BULLETIN OF THE INTERNATIONAL MATHEMATICAL VIRTUAL INSTITUTE
ISSN (p) 2303-4874, ISSN (o) 2303-4955

www.imvibl.org /JOURNALS / BULLETIN

Bull. Int. Math. Virtual Inst., Vol. 10(3)(2020), 567-579

DOI: 10.7251/BIMVI2003567M

Former
BULLETIN OF THE SOCIETY OF MATHEMATICIANS BANJA LUKA
ISSN 0354-5792 (o), ISSN 1986-521X (p)

ON CUBIC h-IDEALS OF I'-HEMIRING

Debabrata Mandal

ABSTRACT. The concepts of cubic h-ideal, cubic h-bi-ideal and cubic h-quasi-
ideal of a I'-hemiring are introduced and some related properties are investi-
gated. Relation between cubic h-ideals, cubic h-bi-ideals and cubic h-quasi-
ideals are discussed and some characterizations of cubic h-ideals are also con-
sidered.

1. Introduction

Semiring is a well known universal algebra generalizing of associative ring
(R,+,.). It has been found very useful for solving problems in different areas
of applied mathematics and information sciences, since the structure of a semir-
ing provides an algebraic framework for modelling and studying the key factors in
these applied areas. Ideals of semiring play a central role in the structure theory
and useful for many purposes. However they do not in general coincide with the
usual ring ideals and for this reason, their use is somewhat limited in trying to
obtain analogues of ring theorems for semiring. To ammend this gap, Henriksen
[3] defined a more restricted class of ideals, which are called k-ideals. A still more
restricted class of ideals in hemirings are given by lizuka [4], which are called h-
ideals. La Torre [9], investigated h-ideals and k-ideals in hemirings in an effort to
obtain analogues of ring theorems for hemiring and to amend the gap between ring
ideals and semiring ideals.

The theory of fuzzy sets, proposed by Zadeh [13], has provided a useful math-
ematical tool for describing the behavior of the systems that are too complex or
undefined to admit precise mathematical analysis by classical methods and tools.
The study of fuzzy algebraic structure has started by Rosenfeld [12]. Since then
many researchers developed this ideas. The concept of fuzzy h-ideals in hemiring
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was introduced by Jun et al [5]. Since then many researchers enriched this idea.
Sardar et al [11], Ma et al [10] extended some of these results in I'-hemiring, a more
general setting of hemiring. The concept of cubic subgroups and cubic sets were
initiated by Jun et al [6, 7]. Khan et al [8] applied this in case of cubic h-ideals of
hemirings. Chinnadurai [1, 2] used this notion to study cubic bi-ideals and cubic
lateral ideals in near-ring and ternary near-ring respectively.

The main aim of this paper is to introduce and study cubic h-ideal in I'-
hemiring. At first we define some basic operation such as intersection, cartesian
product etc on them and use these to obtain some of its basic properties. After
that we define composition of cubic h-ideals and use it to define cubic h-bi-ideals
and cubic h-quasi-ideals and obtain some characterizations.

2. Preliminaries
We recall the following preliminaries for subsequent use.

DEFINITION 2.1. Let S and I' be two additive commutative semigroups with
zero. Then S is called a '—hemiring if there exists a mapping xI'x 3 (a, , b) —
aab € S satisfying the following conditions:

(i)  (a+b)ac = aac + bac,
1) aa(b+ c) = aab+ aac,

(i
(iii) a(a+ B)b = aadb+ apb,
(iv) aa(bBc) = (aab)Se.
(v) 0Osaa=0g=aalg,
(Vi) aOFb = OS = bOpa
for all a,b,c € S and for all o, 5 €T
For simplification we write 0 instead of Og and Or.

EXAMPLE 2.1. Let S be the set of all m x n matrices over Zg (the set of all
non-positive integers) and I' be the set of all n x m matrices over Zg , then S forms
a I'-hemiring with usual addition and multiplication of matrices.

A subset A of a I'-hemiring S is called a left (resp. right) ideal of S if A is closed
under addition and STA C A (resp. AI'S C A). A subset A of a hemiring S is called
an ideal if it is both left and right ideal of S. A subset A of a I'-hemiring S is called
a quasi-ideal of S if A is closed under addition and STANAL'S C A. A subset A of
a [-hemiring S is called a bi-ideal if A is closed under addition and AT'ST A C A.
A left ideal A of S is called a left h-ideal if x,2 € S, a,b€ Aand x+a+2=b+z2
implies © € A. A right h-ideal is defined analoguesly. The h-closure A of A in S is
defined as A={x €S| x+a+z=">b+ z, for some a,b € A and 2z € S}. Now if
A is a left (right) ideal of S, then A is the smallest left (right) h-ideal containing
A. A quasi-ideal (bi-ideal) A of S is called an h-quasi-ideal(resp. h-bi-ideal) of S
it STANATS (resp. AI'STA) and x +a+z=0b+ z impliesz € Afor all z,z € S
and a,b € A.

DEFINITION 2.2. A fuzzy subset of a nonempty set X is defined as a function
w:X —[0,1].
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DEFINITION 2.3. Let X be a non-empty set. A cubic set A in X is a structure
A={<uzp, f > x € X} which briefly denoted as A =< [, f > where it = [, u]
is an interval valued fuzzy set (briefly, IVF) in X and f is a fuzzy set in X.

DEFINITION 2.4. For any non-empty set G of a set X, the characteristic cubic
set of G is defined to be the structure x¢(z) =< , (. (2), Nye (x) : © € X > where

6)@(97) =[,1]~1,ifzeq@ Ne(x) =0,ifzed
= ; and .
=[0,0] = 0, otherwise. =1, otherwise.

Throughout this paper unless otherwise mentioned S denotes the I'-hemiring
and for any two set P and @, we use the following notation:

N{P,Q}=PnNQand U{P,Q} = PUQ.

3. Basic definitions and results of cubic h-ideals

In this section, the notions of cubic h-ideals in I'-hemiring are introduced and
some of their basic properties are investigated.

DEFINITION 3.1. Let < 1, f > be a non-empty cubic subset of a I'-hemiring S.
Then < i, f > is called a cubic left ideal | cubic right ideal] of S if

(1) alz +y) 2 0{n(@), ay)}, flz+y) <max{f(x), f(y)} and
(i) a(zvy) 2 mly), flzvy) < f(y)
[respectively fi(zvy) 2 a(x), f(zvy) < f(@)].
forall z,y € S, v eT.

A cubic ideal of a I'-hemiring S is a non-empty cubic subset of S which is a
cubic left ideal as well as a cubic right ideal of S.

Note that if < 1, f > is a cubic left or right ideal of a I-hemiring S, then (0)
D p(z) and f(0) < f(z) for all z € S.

DEFINITION 3.2. A cubic left ideal < f, f > of a I’-hemiring S is called a cubic
left h-ideal if for all a,b,z,2 € S,z +a+2z=b+ z = p(z) 2 N{(a), n(b)} and
f(z) < max{f(a), f(0)}.

A cubic right h-ideal is defined similarly. By a cubic h-ideal < f, f >, we mean
that < g, f > is both cubic left and cubic right h-ideal.

ExaMPLE 3.1. Let S be the additive commutative semigroup of all non-positive
integers and I'" be the additive commutative semigroup of all non-positive even
integers. Then S is a I-hemiring if ayb denotes the usual multiplication of integers
a,v,b where a,b € S and v € I'. Let < i1, f > be a cubic subset of S, defined as
follows

p(z) =[0,1]ifx=0 f(z) =0ifz=0
=[0.1,0.9] if z is even  and = 0.5 if z is even
=[0.2,0.3] if x is odd = 0.8 if = is odd

The cubic subset < i, f > of S is both a cubic ideal and cubic h-ideal of S.
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Throughout this section, we prove results only for cubic left h-ideals. Similar
results can be obtained for cubic right h-ideals and cubic ideals.

THEOREM 3.1. A cubic set C =< i, f > of S is a cubic left h-ideal of S if and
only if any level subset Cy =< fig, fy >:={x € S : p(z) D [t,t] and f(x) < t,t €
[0,1]} is a left h-ideal of S, provided it is non-empty.

PROOF. Let < 1, f > be a cubic left h-ideal of S and assume that < i, f ># ¢
for t € [0,1]. Let z,z € S and a,b €< fiy, fr >. Then (a+b) 2 N{g(a), x(db)} 2
[t,t] and f(a +b) < max{f(a), f(b)} < t; implies that a + b €< [y, fr >. Also,
in addition for v € T, p(zvya) 2 pla) 2 [t,t] and f(axya) < f(a) < ¢ which
implies zya €< pg, fr >. So, < pg, fr > is a left ideal of S. Now for h-ideal,
suppose & + a + z = b+ z with a,b € [iz. Then p(z) 2 N{i(a), @(b)} 2 [t,t] and
f(z) <max{f(a), f(b)} =t = x €< [, fr >= C; is a left h-ideal of S.

Conversely, suppose < iz, fr > is a left h-ideal of S. If possible, suppose
< f, f > is not a cubic left h-ideal of S. Then there exist xq, 2, ag, by € S such that
xo + ap + 20 = bo + 20 and u(xg) C N{i(ag), (b))} or f(xo) > max{f(ao), f(bo)}-
Taking to = 3[f(z0) + max{f(ao), f(bo)}], we see that ty € [0,1] and f(zo) > to >
max{ f(ao), f(bo)} whence ag,by € fi, but zg & fi,— which is a contradiction.
Therefore ji(x) 2 N{u(a),7(d)} and f(x) < max{f(a), f(b)}or all a,b,z,2 € S
with z + a+ z = b+ z. Consequently, < j, f > is a cubic left h-ideal of S. O

THEOREM 3.2. Let A be a non-empty subset of a I'-hemiring S. Then A is a
left h-ideal of S if and only if the characteristic function xa =< [y, fxa > 15 a
cubic left h-ideal of S.

PRrROOF. Assume that A is a left h-ideal of S and z,y € S, v € I". Sup-
pose fiy, (x4 y) C iy, (2), Ay (y)} and fr,(z 4+ y) > max{fy,(z), fx. ()}

It follows that fiy,(z +y) = 0, N{fiy, (@), iy, (¥)} = T and fy,(z +y) = 1,
max{ fy,(z), fy.(y)} = 0. This imply that z,y € A but z +y ¢ A — a contradic-
tion. So, fiy,(z+y) 2 m{ﬁXA (z), Fixa (y)} and fxa (z+y) < maX{fXA (), Ixa ()}
Similarly we can show that f(zvy) 2 p(y), f(zvy) < f(y) and for all a,b,z,z € S
with x +a+ 2z = b+ 2z, p(z) 2 N{i(a), m(d)}, f(x) < max{f(a), f(b)}. Therefore
XA =< fiy, fxya > is a cubic left h-ideal of S.

Conversely, assume that for any subset A of S, x4 =< fiy,, [y, > is a cubic

left h-ideal of S. Let ,y € A, a,b € S and v € T. Then Jiy , (z) = Jiy,(y) = 1
and fy,(z) = fya(y) = 0. Now iz +y) 2 n{a(2),ny)} = 1, flz+y) <
max{f(z), f(y)} = 0 and fi(z7y) 2 fily) = 1, f(z7y) < f(y) = 0 . This implies
x4+ yxzyy € A. Also if, a+ 2 +b = y+ b, then ji(a) 2 N{p(z),n(y)} and
fla) < max{f(z), f(y)} which implies a € A. Hence A is a left h-ideal of S. O

DEFINITION 3.3. Let A =< 1, f > and B =< g,g > be two cubic sets of a
I'—hemiring S. Define intersection of A and B by

ANB=<p,f>N<0,g>=<pun6,fUg>.

PRrROPOSITION 3.1. Intersection of a non-empty collection of cubic left h-ideals
is a cubic left h-ideal of S.
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PRrROOF. Let A; = {< [;, f; >: 4 € I} be a non-empty family of h-ideals of S.
Let a,b,z,y,z € S and v € I'. Then
(D +9) = O fmle+ )} 2 0O, F(w))
=0{ 0 f(2), 0, Mz( )} = N{(0A)(@), (0 A)(Y)}-
(LA +) = suplfla+ )} < suplmax(fia), ()
= maX{Supfz( ), Supfz( )} =max{(U f;)(z), (U fi)(y)}.
el i€l el

Again
(0 1) (zvy) = igj{ﬁi(my)} 2 Z,Ql{ﬁi(y)} = (0 1) ().

() @yy) = sup{filzry)} < sup{fily)} = (0, fi) (v)-
Suppose z € S be such that z +a+ 2z =b+ z, for z,a,b € S. Then
(Dfa)() = 0 {pi(2)} 2 0{N{Ai(a), 2 (b)}}
= {0, fila), Q) = N{( 0@, (07 B}
(4 A)e) = suplfa)} < supmax{fi(a), £}
= max{sup f;(a),supfi(b)} = max{( U fi)(a), (U fi)(b)}.
el i€l el el
Hence NA; ={< Np;, U fi >:i€I}isa cubic left h-ideal of S. O
i€l el el

PROPOSITION 3.2. Let f: R — S be a morphism of I'—hemirings and A =<
(b g > be is a cubic left h-ideal of S, then f L(A) is a cubic left h-ideal of R where

FHA) () =< F7HP) (@), [TH9) (@) >=< ([ (2)), 9(f(x)) >

PrOOF. Let f: R — S be a morphism of I'-hemirings. Suppose A =< (;NS,g >
and r;s € R, v € I'. Then

FTHOr+5) = (f(r+s)) = o

f7H9)r+s) =g(f(r+s))

Again

(f7HE)) (rys) = S(f(rys)) = S(f(r)7f(5)) 2 6(f(5)) = (7 (d))(s)
and

(f 1 (9)(rys) = g(f(rys)) = g(f(r)7f(5)) < g(f(8) = (f " (9))(5)-

Thus < f’l(a)(:z:), f~Y(g)(x) > is a cubic left ideal of R. Suppose x,a,b,z € R be
such that x + a+ 2z = b+ z. Then f(z) + f(a) + f(2) = f(b) + f(z). Now

(f7H9)) (@) = 6(f(2)) 2 N{d(f(a), d(F(1)} = N{fH(d)(a), f~()(b)}
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and
(fH9)(@) = g(f(x)) < max{g(f(a)),9(f(b))} = max{f~ (g)(a), f~*(9)(D)}-
Therefore < f~1(¢)(z), f~ (g)(z) > is a cubic left h-ideal of R. O

DEFINITION 3.4. A cubic left h-ideal < g, f > of a I'-hemiring S, is said to be
normal cubic left h-ideal if z(0) =1, f(0) =

PROPOSITION 3.3. Given a cubic left h-ideal < p, f > of a I'-hemiring S, let
< Jiq, [+ > be a cubic set in S obtained by iy (z) = fi(z) +1 — f(0), fy(z) =
f(x)=f(0) for all z€ S. Then < [iy, f+ > is a normal cubic left h-ideal of S, which
contains < i, f >.

PROOF. For all z,y € S and v € T, we have Ji.(0) = (0) + 1 — (0) = 1,
f+(0) = £(0) = f(0) = 0 Now,

(e +y) = A +y) +1-a0) 2 n{a), aly)} +1 - a0)
= N{{A(x) +1-a0)}, {aly )+1- p0)}} = N{pt (@), i (9)}

f+@+y) =[fl@+y) — f(0) <max{f(z), f(y)} — f(0)
= max{{f(z) — f(0)}, {f(y) = f(0)}} = max{fi (), f+(y)}
and
fiy (2vy) = fileyy) +1—7(0) 2 fily) + 1= fi(0) = fig (y).
f+(@yy) = flzyy) — £(0) < fy) — f(0) = f+(v).
Hence < fiy, f+ > is a cubic left ideal of S.
Now, let a,b,xz,z € S be such that  +a+ 2z =b+ z. Then

fir(x) = hz) +1-[(0) 2 nfa(a), a(b)} +1 - [(0)
= n{{Ala) + 1~ a(0)},{f0) + 1~ a(0)}} = N{fi+(a), i+ (b)}.

f+(@) = f(z) = f(0) < max{f(a), f(b)} — f(0)
= max{{f(a) = f(0)},{f(b) — f(0)}} = max{f4(a), f+(b)}.
Therefore, < fi4, f+ > is a normal cubic left h-ideal of S and from definition of py,
pC iy O

DEFINITION 3.5. Let A =< i, f > and B =< 1,g > be cubic subsets of X
The cartesian product of A and B is defined by (A x B)(z,y) = (< i, f > x <

v,g >)(x,y) = (< pxv, fxg>)(xy) = [N{a(z),v(y)}, max{f(z),g(y)}] for all
z,y € X.

THEOREM 3.3. Let A =< i, f > and B =< v,g > be cubic left h-ideals of a
I'-hemiring S. Then A X B is a cubic left h-ideal of the I'-hemiring S x S.

PRrOOF. Let (x1,x2), (y1,y2) € S x S and v € T'. Then

(1 x v)((z1,22) + (y1,92)) = (B x V) (21 + Y1, T2 + y2)
a1 +y1), V(22 + y2)
N{N{7(x1), i(y1) } ﬂ{V(@)
AN {a(z1), v(22) }, N {a(yr)

N (B x D) (21, 22), (1 % V)(Z/h

(yz)}}
(y2)}}
Y2)}

[ T O T
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(f x g)(@1 +y1, 22+ y2)

max{f(z1 +y1),9(x2 +y2)}
max{max{f(z1), f(y1)}, max{g(z2), g(y2)}}
max{max{f(z1), g(z2)}, max{f(y1), f(y2)}}
= max{(f x g)(z1,22), (f X 9)(y1,92)}

(f x 9)((z1,22) + (Y1, 92))

/Al

and

(mx v)((w1, 22)7(y1,92)) = (B x V)(x17Y1, 2vYy2) = {ii(z1791), V(T27Y2) }

> (i), 7(w2)} = (7 % 7) (v, ).

(f x g)((w1, 22)7(y1,92)) = (f x g)(x1yy1, 22yYy2) = max{ f(z1vy1), 9(z27y2)}
<max{f(y1),9(y2)} = (f x 9)(y1,¥2).
Hence Ax B is a cubic left ideal of Sx.S. Now, let (a1, a2), (b1,bs), (x1,22), (21, 22) €
S xS be such that (x1,z2) + (a1,a2) + (21, 22) = (b1, b2) + (21, 22) ie., (x1+ a1 +
21, :z:2+a2—|—z2) = (b1+2’1, bg—l—Zg). Then x1+a1+21 = by1+21 and xa+as+29 = ba+29
so that
(R xv)(z1,22) = 0{p(z1), v(22)}
2 ﬂ{ﬂ{/i(a ), fi(b1)}, N{P(az), v(b2) }}
= n{N{ka(a1),v(az)}, N{Aa(b1),v(b2)}}
= N{(r x V)(a1,az), (5 x v)(b1,b2)}.

= max{f(21), g(z2)}

< max{max{f(a1), f(b1)}, max{g(az), g(b2)}}

= max{max{f(a1), g(a2)}, max{f(b1),g(b2)}}

max{(f X g)(a1,az), (f x g)(b1,b2)}.

Consequently, A x B is a cubic left h-ideal of S x S. O

(f x g)(w1,2)

4. Cubic h-bi-ideals and Cubic h-quasi-ideals

DEFINITION 4.1. Let A =< Ji, f > and B =< 6,g > be two cubic sets of a
I'—hemiring S. Define composition of A and B by

AFchB =< ﬁv f > 1—‘ch < 579 >=< ﬁrchga frchg >
where

Arf(x) = UlN{fi(a1), fi(az),0(b1), 0(b2)}]
x+a1vb1+z=az6b2+2

=0, if  cannot be expressed as x + a1vb; + z = azdby + 2.

and

fTeng(x) = inf{max{f(a1), f(c1), g(br), g(d1)}}

z+4ai1vb1+z=a20ba+z
=1, if x cannot be expressed as above

for x,z,a1,a2,b1,b2 € Sand v,d € T

DEFINITION 4.2. Let A =< Ji, f > and B =< 6,g > be two cubic sets of a
I'—hemiring S. Define generalized composition of A and B by

AochB:<ﬁ7f>och<§7g>:<ﬁoch§afochg>
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where
froen () = LIN{N{a(ai), Ale:), 0(bi), 0(ds) 1]
i=1 i=1
=0, if 2 cannot be expressed as above
and

foeng(x) = inflmax{max{f(ai), f(ci), 9(b:), g(di) }}]

n n
i=1 i=1
=1, if x cannot be expressed as above
where x,z,a;,b;,¢;,d; €S and ~;,9; € T, for i=1,....n.

PROPOSITION 4.1. Let A =< 1, f >, B =< Ji2,g > be two cubic h-ideals
of a T'—hemiring S. Then AU, B C Ao, B C AN B C A, B where AU'.,B =<
ﬁll—‘chﬁlv chhg > and AochB =< ﬁlochﬁly fOchg >.

PROOF. Suppose A =< p1,f >, B =< 9,9 > be two cubic h-ideal of a
I'-hemiring S. Then

(A1 oen fi2)(x) = UINAN{a (ai), (i), fi2(bi), pia(di) 31}
=1 =1

where ZI:,Z,az‘,bi,Ci,di € 57 ’}/ia(gi € F) for i = 1...n and

2 U{n{pi(ar), pa(az), m2(b1), fiz(b2)}} = (alenfiz)(x)
r4ai1vb1+z=a20ba+z

where x, z,a1,a9,b1,b0 € S, ~,0 € I.

(focn g9)(x) = inf{max{max{f(a;), f(ci), 9(bs),9(di)}}}

i=1 i=1
where x, 2z, a;,b;,¢;,d; € S and v;,60; € ', for i =1,...,n.
< inf{max{f(a‘l)a f(aQ)ag(bl)vg(bQ)}}

z4a1vb1+z=a20ba+z
where , z,a1,a2,b1,bo € S and 7,0 € T’

= (chhg) (:C)
Therefore

ATy BC Aoy Bevrrveo. (1)
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(F1 o fi2)(x) = U{0{N {1 (as), fa(ci), 2 (i), i (di) } }
z+ Zaﬁ,b +2z= ché d; + 2

where X, 2,0,b;, ¢, d; 6 S and v;,0;, €T, fori=1,.
- U{Q{m{ﬂl(ai)vﬂl(ci)}}}
= U{n{nm (aq), O (ea) 1

C U{n{in (O _aivibi), fin (O _eididi)}}
i=1 i=1
i=1 i=1

(f ocn g)(z) = inf{max{max{f(a:), f(ci), g(bi), g(di)} }}
i=1 i=1

where x, z,a;,b;,¢;,d; € S and v;,0;, € ', fori=1,...,n

> inf{miax{max{f(ai), flei)}t}
= inf{max{maxf(ai) maXf Ci)}}

> inf{max{f( Zam i Zc,é d;)
-+ Zal’yzb + 2= 2015 d; + 2

Since this is true for every representation of x, A o., B C A.

Similarly we can prove that A o., B C B. Therefore Ao, BC AN B.

575

O

DEFINITION 4.3. A cubic subset < i, f > of a I-hemiring S is called cubic

h-bi-ideal if for all x,y,z,a,b € S and «, 8 € I' we have

(i) p(x +y) 2 0{u(x), aly)}, fle+y) <max{f(z), f(y)}
(i) p(ray) 2 N{u(z), u(y)}, f(ray) < max{f(z), f(y)}
E'ii) plrayfz) 2 0{p(x), 1(2)}, f(rayfz) < max{f(z), f(2)}

i
i

v)x+a+z=0b+z= px) 2 N{u(a), i)}, flz) < max{f(a),f(b)}

DEFINITION 4.4. A cubic subset < fi, f > of a I'-hemiring S is called cubic

h-quasi-ideal if for all x,y, z,a,b € S we have
(i) alz +y) 2 {a(@), a(y)}, flz+y) < max{f(z), f(y)}
(ii) (1 och Cxs) N (Cxs Och 1) S 1ty (f 0ch Nys) U (Nxs Ocn f) 2 f

(iil) z +a+2z=b+2z= p(r) 2 N{u(a), u(d)}, f(z) < max{f(a), f(b)}.

PROPOSITION 4.2. Any cubic h-quasi-ideal of S is a cubic h-bi-ideal of S.
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PRrROOF. Let < i, f > be any cubic h-quasi-ideal of S. It is sufficient to show
that fi(wayBz) 2 N{ji@),ji(2)}, f(zayBz) < max{f(z), f()} and ji(zay) D
A{ii(2),i(y)}, fzay) < max{f(@), f(y)} for all 2,3, € S and a,8 € T In
fact, by the assumption,we have

fizaypz) D ((foenlys) N (Cys0enit) (wayBz)
= m{(ﬁochCXs)(xayﬁz)v (CXsochﬁ) (xayﬂz)}
= N{U(N((as), i(ci))), VN(a(bi), fa(ds)))}

zayBz+ Z a;vibi +z = Z cidid; + 2z
=1 i=1
2 N{N(1(0), i(x)), N(1(0), fi(2)) }
(since zayBz + 070 4+ 0 = zayBz + 0)
= N{a(z), i(z)}.

f(raypz) C (fochnxS) U (nXsochf))(xO‘yﬁz)
= max{(focnnys)(vayBz), (Nys0cn f)(vayBz)}
= max{inf(max(f(a;), f(c;))), inf(max(f(b;),f(di)))}

zayBz+ Z a;Yib; + 2z = Z cidid; + z
i=1 i=1
< max{max(f(0), f(x)), max(f(0), f(2))}
(since zayBz + 090 + 0 = zayfz + 0)
= max{f(z), f(2)}
Similarly, we can show that p(zay) 2 N{p(x), @(y)}, f(zay) < max{f(z), f(y)}
for all z,y € S and for all « € T. O

THEOREM 4.1. A cubic subset < i, f > of a I'-hemiring S is a cubic left h-ideal
of S if and only if for all x,y,z,a,b € S, we have

(i) p(z+y) 2 N{a@), wly)}, flz+y) <max{f(z), f(y)}

(11) stochﬁ g ﬁ) n)(sochf 2 f
(iii) @ +a-+2 = b+ 2 = fi(x) 2 N{iia), i)}, f(z) < max{f(a), F()}.
PRrROOF. Assume that < i, f > is a cubic left h-ideal of S. Then it is sufficient
to show that the condition (ii) is satisfied. Let z € S. If z can be expressed as

n n

x—&—Zanibi +z = Zciéidi + z, for z,a;,b;,¢;,d; € S and v;,9; € T, for i=1,....n,
i=1 i=1

then we have

(Cxs Ocn ) (@)

UIN{N{Grs (@), G (@), Filb), Fi(di)}]

n

i=1 i=1

= WIn{n{a(b:), a(di) 1]

n n
i=1 i=1
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and
€ uln{n{fi(aiibi), fcididi)}})

-+ i a;vibi + z = i c;0;d; + z
i=1 i=1

C U[ﬁ{ﬂ(z aivibi), ﬁ(z ci6id;)}]

(CXS Och /7) (.Z') n n
i=1 i=1

< Upi() = [i().
i=1 i=1

(e o0n £)(x) = inflamasc(mas iy ) s (). £0). )]
S b b2 = S e,
— intfmax{max(£(b), £(d)})]
S a2 = e, -
> infmase(mas( (@b, f(e:0do)} )

n n
z+ Z a;vibi +z = Z c;i6;d; + z
=1 =1

> inf[max{f(Y_ aiibi), f(O_ cididi)}]
=1 =1
> T i@ =S

i=1 =1

This implies that Cys och i C i, Tys Och f 2 f-

Conversely, assume that the given conditions hold. Then it is sufficient to show
the second condition of the definition of cubic h-ideal. Let z,y € S and v € T.
Then we have

Alery) 2 (G oen M(ayy) = UID{N{7(b), ldi)})]

n
Tyy+ Z a;iyibi + z = Z c;0;di + z

i=1 i=1
D u(y)(since xyy + 0yy + 0 = zyy + 0).
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flayy) < (s ocn f)(wyy) = inflmax{max{f(b;), f(di)}}]

Tyy+ Z a;vib; + 2 = Z cidid; + 2z
i=1 i=1
< f(y)(since zyy + Ovy + 0 = zyy + 0).
Hence < [, f > is a cubic left h-ideal of S. O

THEOREM 4.2. Let A =< p, f > and B =< U,g > be a cubic right h-ideal

and a cubic left h-ideal of a T'-hemiring S, respectively. Then AN B is a cubic
h-quasi-ideal of S.

PROOF. Let x,y be any element of S. Then

END)a+y) =Nl +3). 5z + )}
> N{N{(). ()} V(). 7(9)}}
= {N{E@), 7(x)}, N (i), 7(4)}}
= n{(EN 7)), (AN 7))}

(fUg)z+y) =max{f(z+y),9(x+y)}
< max{max{ f(z), f(y)), max(g(x), g(y)} }
= max{max{f(z),g(x)}, {f(¥), 9(y)}}
= max{(f Ug)(z),(fUg)(y)}

Now let a,b,z,z € S such that x +a+ 2z = b+ z. Then

ENP@) = Nil2). 7))
> N{N{la), i0)}. (@), 7)1
= n{n{fita), 7a)}.N{(). 7(0)}
= {(ENT)(a). (@O T))

(fug)(x) =max{f(z),g(x)}
< max{max{f(a), f(b)}, max{g(a), g(b)}}
= max{max{f(a), g(a)}, max{f(b),g(b)}}
=max{(fUg)(a), (fUg)(0)}
On the other hand, we have

((AN B)oenxs) N (xsoch (AN B)) C (Aochxs) N (xsoenB) € (AN B).
This completes the proof. O
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