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a-DOT CUBIC NEW IDEAL OF PU-ALGEBRA
Samy M. Mostafa and Rodyna A. Hosny

ABSTRACT. The notions of a-dot cubic new-ideal of PU-algebras is introduced,
and several related properties are investigated. Characterizations of a-dot
cubic new ideal on PU-algebras are established. The relations between a-dot
cubic sub algebras and a-dot cubic new-ideal of PU-algebras are discussed.
Moreover, the homomorphic image (pre image) of a-dot cubic new-ideal of a
PU-algebra under homomorphism of a PU-algebras are discussed.

1. Introduction

Imai and Iseki [3, 4, 6, 5] introduced two classes of abstract algebras: BCK-
algebras and BCl-algebras. It is known that the class of BCK-algebras is a proper
subclass of the class of BCl-algebras. In [2, 1], Hu and Li introduced a wide
class of abstract algebras: BCH-algebras. They are shown that the class of BCI-
algebras is a proper subclass of the class of BCH-algebras. Neggers et al. [10]
defined the notion of Q-algebras, which is a generalization of BCH/BCI/BCK-
algebras. Megalai and Tamilarasi [9] introduced the notion of a TM-algebra which
is a generalization of BCK/BCI/BCH-algebras and several results are presented.

Mostafa, Abdel Naby and Elkabany [11] introduced a new algebraic structure
called PU-algebra, which is a dual for TM-algebra and investigated several basic
properties. Moreover they derived new view of several ideals on PU-algebra and
studied some properties of them.

The concept of fuzzy sets was introduced by Zadeh [14]. In 1991, Xi [13] ap-
plied the concept of fuzzy sets to BCI, BCK, MV-algebras. Since its inception, the
theory of fuzzy sets, ideal theory and its fuzzification has developed in many direc-
tions and is finding applications in a wide variety of fields. Mostafa, Abdel Naby
and Elkabany [12] presented the notion a-fuzzy new-ideal of a PU-algebra. They
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discussed the homomorphic image (pre image) of a-fuzzy new-ideal of a PU-algebra
under homomorphism of a PU-algebras. Jun, Kim, and Kang [7] introduced the no-
tion of cubic sub-algebras /ideals in BCK/BCl-algebras, and then they investigated
several properties. They discussed the relationship between a cubic sub-algebra and
a cubic ideal. Also, they provided characterizations of a cubic sub-algebra/ideal
and considered a method to make a new cubic sub algebra from an old one.

In this paper, we modify the ideas of Jun, Kim, and Kang [8] to introduce the
notion a-dot cubic new-ideal of PU-algebra. The homomorphic image (preimage)
of a-dot cubic new-ideal of PU-algebra under homomorphism of a PU-algebras are
discussed. Many related results have been derived.

2. Preliminaries

Now, we will recall some known concepts related to PU-algebra from the liter-
ature, which will be helpful in further study of this article

DEFINITION 2.1. ([11]) A PU-algebra is a non-empty set X with a constant
0€X and a binary operation * satisfying the following conditions:

(I 0%z ==,
(I0) (z*2)*(y*z) =y=*uz,
for all z,y,z € X.
On X one can define a binary relation ” < ” by:
x <y if and only if y x x = 0.
ExaMpLE 2.1. ([11]) Let X = {0,1,2,3,4} in which * is defined by Table 2.1.

*10(1]2]3|4
0j(0]1|12|3|4
114101123
2134|1012
31213|4|0(1
411123410
Table 2.1

Then (X, x,0) is a PU-algebra.
PROPOSITION 2.1 ([11]). In a PU-algebra (X, *,0) the following statements are
valid for all z,y,z,u € X.
(a) xxx=0.
(b) (xx2)xz=u.
() xx(yxz)=y=*(x*z).
(d) zx(yxz)=1y=*0.
(e)

(xxy)*0=yxa.
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*

) If x <y, then x %0 =y x0.
) (xxy)*x0=(z*2)x*(yx*z).
(h) xxy <z if and only if zxy < x.
) x <y ifand only if y* 2z < x * 2.
(j) In a PU-algebra (X, x,0), the following are equivalent:
(1) z =y, (2) zxz=y=x*z, (3) zxx =zxy.
(k) The right and the left cancellation laws hold in X.
(1) (zxx)x(zxy) =z *y.
(m) (zxy)*xz=(z%y)*x.
DEFINITION 2.2. ([11]) A non-empty subset S of a PU-algebra (X, *,0) is called
a sub-algebra of X if x xy € S whenever x,y € S.

DEFINITION 2.3. ([11]) A non-empty subset Z of a PU-algebra (X, *,0) is called
a new-ideal of X if,

(i) 01,
(ii)) (a*(bxx))*xxzeZ, forala,beZ and z € X.
ExAMPLE 2.2. [11] Let X={0, a,b, c} in which * is defined by Table 2.2.

x|10|la|b]|c
0/0|la|b|c
ala|0|lc|b
b|{b|lc|0]a
clc|blalO
Table 2.2.

Then (X, *,0) is a PU-algebra. It is easy to show that Z; = {0,a}, Zo = {0,b},
Zs = {0, ¢} are new-ideals of X.

LEMMA 2.1 ([11]). If (X, *,0) is a PU-algebra, then
(xx(yx2))xz=(yx0)xx
forall z,y,z € X.

THEOREM 2.1 ([11]). Any sub-algebra S of a PU-algebra X is a new-ideal of
X.

DEFINITION 2.4. ([11]) Let (X, *,0) and (X,%,0) be PU-algebras. A map
f:X— X is called a homomorphism if
fl@xy) = fz)xf(y)
for all z,y € X.

PROPOSITION 2.2 ([11]). Let (X,*,0) and (X,%,0) be PU-algebras. If f :
X—Xisa homomorphism, then Ker(f) is a new-ideal of X.
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A fuzzy set p in a set X is a function p: X — I, where I = [0, 1]. Denote by
IX the collection of all fuzzy sets in a set X. Define a relation < on IX as follows:

(Vi A € I) (Vo € X)(p < A = plx) < M)

REMARK 2.1. An interval-valued fuzzy subset (briefly, i-v fuzzy subset) A de-
fined in the set X is given by A={((x, [uh(x), uY(2)]}, for all z € X (briefly, it
is denoted by A = [uf(z), uY ()] where pki(z), u4(z) are any two fuzzy subsets
in X such that pf(z) < pY(z) for all z € X. Let ia(x) = [ph(x), uY(z)] for all
x € X and D|0, 1] be denotes the family of all closed sub-intervals of [0, 1]. It is
clear that if pf(z) = p4(z) = ¢, where 0 < ¢ < 1, then fa(x) = [¢, ] in D0, 1],
then fig(xz) € D[0,1], for all z € X. Therefore the i-v fuzzy subset A is given
by: A = {{(z,1a(z)) : ¢ € X} where fia(z) : X — D|0,1]. Now we define the
refined minimum (briefly r min) and order ” < 7 on elements Dy = [a1,b1] and
Dy = [ag, bs] of DI0,1] as follows:

rmin(Dy, Dy) = [min{a1,as}, min{by, ba}],
D1 < Dy <= a1 < as and by < bs.
Similarly we can define (>) and (=). Also we can define Dy + Da=[a; + a2, by +b2],
and if ¢€[0, 1], then ¢Dy=[caq, cb1]. Also if D;=[a;, b;], i€, then we define
r sup(D;) = [supa;, supb;] and rinf(D;) = [infa;,infb;].
We will consider that 1=[1, 1] and 0=[0,0].

Jun et al. [7], introduced the concept of cubic sets defined on a non-empty
set X as objects having the form: A = {(x,fa(z), \a(z)): = € X} which is
briefly denoted by A = (fia,A\a) where the functions fig : X — DJ[0,1] and
Ag: X — [0, 1].

3. a-dot cubic new-ideal of PU-algebra

In what follows, let (X, *,0) or simply X denote a PU-algebra unless otherwise
specified. In this section, we shall introduce a new notion called a-dot cubic new-
ideal of a PU-algebra and study several properties of it.

DEFINITION 3.1. Let X be a PU-algebra. If g : X — DJ[0,1] and A4 :
X — [0,1], then a cubic set A = (fia, M) is called a cubic sub-algebra of X if the
following statements hold for all z,y € X

(SC1) fia(z = y) = rmin{pa(z), pa(y)},

(SC2) Aa(z *y) < maz{ra(x), Aa(y)}-

DEFINITION 3.2. Let A=(ji4, Aa) be a cubic set of a PU-algebra X. If a€[0, 1],
then the cubic set A*=(n%, A\S) of X is called the a-dot cubic subset of X (w.r.t.
cubic set A=(fig, Aa)) if

(a) pi(z) = pa(z)
(b) A%(2) = Aa(z)
for all z € X.

L e}
o

REMARK 3.1. Clearly, (i}, \}) = (fia, Aa).
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LEMMA 3.1. A = (fia,Aa) is a cubic sub-algebra of a PU-algebra X such that
A% is a-dot cubic subset, where o € [0,1], then 5 (x *y) = rmin{pG(z), 1% (y)}
and X (z x y) < maz{A%(x),\%(y)} for all x,y € X.

PRrOOF. Let X be a PU-algebra, a€[0, 1]. Then by Definition 3.2, we have that
% (z * y) = fia(z *+ y) @ a = rmin{fia(z), fia(y)} o o
= rmin{fia(z) ® a,fa(y) e a}
= rmin{p% (), 1% (1Y)},
for all z,y € X and
Aa(zxy) = Aa(zxy) e a <maz{da(z),Aa(y)} o o
=mazx{da(x) e a, Aa(y) ® a}
= maz{A%(x), A% (y)},
for all z,y € X. O

DEFINITION 3.3. Let X be a PU-algebra. A cubic subset A“=(n%, %) in X
is called a-dot cubic sub-algebra of X if

(Ca) p(zxy) = rmin{pi(z), 13 (y)},
(Ca) A5 (z *y) <maz{Ai(z),\5(y)}
for all z,y € X.
It is clear that a-dot cubic sub-algebra of a PU-algebra X is a generalization

of a cubic sub-algebra of X and a cubic sub-algebra of X is a special case when
a=1.

DEFINITION 3.4. Let (X, *,0) be a PU-algebra, a cubic subset A=(ia, A4) in
X is called a cubic new-ideal of X if it satisfies the following conditions:

(A1) iA(0) > fia(x) and Aa(0) <Aa(@),

(As) fial(@* (y* ) % 2) > rmindjia(@), fia(y)} and

Aa(z* (y * 2)) * z) < maz{Aa(z), Aa(y)},
for all z,y,z € X.

LEMMA 3.2. If A= (jia,\a) is a cubic new-ideal of a PU-algebra X such that
A® is a-dot cubic subset, where a € [0,1], then

(1) #3(0) = pf(x) and A%(0) < A5 (x),

(2) pa((z* (y x 2)) * 2) = rmin{pj (x), 13 (y)},
(3) AA((z* (y x 2)) * z) < maz{Af(x), A3 (y)},
forallx,y,z € X.

PROOF. Let X be a PU-algebra, a € [0,1]. Then we have that:

(1) Let z€X, then

i5(0) = ia(0) ® @ > fia(x) o a = ji% (x)

and
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(2) B ((w # (g # 2)) * 2) = fia((@ * (y # 2)) * 2)oa
>rmm{uA<x>7ﬁA< )} ea
— rmin{fia(c) o a.jia(y) o o}
— rmin{fig (x), 75 (y)}-

(8) A3 ((z * (y# ) % 2) = Aa((@ % (y#2)) ¥ 2) o 1

(
< mar{Aa(@), Aa(y)} o @
=max{la(z) e a, \a(y) ® a}
= maz{A3(z), A3 (y)},
for all x,y,z € X O

DEFINITION 3.5. Let (X, *,0) be a PU-algebra. An a-dot cubic subset A% =
(0%, A%) is called a-dot cubic new-ideal of X if it satisfies the following conditions:

(AF) 1%(0) = A% (x) and A5 (0) < A% (z),

(A7) HA (2 (y * 2)) * 2) = rmin{pg (), 15 (y)},

(A9) A% ((z * (y * 2)) * 2) < maz{Af(x), M3 (y)},
for all z,y,z € X.

It is clear that a-dot cubic new-ideal of a PU-algebra X is a generalization of
a cubic new-ideal of X and a cubic new-ideal of X is special case, when a = 1.

EXAMPLE 3.1. Let X = {0,1,2,3} in which * is defined by Table 3.1.

*x[0(1]2]3
0/0[1]2]3
1{1]0(3]2
2123|011
3132|110
Table 3.1.

Then (X, ,0) is a PU-algebra. Define a-dot cubic subset A% = (g%, \%) in X
by
i () = «e[0.3,0.9] ifze{0,1}
A= ae [0.1,0.6] otherwise

and

e [ ae03 ifze{0,1}
)\A(x)_{ «ae0.7 otherwise

where « € [0,1]. Routine calculation gives that A* = (%, A%) is an a-dot cubic
new-ideal of X.

LEMMA 3.3. Let A* = (%, A\%) be a-dot cubic new-ideal of a PU-algebra X .
If the inequality x * y < z holds in X, then p%(y) = rmin{pg(z), 1% ()} and
A (y) < max{Af(x), A5 (=)}
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PROOF. Assume that the inequality z * y < z holds in X. Then z * (z *
y) = 0 and by (A}), we have a5 ((z * (z x y)) *y) = rmin{n%(z), 2% (2)}. Since

7% (y) = % (0%y), then we have i (y) > rmin{fi4 («), 4 (2)}. By (A3), we obtain
A% ((z * (z xy)) *y) < max{\%(z), A% (2)}. Since A (y) = A% (0 x y), therefore we
have that A% (y) < maz{ % (z), \%(2)}. O

COROLLARY 3.1. Let A = (jia,Aa) be a cubic new-ideal of a PU-algebra X.
If the inequality x xy < z holds in X, then fia(y) = rmin{pa(z),pa(z)} and
Aa(y) < maz{ia(z), Aa(2)}.

LEMMA 3.4. If A* = (0%, A%) is an a-dot cubic subset of a PU-algebra X and
© <y then 1% () = 74 (y) and X4 (x) = A4 (1).

PRrOOF. If x < y then y*x = 0. Hence by the definition of PU-algebra and its
properties we have that

dﬁ‘i&(ﬂﬁ) = pa(z)ea=pa(0xz)ea=pa((y*z)xx)ea=paly) ea=pns(y)

MG (z) = da(z)ea=XAa(0xz)oa = As((y*xx)*z)ea = Ag(y)ea = A5 (y). O

COROLLARY 3.2. If A = (lia,Aa) is a cubic subset of a PU-algebra X and
x <y then a(z) = paly) and Aa(x) = Aa(y).

DEFINITION 3.6. Let A*=(u%, %) and B*=(u%, A%) be two a-dot cubic sets
in a PU-algebra X. Then we define

490 B® = {(a, 7 min{ji% (@), 15 (@)}, maa (A4 (2), A (0))) : @ € X}

= {{z, p% () N pp (), i (2) UAE(2)) : z € X}

PROPOSITION 3.1. If {A%}ica is a family of a-dot cubic new-ideals of a PU-

algebra X, then Niea Ay is a-dot cubic new-ideal of X.

PROOF. Let {A$};ca be a family of a-dot cubic new-ideals of a PU-algebra
X. Then for any z,y, 2z € X, we have

(Nicapz, )(0) = rinf (%, (0))ica

= rinf(u%, (v))iea = (Nieapty, ) ()
and

(UieaAd,)(0) = sup(A%, (0))iea
< sup(AG, (z))iea = (UieaAq, )(2).
Also,
(Micany,) (@ * (y * 2)) * 2) = rinf(ug, ((z * (y * 2)) * 2)iea
z rinf(rmin{p%, (z), 13, (y) iea
= rmin(rinf(ug, (x))iea, rinf(ug, (y))ieat
= rmin{(Nieapy,) (@), (Micany,)(y)}
and
(UieaAd,)((z * (y * 2)) x 2) = sup(AG, ((z * (y * 2)) * 2)iea
< sup(maz{Ag, (x), A%, (¥)})iea
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= maz(sup(A}, (z))ien, sup(A%, (y))ieat
= maz{(Uicar},) (@), (Vieard,) ()}
This completes the proof. O

THEOREM 3.1. If A%=(u%,\%) is an a-dot cubic subset of a PU-algebra X,
then it is a-dot cubic new-ideal of X if and only if it satisfies:

(Ve € D0, 1))(U(u%,8) # 0 = U(p%,€) is a new-ideal of X),

where U(p%,€) ={z € X : g4 (x) > €}
and
(Ve € [0,1])(L(XG, ) # 0 = L(\%, ¢) is a new-ideal of X),

where L(A% )—{xeX G (z) < e}

PROOF. Assume that A% = (%, A%) is an a-dot cubic new-ideal of X. Let
e D[0,1]) with U(ji%,8) # 0. If 2 € U(i4, £), then ji%(x) > & Since i (0) >
1% (z), for all x € X, then p%(0) > €. Thus 0 € U(%,8). Let z € X and
a,b € U(pG,€). Then p%(a) > € and p4(b) > €. It follows by the definition of
a-dot cubic new-ideal that % ((ax(b*x)) * x) = rmin{g%(a), 1% (b)} > €, so that
(ax (bxx))*xz) € U(%,€). Hence U(u%,€) is a new-ideal of X. Let € € [0,1])
with L(A\g,e) # 0. If & € L(A\%,€), then A (z) < e. Since A\%(0) < A\ (x), for all
x € X then A4(0) < e. Thus 0 € L(A\%,¢). Let x € X and a,b € L(A%,e). Then
A% (a) < e and A5 (b) < e. It follows by the definition of a-dot cubic new-ideal that
A% ((ax (bxx)) *x) < mazx{A%(a), A% (b)} < e, so that (a* (b*x))*xx) € L(Aa,e).
Hence L(\%,¢) is a new-ideal of X.

Conversely, suppose that

(Ve e D[0,1)(U(p%,8) #0 = U(%, €) is a new-ideal of X),

where U(p%,8) = {z € X : u%(x) > €} and
(Ve € [0,1])(L(XG,e) # 0 = L(\%, ¢) is a new-ideal of X)),

where L(A\},e) = {z € X : \§(z) < ¢} If p%(0) < p4(x) for some z € X
then 115 (0) < & <p%(z) by taking £p= M. Hence 0 ¢ U(u%,20) which
is a contradiction. If A%(0) > A%(z) for some z € X then A%(0) > g >
A% (x) by taking g9 = M Hence 0 ¢ L(A\%,e0) which is a contradic-
tion. Let a,b,c € X and uA((a * (bxc))*xc) < rmin{pg(a), 1% (b)}. Taking
g1 = “A(a*(b*c)*c)'irrr;m{““(a)’““(b)}, we have €; € D[0,1] and 15 ((a* (b*c)) *c) <
g1 < rmin{u% (a), 1% (b)}. It follows that a,b € U(i%,&1) and (a* (b*c) *c) ¢
U(1x%,€1) which is a contradiction. Let a,b,c € X and A%((a * (b *c)) x ¢) >
maz{\%(a), A% (b)}. Taking 1 = ’\A(a*(b*c)*°)+mm{’\“(“) A0} e have g, € [0,1]
and A% ((a * (b* c))xc) >e1 > max{)\a( ), A (b )} It follows that a,b € L(A%,¢e1)
and (a* (bx*c)*c) ¢ L(A\%,e1) which is a contradiction. Therefore A* = (%, A%)
is an a-dot cubic new-ideal of X. g

COROLLARY 3.3. Let A = (j1a,Aa) be a cubic subset of a PU-algebra X. Then
it s a cubic new-ideal of X if and only if it satisfies:
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(Ve € D[0,1))(U(za,€) # 0 = U(pia,€) is a new-ideal of X),
where U(pa,€) ={x € X : ia(x) > €} and

(Ve € [0,1])(L(Aa,€) # 0 = L(A\a,¢) is a new-ideal of X),
where L(Ag,e) = {x € X : A a(x) <€}

DEFINITION 3.7. Let f be a mapping from X to Y. If (g*, A*) is an a-dot
cubic subset of X, then the a~dot cubic subset (8%, v*) of Y defined by

o ey :I:Supwef—l(y)ﬁa(l') if f~1(y)#0
1w =5 ={ ; W
and
oy magy gy A (2) i fTHy) £ 0
FO)y) =7"(y) = { 1 otherwise
is said to be the image of (™, A\*) under f.
SimilarlNy if (8%, %) is an a-dot cubig subset of Y, ~then the a-dot cubic subset
(HA)=(BY o f,7* o f) of X, where (8% o f)(z) = B*(f(x)) and (v* o f)(z) =

v*(f(z)) for all z € X is called the pre-image of (5%, v*) under f.

THEOREM 3.2. Let (X, *,0), (X,*,O) be PU-algebras and f : X — X be a
homomorphism. If (3*,4*) is an a-dot cubic new-ideal of X and (i \*) is the
pre-image of (8%, ) under f, then (u®*, \%) is an a-dot cubic new-ideal of X.

PROOF. Since (g*, A*) is the pre-image of (BO‘, ~*) under f, then forall z,y, z €
X we have

°(0) = B(£(0)) = B*(f(2)) = i%(x) and A*(0)=y*(f(0)) < 7*(f(x)) =
A%(z). Now

A((@x (y*2)) % 2) = B(f (2% (y x2)) 2
= B(f (@ % (y * 2)¥f(2))
= B((f@)*f(

=B ((F@H(F )

N

and
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THEOREM 3.3. Let (X, %,0), (Y, %,O) be PU—algebms f: X —Y be a homo-
morphism, (1, A%) be an a-dot cubic subset of X, (B*,7) be the image of (i®, A*)

under f, i*(z) = B*(f(z)) and A (z) =y*(f(x)) for allx € X. If (u*, X%) is an
a-dot cubic new-ideal of X, then (% ~v%) is an a-dot cubic new-ideal of Y.
PROOF. Since 0 € f~1(0), then f~1(0) # 0. It follows that
B2 0) = 7 supye 1 ) (8) = F(0) > i° ()

for all z € X. Thus 3%(0) = rsuptef 1) (t) for all x € Y. Hence 60‘(0)
Be(x) for all 2 € Y. Since 0 € f~1(0), then f~1(0) £0. It follows that 4*(0) =

infyep-1@)A*(t) = A%(0) < A%(2) for all € X. Thus v* (0) = infics- 1) A% (t) for
all 2 € Y. Hence y* (0) < 7*(x )forallxeY Forany z,9,2 € Y. If f~ ( )="0or
F7YY) = 0, then B(&) = O or Bo()) =0, it follows that r min{3° (i), ﬁa( )=

and hence 5°(BH(§R)52) > rmin{5°(2), 5(0)). 1t £ ()20 and 77(3) 2
let mg € f7H(2), yo € fH(Y) with i*(zo) = 7 supses—1()A*(t) and i*(yo)
7 supye p-1(5) A (t). It follows by given and properties of PU-algebra that

Bo((@(132)¥2) = B((3H(932))¥d)
= 3o (y* z*z) k)
*)

0
0,

> rmin{*(xo), i
= 7 man{r supye -1z (), 7 suprep -1 1 (1) }
rmin{ (&), 5*(y)}-

for any I, y,zeY

If f=5&) =0 or f71() = 0, then v*(2) = 1 or v*() = 1, it follows that
maz{y*(x),7*(9)} = 1 and hence y*((¥*(y¥%))*2) < maz{y*(Z),y*()}.

If f71(2) # 0 and f'(9) # 0, let z9 € fH(2), yo € f71(Y) with A*(z0) =

infiep-1m)A“(t) and AX*(yo) = infiep-1(5)A*(t). It follows by given and properties

of PU-algebra that
YH((Ex(F32))%2) = v ((2x(9%2))+2)

Y (2%2))x2)

(
(
(30)32)
(f
(f

e}

(y0)*(f(0))*(f(x0))
(yo % 0) x x0))

(63

7(
7 (
7 (
7(
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) * xg)

) * 2)

) * 20)

Yo) }

= max{infie 1) A" (t), infre g1 A" (1)}

= maz{y*(x),y*(9)}

Therefore (3, 7) is an a-dot cubic new-ideal of Y. O
COROLLARY 3.4. Let (X,%,0), (Y,%0) be PU-algebras, f: X —Ybea

homomorphism, (i1, A) be a cubic subset of X, (B,7) be the image of (i, \) under

£, u(z) = B(f(z)) and M(z) =~(f(x)) for all z € X. If (ji, \) is a cubic new-ideal
of X, then (5, ) is a cubic new-ideal of Y.

4. Cartesian product of a-dot cubic new-ideal of PU-algebra

In this section, we introduce the concept of Cartesian product of an a-dot cubic
new-ideal of a PU-algebra.

DEFINITION 4.1. Let S be a non-empty set. The cubic set (u®, A*) is called
an a-dot cubic-relation on S if p%, A% are two functions defined by p®: S x S —
D[0,1], A*: S x S — [0, 1].

DEFINITION 4.2. If (ji% A®) is an a-dot cubic relation on a set S and (3%, y®)

is an a-dot cubic subset of S, then (i, A*) is an a-dot cubic relation on (3%,~%) if
% (@, y) < rmin{ 5% (x), B%(y)} and A%(z, y) = maz{y*(x),7*(y)} for all 7,y € 5.

DEFINITION 4.3. If <,§°‘,7°‘> is an a-dot cubic subset of a set S, the strongest
a-dot cubic relation on S that is an a-dot cubic relation on (5, v*) is <ﬁ%a,>\3a>

given by ﬁ%a (z,y) = rmin{B*(z), 3*(y)} and Ao = maz{y*(z),7*(y)} for all
x,y €S.

DEFINITION 4.4. We define the binary operation * on the cartesian product
X x X as follows:

(21, 22) * (y1,y2) = (T1 % Y1, 22 * Y2)

for all (z1,2), (y1,42) € X x X.

LEMMA 4.1. If (X, *,0) is a PU-algebra, then (X x X, *,(0,0)) is a PU-algebra,
where (x1,22) * (Y1,y2) = (1 * y1, 22 * y2) for all (x1,x2), (y1,y2) € X x X.

PrROOF. Clear. O

THEOREM 4.1. Let <,§a,’ya> be an a-dot cubic subset of a PU-algebra X and
(ﬁ%a,)\gc& be the strongest a-dot cubic relation on X, then (8% ~v%) is an a-dot
cubic new-ideal of X if and only if (ﬁ%a,)\ga) 18 an a-dot cubic new-ideal of X x X .
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PROOF. (=) Assume that (g“,7“> is an a-dot cubic new-ideal of X, we note
that:

2, (0,0) = rmin{5°(0), 5(0)} = rmin{5° (@), 3 (s)} = i3, (,y) and

AJa(0,0) = maz{y*(0),7*(0)} < maz{y*(z),v*(y)} = A« (z,y)
for all z,y € X. Now, for any (z1,x2), (y1,¥2), (21, 22) € X x X we have:

5. (@1, 22) * (g1, 92) * (21, 22))) * (21, 22))

= 15 (@1, 22) * (y1 % 21, Y2 % 22)) * (21, 22))
= Mﬁa((xl * (y1 % 21), T2 * (y2 * 22)) * (21, 22))
_Mﬁa((x (y1 % 21)) * 21, (T2 * (Y2 * 22)) * 22)
rmin{ B ((x1 + (y1 * 21)) * 21), B (w2 * (y2 * 22)) % 22)}
rmin{r min{B%(z1), B*(y1)},r min{ B (x2), B (y2)} }
rmin{r min{3%(x1), 3% (x2)}, r min{B*(y1), B*(y2)} }
= Tmm{ﬁ%u (z1,22), ﬁ%a (y1,92)}

v

and
A (@1, 22) * ((y1 Y2) * (21, 22))) * (21, 22))
= Ao (((z1,22) * (y1 * 21, Y2 * 22)) * (21, 22))

= Ao (1 % (y1 * 21), T2 * (y2 * 22)) * (21, 22))
Ao (w1 % (y1 * 21)) * 21, (T2 * (y2 * 22)) * 22)
maz{y*((z1 % (y1 * 21)) * 21), v (w2 * (y2 * 22)) * 22)}
maz{max{y*(z1),7*(y1)}, maz{y*(x2),v*(y2) }}
maz{maz{y*(x1),7"(z2)}, maz{y*(y1),7* (y2) }}

= maz{ASa (T1,72), \Se (Y1,y2) }-
Hence <ﬁ%ﬂ, ASa) is an a-dot cubic new-ideal of X x X.

(<) For all (z,z) € X x X we have
ﬁ%a(0,0) :rmin{ﬁa( ), 3%(0 )} > B (z,2)

[ A N

and
X% (0,0) = maz{7%(0),7*(0)} < A% (. ).
Then B B ~ N B _
B*(0) = rmin{B*(0),3%(0)} > rmin{B*(z), 8% ()} = B*(x)
and

7%(0) = maz{y*(0),7*(0)} < maz{y*(z),y*(x)} = v (z)
for all x € X. Now, for all z,y,2z € X. We have

=12, (@ (5 2)) w2, (@ % (y 2)) % 2)
= fi2, (w5 (g 2)w % (97 2)) * (2,2))
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= 15, (2, 2) « ((y * 2,y 2))) % (2, 2))

= 15, (((z, 2) * (3, 9) * (2,2))) * (2, 2))

> rmin{ﬁg«a (z, ), ﬁ%a (v, y)}

= rmin{r min{B*(z), B*(z)},r min{5*(y), B*(y)}}
= rmin{B(x), B°(y)}

and
Y ((* (y * 2)) x 2) = maz{y*((z * (y * 2)) % 2), 7" ((x * (y * 2)) * 2)}

= Ao (@ * (y x2)) * 2, (x % (y * 2)) * 2)
= Aa((@* (y x 2), % (y x 2)) * (2,2))
= Ao (((@,2) * ((y * 2,y % 2))) * (2, 2))
= Aa(((z,2) * ((,9) * (2, 2))) * (2, 2))
< maz{Aa(z,2), Ao (y,y) }
= maz{maz{y*(z )7 (@)}, maz{y*(y),v*(y)}}
= maz{y*(x),y*(y)}.

Hence <B°‘, ~v%) is an a-dot cubic new-ideal of X. O

DEFINITION 4.5. Let (fi, A) and (5, ) be cubic subsets in X. The cartesian
product (fi, A} x (5, ¥) is defined by (ji x 6) : X x X —» D[0,1] and (A x ¥) :
X x X — [0,1], where (g x 5)(x y) = rmzn{ﬁ(a:),g(y)} and (A x U)(z,y) =
maz{\(z),U(y)} for all z,y € X.

DEFINITION 4.6. Let (4%, A*) and (0%, W) be a-dot cubic subsets in X. The
cartesian product (i, A%) x (6%, ®®) is defined by (i x 6*) : X x X — D[0,1]
and (A® X ¥?) : X x X —» [0, 1], where (i x 6%)(z,y) = r min{i®(x),5*(y)} and
(A* x U¥)(x,y) = max{\*(z), ¥¥(y)} for all z,y € X.

THEOREM 4.2. If (1%, X%) and (0,0} are a-dot cubic new-ideals in a PU-
algebra X, then (0™, A*)x (6%, ¥%) is an a-dot cubic new-ideal in X xX.
PrROOF. We have
(7 59)(0,0) = r mindfi®(0), 3%(0)} > rmin{G® (1), 52 (22)} = (7 x5) (w1, 22).
Also,
(A*xT)(0,0) = maz{A*(0), ¥*(0)} < max{A*(x1), T¥(x2)} = A*x¥)(x1,22),
for all (x1,22) € X x X. Let (x1,22), (y1,¥2), (21, 22) € X x X. Then we have
(7 % 0°) (w1, m2) * (Y1, 2) * (21, 22))) * (21, 22))
= (7% % 0°) (w1, m2) * (Y1 % 21, Y2 % 22)) * (21, 22))
= (p" % 5a)((x1 * (Y1 % 21), 22 * (Y2 * 22)) * (21, 22))
= (1% x 0°) (@1 * (y1 % 21)) # 21, (w2 # (y2 * 22)) * 22)

= rmin{g®(z1 * (y1 * 21)) * 21),50‘(372 * (Y2 * 22)) * 22) }
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> rmin{rmin{fi® (z1), i°(y1) }, r min{8° (x2), 0% (y2)}
= rmin{ (A% x 6°) (w1, x2), (B x 0°) (y1,42)}-

and

(A X U) (21, 22) * ((y1,y2) * (21, 22))) * (21, 22))

= (A" x U)(((21, 22) * (y1 * 21, Y2 * 22)) * (21, 22))
= (A X UY)((x1 % (y1 * 21), T2 * (Y2 * 22)) * (21, 22))
= (A X U ((x1 * (y1 * 21)) * 21, (T2 * (Y2 * 22)) * 22)
= max{A*(z1 * (y1 * 21)) * 21), V¥ (22 * (Y2 * 22)) * 22) }
< maz{maz{A*(z1), \*(y1)}, maz{¥*(x2), V*(y2)} }
= max{(A* X U*)(x1,22), (A% X U¥)(y1,y2)}-

Therefore (%, A“) x (%, ¥*) is a-dot cubic new-ideal in XtimesX. O

5. Conclusions

In the present paper, we have introduced the concept of a-dot-fuzzy new-ideal
of PU-algebras and investigated some of their useful properties. We believe that
these results are very useful in developing algebraic structures also these definitions
and main results can be similarly extended to some other algebraic structure such
as PS-algebras, Q-algebras, SU-algebras, IS-algebras, -algebras and semi rings. It
is our hope that this work would other foundations for further study of the theory
of BClI-algebras. In our future study of fuzzy structure of PU-algebras, may be the
following topics should be considered:

(1) To establish the interval value, bipolar and intuitionistic a-dot new-ideal
in PU-algebras.

(2) To consider the structure of (7, p)-interval valued a-dot new-ideal of PU-
algebras.

(3) To get more results in a-dot new-ideal of PU -algebras and it’s application
(Cubic soft sets with applications in PU-algebras).
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