =
baa, for all a,b € M, €T

DEFINITION 2.4. Let M be a I'—semigroup. An element a € M is said to be
an idempotent of M if there exists a € I" such that a = aaa and a is also said to
be a- idempotent.

DEFINITION 2.5. Let M be a I'—semigroup. If every element of M is an idem-
potent of M then I'—semigroup M is said to be band.

DEFINITION 2.6. Let M be a I'—semigroup. An element a € M is said to be
regular element of M if there exist x € M, «, 5 € I' such that a = aazfSa.

DEFINITION 2.7. Let M be a I'—semigroup. Every element of M is a regular
element of M then M is said to be a regular I'—semigroup M.

DEFINITION 2.8. A non-empty subset A of a I'— semigroupM is called

(i) a I'—subsemigroup of M if A is a subsemigroup of M and AT'A C A.
(ii) a quasiideal of M if A is a I'—subsemigroup of M and ATM NMT'A C A.
(iii) a bi-ideal of M if A is a I'—subsemigroup of M and ATMT A C A.
(iv) an interior ideal of M if A is a I'—subsemigroup of M and MTAT'M C A.
(v) aleft (right) ideal of M if A is a I'—subsemigroup of M and

MTAC A (ATM C A).

(vi) an ideal if A is a I'—subsemigroup of M, A'M C A and MT A C A.
(vii) a k—ideal if A is a I'—subsemigroup of M, ATM C A,MTA C A and
reEM, x+yeAye Athen x € A.
(viii) a bi-interior ideal of M if A is a I'—subsemigroup of M and

MTBI'M N BTMTB C B.
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(ix) a left bi-quasi ideal (right bi-quasi ideal) of M if A is a I'—subsemigroup
of M and MTANATMTAC A (res. ATM NATMTA C A).

(x) aleft quasi-interior ideal (right quasi-interior ideal) of M if A is a I'—subse-
migroup of M and MTATMTA C A (res. ATMTATM C A).

(xi) a bi-quasi-interior ideal of M if A is a I'—subsemigroup of M and

BI'MTBT'MTB C B.

(xii) a left tri-ideal (right tri-ideal) of M if A is a I'—subsemigroup of M and
ATMTATACA  (res. ATATMTAC A).

(xiii) a tri-ideal of M if A is a I'—subsemigroup of M and ATMTAT' A C A and
ATATMT A C A.

(xiv) a left (right) weak-interior ideal of M if B is a I'—subsemigroup of M and
MTBI'BC B (res. BTBI'M C B).

(xv) a weak-interior ideal of M if B is a I'—subsemigroup of M and B is a left
weak-interior ideal and a right weak-interior ideal of M.

3. Tri-quasi ideals of I'-semigroups

In this section, we introduce the notion of tri-quasi ideal as a generalization of
bi-ideal,quasi-ideal and interior ideal of I'-semigroups and study the properties of
tri-quasi ideal of I'-semigroups.

DEFINITION 3.1. A non-empty subset B of a I'-semigroup M is said to be
tri-quasi ideal of M if B is a I'-subsemiring of M and BB MI'BT'B C B.

Every tri-quasi ideal of a I'-semigroup M need not be bi-ideal,quasi-ideal, in-
terior ideal bi-interior ideal. and bi-quasi ideals of a I'-semigroup M.

ExaMPLE 3.1. Let @ be the set of all rational numbers. If

MZ{(Z g)a,b,cEQ}

and I' = M and ternary operation is defined as usual matrix multiplication and

A:{(‘; 8)|07éa,07éb662}.

Then A is tri-quasi ideal of the I'-semigroup M.

In the following theorem, we mention some important properties and we omit
the proofs since proofs are straightforward.

THEOREM 3.1. Let M be a I'-semigroup. Then the following are hold.

1) Ewvery left ideal is a tri-quasi ideal of M.

2) Every right ideal is a tri-quasi ideal of M.

3) Every quasi ideal is tri-quasi ideal of M.

4) Every ideal is a tri-quasi ideal of M.

5) Intersection of a right ideal and a left ideal of M is a tri-quasi ideal of M.

6) If L is aleft ideal and R is a right ideal of a I'-semigroup M then B = RT'L
18 a tri-quasi ideal of M.

PRy
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(7) Ewery bi-ideal of a T'-semigroup M is a tri-quasi ideal of a T'-semigroup
M.

(8) Ewery interior ideal of T'-semigroup M is a tri-quasi ideal of M.

(9) Let B be bi-ideal of a T'-semigroup M and I be interior ideal of M. Then
BN 1 is a tri-quasi ideal of M.

THEOREM 3.2. Let M be a I'-semigroup. B is a tri-quasi ideal of M and BI'B =
B if and only if there exist a left ideal L and a right ideal R such that RIL C B C
RNL.

PROOF. Suppose B is a tri-quasi ideal of the I'-semigroupM. Then
BT'BITMTI'BI'B C B.

Let R = BT'M and L = MTB. Then L and R are left and right ideals of M
respectively. Therefore RI'ILC BC RNL .

Conversely suppose that there exist L and R are left and right ideals of M
respectively such that RI'L C B C RN L. Then

BI'BIT'MTBI'BC (RNL)I(RNL)ITMT(RNL)YI'(RN L)
C (R)I'RTMTLIT(L) CRTLCB.
Hence B is a tri-quasi ideal of the I'-semigroup M. O

THEOREM 3.3. The intersection of a tri-quasi ideal B of T'-semigroup M and
a right ideal A of M is always tri-quasi ideal of M.

PROOF. Suppose C' = BN A.
CTCTMTCTC C BIBTMI'BI'BC B
CTCTMTCTC C ATMTATMTTAC A

since A is a left ideal of M. Therefore CTATCTMTCTM C BNA=C.
Hence the intersection of a tri-quasi ideal B of the I'-semigroup M and a right
ideal A of M is always a tri-quasi ideal of M. O

COROLLARY 3.1. The intersection of a tri-quasi ideal B of I'-semigroup M and
a left ideal A of M is always tri-quasi ideal of M.

COROLLARY 3.2. The intersection of a tri-quasi ideal B of I"-semigroup M and
an ideal A of M is always tri-quasi ideal of M.

THEOREM 3.4. Let A and C be I'-subsemigroups of M and B = AUC. If A is
the left ideal then B is a tri-quasi-interior ideal of M.

PROOF. Let A and C be I'-subsemigroups of M and B = ATI'C. Suppose A is
the left ideal of M. Then BI'B = AT'CTAT'C C AT'C' = B and

BI'BTMI'BI'B = ATCTATCTMTAT'CTAI'C C AT'C = B.
Hence B is a tri-quasi ideal of M. O

COROLLARY 3.3. Let A and C be I'-subsemigroups of a I'-semigroup M and
B = ATC. If C is a right ideal then B is a tri-quasi ideal of M.
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THEOREM 3.5. Let M be a I'-semigroup and T be a non-empty subset of M.
Then every subsemiring of T containing TUTTMTUTTT is a tri-quasi ideal of T'-
semigroup M.

PRrROOF. Let B be a subsemiring of 7' containing TT'TTMT'TTT. Then
BI'BIMI'BI'B C TTTTMT'TI'T C B.
Therefore BT BI'MT'BI'B C B. Hence B is a tri-quasi ideal of M. O

THEOREM 3.6. Let M be a I'-semigroup. Then B is a tri-quasi ideal of a T'-
semigroup M if and only if B is a left ideal of some right ideal of a I'-semigroupM .

PROOF. Let B be a tri-quasi ideal of the I'-semigroup M. Then
BTBI'MTBI'B C B.

Therefore BT'B is a left ideal of right ideal BI' BI' M of M.

Conversely suppose that B is a left ideal of some right ideal R of the T'-
semigroupM. Then RI'B C B, RTU'M C R. Hence BTBI''MI'BI'B C BIT'MI'B C
RT'MTB C RI'B C B. Therefore B is a tri-quasi ideal of the I'-semigroup M. O

COROLLARY 3.4. B is a tri-quasi ideal of a I'-semigroup M if and only if B is
a right ideal of some left ideal of a I'-semigroup M .

THEOREM 3.7. If B is a tri-quasi ideal of a I'-semigroup M, T is a I'-subsemi-
group of M and T C B then BI'T is a tri-quasi ideal of M.

ProOOF. Obviously, BI'T is a I'-subsemigroup of M. BI'TT BI'T C BI'T. Hence
BI'T is a I'-subsemiring of M. From here it follows

BTTTBITTMTBTTUBI'T C BIBTMT'BTBI'T C BI'T.
Hence BI'T is a tri-quasi ideal of the I'-semigroup M. O

THEOREM 3.8. Let M be a I'-semigroup. If M = MT < a >, for all a € M,
where < a > 1is the smallest tri-quast ideal generated by a. Then every tri-quasi
ideal of M is a quasi ideal of M.

PrROOF. Let B be a tri-quasi ideal of a I'-semigroup M and a € B. Then
BI'BTMT'BTB C B and MT' < a >C MT'B, ( BTM = M). Thus M C MT'B C
M and MT'B = M. From here it follows BI'M = BI''MI'B C BI'BI'MI'BI'B C B
and MTTBNBI'M C MT'M N BI'M C B. Therefore B is a quasi ideal of M. Hence
the theorem. O

THEOREM 3.9. The intersection of {Byx | A € A} tri-quasi ideals of a T-
semigroup M is a tri-quasi-interior ideal of M.

PROOF. Let B = () By. Then B is a I'-subsemiring of M. Since B, is

A€EA
a tri-quasi ideal of M, we have B\I'B\'MI'B,I'By C B,, for all A € A and
BI'BTMT'BT'B C B. Hence B is a tri-quasi ideal of M. O

THEOREM 3.10. If B be a left bi-quasi ideal of a I'-semigroup M, then B is a
tri-quasi ideal of M.
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PROOF. Suppose B is a left bi-quasi ideal of the I'-semigroup M. Then
BI'BTMT'BT'B C MI'B and BTBT'MT'BT'B C BI'MTB.

Therefore BT BI'MT'BI'B C MT'BN BI'MT'B C B. Hence B is a tri-quasi ideal of
M. O

COROLLARY 3.5. If B be a right bi-quasi ideal of a I'-semigroup M, then B is
a tri-quasi ideal of M.

COROLLARY 3.6. If B be a bi-quasi ideal of a I'-semigroup M, then B is a
tri-quasi ideal of M.

THEOREM 3.11. If B be a bi—interior ideal of a I'- semiring M, then B is a
tri-quasi ideal of M.
PROOF. Suppose B is a bi-interior ideal of the I'-semigroup M. Then
BT'BTMI'BI'B C MI'BI'M and BTBI'MT'BT'B C BTMT'B.

Therefore BTBTMT'BI'B C MI'BI'M N BITMT'B C B. Hence B is a tri-quasi
ideal of M. 0

4. Tri-quasi simple I'-semigroup and Regular I'-semigroup

In this section,we introduce the notion of a tri-quasi simple I'-semigroup and
characterize the tri-quasi simple I'-semigroup using tri-quasi ideals of I'-semigroup
and study the properties of minimal tri-quasi ideals of I'-semigroup and we char-
acterize regular I'-semigroup using tri-quasi ideals of I'-semigroup.

DEFINITION 4.1. A T-semigroup M is a left (right) simple I'-semigroup if M
has no proper left (right) ideals of M

DEFINITION 4.2. A T'-semigroup M is said to be simple I'-semigroup if M has
no proper ideals of M

DEFINITION 4.3. A T'-semigroup M is said to be tri-quasi simple I'-semigroup
M if M has no tri-quasi ideals other than M itself.

THEOREM 4.1. If M is a I'—group then M is tri-quasi simple I'-group.

PrROOF. Let B be a proper tri-quasi ideal of the I'—group M and 0 # a € B.
Since M is a I'—group, there exist b € M, o € T" such that aab = 1. Then there
exist 8 € I, x € M such that aabfx = x = zfaab. Then © € BI'M. Therefore
M C BI'M. We have B'M C M. Hence M = BI'M. Similarly we can prove
MT B = M. Further on, we have

M = MI'B=BI'BITMI'BT'B C B.

So, M C B. Therefore M = B. Hence I'—group M has no proper tri-quasi-interior
ideals. (]

THEOREM 4.2. Let M be a left and right simple T'-semigroup. Then M is a
tri-quast simple I'-semigroup.
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PROOF. Let M be a simple I'-semigroup and B be a tri-quasi ideal of M. Then
BI'BTMTI'BT'B C B and MI'B and BI'M are left and right ideals of M. Since M
is a left and right simple I'-semigroup, we have MI'B = M. BI'M = M. Hence
BT'BT'MTI'BI'B C B and BI'MTI'B C B. So, M C B. (]

THEOREM 4.3. Let M be a I'-semigroup. Then M 1is a tri-quasi simple I'-
semigroup if and only if (a)igi = M, for all a € M, where (a)iq; is the tri-quasi
ideal generated by a.

PROOF. Let M be a I'-semigroup. Suppose that (a)yy; is a tri-quasi ideal
generated by a and M is a tri-quasi -interior simple I'-semigroup. Then (a)q; = M,
for all a € M.

Conversely suppose that B is a tri-quasi ideal of I'-semigroup M and (a)¢g =
M, for all a € M. Let b € B. Then (b)yy; € B = M = (b)yys € B C M. Therefore
M is a tri-quasi simple ['-semigroup. U

THEOREM 4.4. Let M be a I'-semigroup. M is a tri-quasi simple I'-semigroup
if and only if < a >= M, for all a € M and where < a > is the smallest tri-quasi
ideal generated by a.

PROOF. Let M be a I'-semigroup. Suppose M is a tri-quasi simple I'-semi-
group, a € M and B = MT'a. Then B is a left ideal of M. Therefore, by Theorem
3.1, B is a tri-quasi ideal of M. So, B = M. Hence MTI'a = M, for all a € M.
Further on, we have MT'a C<a >C M and M C<a >C M. Thus M =< a >.

Conversely suppose that < a > is the smallest tri-quasi ideal of M generated by
a and < a >= M. Let A be the tri-quasi ideal and @ € A. Then < a >C A C M and
M C A C M. Therefore A = M. Hence M is a tri-quasi simple I'-semigroup. (]

THEOREM 4.5. Let M be a I'-semigroup. Then M is a tri-quasi simple T'-
semriring if and only if al'al’ MT'al'a = M, for all a € M.

PROOF. Suppose M is left tri-quasi simple I'-semigroup and a € M. Therefore
al'al’' MTal'a is a tri-quasi ideal of M. Hence al’'MTal'MT'a = M, for all a € M.

Conversely suppose that al'al’' MTal'a = M, for all a € M. Let B be a tri-
quasi ideal of the I'-semigroup M and a € B. Then M = al'al' MT'al'a and M =
all'al’ MT'al'a € BI'BTMT'BI'B C B Therefore M = B. Hence M is a tri-quasi
simple I'-semigroup. O

THEOREM 4.6. If B is a minimal tri-quasi ideal of a I'-semigroup M then any
two non-zero elements of B generated the same right ideal of M.

PROOF. Let B be a minimal tri-quasi ideal of M and = € B. Then (z)r N B
is a tri-quasi ideal of M. Therefore (z)g N B C B. Since B is a minimal tri-quasi
ideal of M, we have (x)g "B = B = B C (x)g. Suppose y € B. Then y € (z)g,
(y)r C (x)g. Therefore (z)r = (y)r- Hence the theorem. O

COROLLARY 4.1. If B is a minimal tri-quasi ideal of a T'-semigroup M then
any two non-zero elements of B generates the same left ideal of M.
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THEOREM 4.7. Let M be a I'-semigroup and B = RI'L, where L and R are
mainimal left and right ideals of M repectively. Then B is a minimal tri-quasi ideal
of M.

ProOOF. Obviously B = RI'L is a tri-quasi ideal of M. Let A be a tri-quasi
ideal of M such that A C B. Then MT AT'A is a left ideal of M. Thus

MTATAC MI'BI'B = MI'RTU'LI'RI'L C L,

since L is a left ideal of M. Similarly, we can prove A'ATM C R. Therefore
MTAT A =L and ATAT'M = R. Hence

B =ATATMTMTAT A C ATATMTATA C A.
Therefore A = B. Hence B is a minimal tri-quasi ideal of M. O

THEOREM 4.8. M is a reqular I'—semigroup if and only if ATB = AN B for
any right ideal A and left ideal B of I'—semigroup M.

THEOREM 4.9. Let M be a regular idempotent I'-semigroup. Then B is a tri-
quasi ideal of M if and only if BT BT MI'BI'B = B, for all tri-quasi ideals B of
M.

PROOF. Suppose M is a regular I'-semigroup, B is a tri-quasi ideal of M and
x € B. Then BTBITMTBI'B C B and there exist y € M, «,3,§ € T' jsuch
that * = zdzxayfrdxr € BI'BIMT'BI'B. Therefore x € BI'BIMTI'BI'B. Hence
BT'BITMT'BI'B = B.

Conversely suppose that BB MI'BT'B = B, for all tri-quasi ideals B of M.
Let B = RN L, where R is a right ideal and L is a left ideal of M. Then B is a
tri-quasi ideal of M. Therefore (RN LYTMT(RNL)TMT(RNL)=RNL

RNL=(RNLT(RNL)MTMT(RNL)YT'(RNL)
C RTMTLTMTL
CRI'L
C RN L (since RI'L C L and RT'L C R).
Therefore RN L = RI'L. Hence M is a regular I'-semigroup. t
THEOREM 4.10. Let B be I'-subsemigroup of a reqular idempotent I'-semigroup

M. B can be represented as B = RUL, where R is a right ideal and L is a left ideal
of M if and only if B is a tri-quasi ideal of M.

PROOF. Suppose B = RI'L, where R is right ideal of M and L is a left ideal
of M.

BI'BTMI'BT'B = RULI'RULI'MTRI'LI'RI'L C RI'L = B.

Hence B is a tri-quasi ideal of the I'-semigroup M.

Conversely suppose that B is a tri-quasi ideal of the regular idempotent I'-
semigroup M.Then BTBI'MI'BI'B = B. Let R = BI'M and L = MT'B. Then
R = BT'M is a right ideal of M and L = MT'B is a left ideal of M. Thus BI'M N
MT'B C BI'BI'MI'BT'B = B and B'M N MI'B C B. From here it follows
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RNL C B. Wehave BC BI'M = Rand BC MI'B=L. So, BC RNL and
B =RNL=RIL, since M is a regular I'-semigroup. Hence B can be represented
as RI'L, where R is the right ideal and L is the left ideal of M. O

The following theorem is a necessary and sufficient condition for I'-semigroup
M to be regular using tri-quasi ideal.

THEOREM 4.11. M is a regular I'-semigroup if and only if BNINL C BT'ITL,
for any tri-quasi ideal B, ideal I and left ideal L of M.

PROOF. Suppose M be a regular I'-semigroup, B, I and L are tri-quasi ideal,
ideal and left ideal of M respectively. Let a € BN I N L. Then a € al'MTa, since
M is regular. Thus

a € al’'MT'a Cal’'MTI'al' MT'a C BT'IT'L.

Hence BNINL C BI'IT'L.

Conversely suppose that BN I NL C BT'ITL, for any tri-quasi ideal B, ideal
and left ideal L of M. Let R be a right ideal and L be a left ideal of M. Then by
assumption, RNL = RNMNL C RTMI'L C RI'L. Wehave RI'L C R, RT'L C L.
Therefore RI'L C RNL. Hence RNL = RI'L. Thus M is a regular I'-semigroup. O

COROLLARY 4.2. M is a regular I'-semigroup if and only if BOINR C RT'ITB,
for any tri-quasi ideal B, ideal I and right ideal R of M.

THEOREM 4.12. Let M be a regular I'-semigroup. If B is a tri-quasi idealof M
and B is itself a reqular T'—subsemigroup of M then any tri-quasi ideal of B is a
tri-quasi ideal of M.

PROOF. Suppose A is a tri-quasi ideal of B and B is a tri-quasi ideal of M.
Then by Theorem 4.9, we have Bl BIMI'BI'B = B and AT'AI'BI'AT'A = A. Thus
ATATMT AT A C ATATBTBI'MI'BI'BT'AT' A, since A C A'B and A C BT'A. So,
EBTBTMI'BI'B C ATATBTAT'A = A. Hence ATATMTAT'A C A. Therefore A
is a tri-quasi ideal of M. O

5. Conclusion

As a further generalization of ideals, we introduced the notion of tri-quasi ideal
of I'-semigroup as a generalization of ideal ,left ideal, right ideal, bi-ideal,quasi ideal
and interior ideal of I'-semigroup and studied some of their properties. We intro-
duced the notion of tri-quasi simple I'-semigroup and characterized the tri-quasi
simple I'-semigroup, regular I'-semigroup using tri-quasi ideals of I'-semigroup.In
continuity of this paper, we study prime tri-quasi ideals, maximal and minimal
tri-quasi ideals of I'-semigroup.
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