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DISTANCE BASED F-INDEX
OF SOME GRAPH PRODUCTS

M. Aruvi, V. Piramanantham, and R. S. Manikandan

ABSTRACT. In this paper, distance based F' index of various types of products
of graphs have been found.

1. Introduction

In this paper, all graphs considered are simple, connected and finite. Let G =
(V(G), E(G)) be a connected graph of order p;. For a graph G, the degree of a
vertex v is the number of edges incident to v and denoted by dg(v). The number
of edges of G is denoted by g;.

For any u,v € V(G), the distance between v and v in G, symbolized by d¢ (u, v),
is the length of a shortest (u,v)-path in G.

A topological index is a numerical quantity related to a graph that is invariant
under graph automorphism. H. Wiener [10] in 1947, introduced a topological index
based on the distance dg (u, v) which is named as Wiener index and it is established
as

W(Q) = Z de(u,v) = % Z da(u,v).

{u,v}CV(G) u,vEV(G)

There are some degree based topological indices of a graph which are known as
Zagreb indices, established by Gutman et al. in [3]. The first Zagreb index M;(G)
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and the second Zagreb index Ms(G) of a graph G are established respectively:

M(G) = Y lde(u) +da@)] = Y di)

weEE(Q) veV(G)

My(G) = Z da(u)dg(v)

uveE(G)

In [6], Khalifeh et. al derived the first and second Zagreb indices of some graph
operations. The degree distance was proposed by Dobrynin and Kochetova [1] and
Gutman [4] as a weighted version of the Wiener index. The degree distance of G,
symbolized by DD(G), is established as

DD(G) = Z da(u,v)[de(u) + da(v)] = % Z da(u,v)[da(uw) + dg(v)].
{u,v}CV(G) u,weV(G)

In [4], the sum of cubes of vertex degrees was involved in the investigation of the
total m— electron energy and it was again investigated by B.Furtula et. al. in [2]
as ”"Forgotten Topological index” or ”F-index” . It is established for a graph G as

F(@G)= Y dewP= D [da(w)’+da(v)?].

veV(G) wv€EE(G)

Nilanjan De et. al. in [8] derived the exact values for F'— index of cetain graph
operations.

In [7] , Muruganandam et al. have introduced the concept of distance version
of F-index which is symbolized by DF(G) and it is established as

DF(G) = Z de(u,v)[da(u)? + dg(v)?]
{u,v}CV(G)

- % > da(u,v)[de(u)? + da(v)?).
u,veV(QG)

The strong product of the graphs G1 and G4, symbolized by G1 X G5, is the graph
with vertex set V(G1) x V(G2) and two vertices (uy,uq) and (v1,v2) are adjacent
whenever (i)u; = v1 and usvy € E(Ga), or, (it)us = vy and ujv; € E(Gy), or,
(#it)uivy € E(G1) and usvg € E(Go).

The tensor product of the graphs G; and G2, symbolized by Gy x Ga, is the
graph with vertex set V(G x G2) and E(G1 xG2) = {(u1,v1)(u2, v2)|urus € E(Gh)
and vive € E(Gg)}.

The corona product of the graphs G; and Gg, symbolized by G; ® Ga, is the
graph attained by taking one copy of G; and |V (G| disjoint copies of G, and then
joining the i*" vertex of G to every vertex in i* copy of Gs.

In [9], degree distance and Gutman index of corona product of graphs are
attained.

In this present work, we attain the absolute values of distance based F'— index
of strong, corona and tensor products of graphs.
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2. Distance Based F-index of Strong Product of Graphs

In this section, we find the exact value of the distance based F'- index of strong
product G1 X Gs.

LEMMA 2.1 ([5]). The degree of the vertex (u;,v;) of V(G1 ® Ga) is

da, (wi) +da, (v) + dg, (ui)dg, (vi)-
That is
da,ra, (Ui, v1) = dg, (wi) + da, (vi) + da, (ui)dg, (vr)-

LEMMA 2.2 ([5]). Let wy = (us,v1) and Wy = (Um,vy) be in V(G1 K Ga).
Then the distance between w;; and Wy, 1S

ng(”lavn)a i=m,l#n
dc, 16, (Wit Wmn) =  da, (Ui, Um), i F#m,l=n
dGQ (Ulvvn)v { 7é mal 7& n.

THEOREM 2.1. Let G;,i = 1,2, be a (p;,q;)- graph. Then
2><DF(G1|ZG2) =
+ 4DD(G1)M1(G2) + 8DF(G1)C]2 + 2p1DF(G2) + 4M1(G1)W(G2)
+ 2DF(G2)M1(G1) + 8DD(G2)(]1 + 4DD(G2)M1(G1) + 8DF(G2)(]1
+ 2p1(p1 — l)DF(Gz) + 4(p1 — 1)M1(G1)W(G2) + 8M1 (p1 — 1)DD(G2)
+2(p1 — 1)M1(G1)DF(G2) + 8q1(p1 — 1) DF(G2)
=+ 4(p1 - ].)Ml(Gl)DD(GQ)

ProOOF. Let G = G1 K G5. Then,

2x DF(G) = > de (Wi, Wy ) [dg (wir) + d& (wWinn)]

Wi, Wmn €V (G)
p2—1 p1—1

= > Y delwi,wm)ldg(wi) + dg(w)]
=0 i,m=0,i#m
p1—1 p2—1

+ Z Z da(wir, win)[d%‘(wzl) + d%‘(wzn)]
=0 [,n=0,l#m

p2—1 p1—1

I,n=0,l#n i,m=0,i#m

= S1+ 82+ 83,
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where S, S5, S3 are the sums of the above terms in order. We calculate S7, Ss,
and S3 separately. First we calculate S.

S

p2—1 p1—1

2 2

i,m=0,i#m

p2—1 p1—1

2 X da ) e, () + () + de (1) ()

i,m=0,i#m

[ (1) + sy (1) + des )y v0)]

p2—1 p1—1

de(wit, W) [dg (wir) + dg (wim)]

2

> Y dau wn){ [, (i) + %, () + %, ()2, ()

i,m=0,i#m

2dg, (ui)da, (1) + 2dg, (i) d, (1) + 202, (u:)d, (v)]

(@2, (1) + 2, (00) + @, ()2, (01)

2dg, (tm)d, (v0) + 2dg, (tm ) A, () + 23, (unn)de, (v1)| }

p2—1 p1—1

Z > dey (i un) {6, (u) + d, ()

i,m=0,i#m

2d¢,, (v1) + dg, (ug) + dg, (um)]d, (v0)

2[dG1 (ul) + dGl (um)]dG2 (Ul) + 2[dG1 (ul) + dGl (um)]dég (Ul)

20, (i) + d2, (um))de, (v) }

Z dGl(ulvum)[dGl(uZ +dG ’LLm

i,m=0,i#m

p1—1 p2—1
2 Y do (i um) Y dg,(w)
i,m=0,i#m =0

p1—1

p2—1

Zl

p2—1

Z dgl(ul,um)[dGl(ui) +dG1 Um,) Z dG2 uy)

i,m=0,i#m
p1—1
2 2.
i,m=0,i#m
p1—1
2 2.

i,m=0,i#m

dGl (ui7 um) [dGl (UZ) + dG1 (um

p1—1

2 >

i,m=0,i#m
QpQDF(G1> + 4M1(G2)

da, (ui; um)lde, (ui) + dg, (um)]

de, (wi, um)|dg, (u;) + dg, (um)]

=0

p2—1

> day(w)

=0
p2—1

)Y dg,(w)

=0
p2—1

> da,(w)

=0
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Next we compute Ss.

So

p1—1 p2—1

Z Z de(wi, win) [de (wi)? + da(win)?]
=0 [,n=0,l#n
p2—1 2

T % e H{ [ e (o) + dess(00) + desy () (w)

=0 [,n=0,l#n

o () + da (vn) + do, () ()]}

Z (V1,0 { [dél (wi) + dg, (v) + dg;, (wi)dg, (v1)
=0
2dg;, (u (w) + 2dg, (us)d, (v) + 2%, (ui)da, (v)]

2o
(22, (w5) + B, (va) + %, ()2, (v2)
wi)do

2d e, (u)de, (vn) + 2da, (1), (va) + 22, (u:)da, (va)] }

p1—1

S % et {182, (00) + @, (00)] + 20, (w)

=0 [,n=0,l#n
[d2,, () + dg, (vn)]dG, ()
2[da, (v1) + da, (vn)]da, (us) + 2[da, (v1) + da, (vn)]de, (us)

202, () + d, (vn)lda, (i)}

p1—1 p2—1
STUY dey(onon) [, (o) + d, (00)
= l,n=0,l#n
p1—1 p2—1
2 Z dG1 u;) Z de., (v, vn)
1,n=0,l#n
p1—1 p2—1
Z g, (w) Y day (v, va)[dg, () + dg, (vn)]
1,n=0,l#n
p1—1 p2—1
2 Z dG1 (uz) Z dGz (Ulv Un)[dG2 (Ul) + dGz (’Un)}
=0 1,n=0,l#n
p1—1 p2—1
2 Z g, (wi) Y day (v, 00)lda, () + das, (v2)]
1,n=0,l#n
p1—1 p2—1
D da,(w) Y dg, (v, vn)de, () + da, (vn)]
=0 1,n=0,l#n

2p1 DF(Gg) + 4M;(G1)W (Gs) + 2DF(G2)M;(G1) +8DD(G2)q1
4DD(G2)M;(G1) + 8DF(G2)q

463
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Finally we compute Ss.

p2—1 p1—1
Sy o= > > da(win, wonn)[de(wa)? + da(wmn)?]
l,n=0,l#n i,m=0,i#m
p2—1 p1—1 9

= Y Y danvn){[de (w) + dea(v) + de, (w)dea (v)
l,n=0,l#n i,m=0,i#m
- [do, () + sy () + des, (s, ()]}

p2—1 p1—1

= Y Y daulo )|, (w) + k() + a2, (w)dE, ()

l,n=0,l#n i,m=0,i#m
+ 2dg, (ui)da, () + 2dg, (wi)d, (v1) + 2dg, (u;)de, (v)
+ dél (Um) + d%}'g (vn) + dél (um)dég (’Un)

+ 2dg, (um)dGz (Un) + 2d%}1 (um)dG2 (Un) + 2dg, (um)dé2 (Un)}

p1—1 p2—1

= XY 1Y da (v, () + d, (va)]

i,m=0,i#Zm 1,n=0,l#n

p1—1 p2—1
F Y B+ )] Y doy(nv)
i,m=0,i#m l,n=0,l#n
p1—1 p2—1
+ 20 ) do(w) D day (v, vn)da, (v)
i,m=0,i#m 1,n=0,l#n
p1—1 p2—1
+ 2 Z dGl Um Z dG*2 Ulyvn)ng(Un)
i,m=0,i#m 1,n=0,l#n
p1—1 p2—1
+ Z g, (u;) Z de, (vi,vn)dg, (vr)
i,m=0,i#m 1,n=0,l#n
p1—1 p2—1
+ Z dG1 (um) Z da, (Ulvvn)déz (vn)
i,m=0,i#m 1,n=0,l#n
p1—1 p2—1
+ 020 ) de(w) Y da, (v, vn)dg, (v)
1,m=0,i#m I,n=0,l#n
p1—1 p2—1
4+ 2 Z de, (um) Z da, vl,vn)dGz(vn)
i,m=0,i#m I,n=0,l#n
p1—1 p2—1
+ 2 Z dGl u;) Z da, ’Ul,’l)n)dc;2 (’Ul)
i,m=0,i#m l,n=0,l#n
p1—1 p2—1

+ 20 D dg(um) Y doy(v,vn)de, (vn)

i,m=0,i#m l,n=0,l#n
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and finally

S3 = 2p1(p1 — 1)DF(G2) +4(p1 — 1) M1 (G1)W(G2) + 8q1(p1 — 1)DD(G?2)
+ 2(p1 — 1)M1(G1)DF(G3) + 8¢1(p1 — 1)DF(G3)
+ 4(pr — 1)M(G1)DD(G2)

Adding Sy, Sy and S5 we get,

2XDF(G1|EG2) =

2p2 DF (G1) + 4My(G2)W (G1) + 2DF(G1) My (G2) + 8DD(G1)g2

+ 4DD(G1)M1(G2) + 8DF(G1)C]2 + 2p1DF(G2) + 4M1(G1)W(G2)

+ 2DF(G2)M1(G1) + 8DD(G2)(]1 + 4DD(G2)M1(G1) + 8DF(G2)(]1

+2p1(p1 — 1)DF(G2) +4(p1 — 1)M1(G1)W (G2) + 8q1(p1 — 1) DD(G2)

+2(p1 — 1)M:1(G1)DF(G2) + 8¢1(p1 — 1) DF(G2) +4(p1 — 1)M1(G1)DD(Go). U

3. Distance Based of F-index of Corona Product of Graphs

In this section, we find the exact value of the distance based F- index of corona
product G; ® Gs.

Let V(G1) = {uo,u1, ..., up,—1} and V(G2) = {vo,v1,...,p,—1}. For 0 < i <
p1 — 1, denote by G% the i*" copy of G5 joined to the vertex u; and V(G%) =
{vio,vﬂ,...,vi(pz_l)}.

LEMMA 3.1 ([9]). The degree of w € V(G1 © Ga) is

de, (W) +p2  if weV(Gy)
de,(w)+ps  if weV(GY) for some 0 <i<p —1.

dc,06, (w) = {

LeEMMA 3.2 ([9]). Let Gy be arbitrary graph.Let G% be the it" copy of Go in
da,oa, and let V(G5) = {vio, vi1, ..., Vi(p,—1) }- Then

d(G,06,) (Ui, Un) = da, (Ui, Un), if 0<i,m <p;—1,

d(G10Gy) (Ui Vmn) = day (uisum) +1, if 0<im<pr —1,0<n<p2—1,

dGl (uia um) + 27 Zf 1 # m,
da, 06, Vi, Umn) =< 1, if i =m, and v, € E(G>),
2, if i=m, and vv, ¢ E(Gs).

THEOREM 3.1. Let G;,i = 1,2, be a (p;, q;)- graph. Then
2XDF(G1®G2) =
2DF(G1) + 4psW (G1) + 4p2 DD(Gy) + 2p: {2]32M1(G2) + 8p2go

+2p2(p2 — 1) — F(G2) — 4M1(G2) — 10(12} + 2p; DF(G1) + 4p3DD(Gh)

+4W (G1)[p2(p3 + 1) M1(G2) + 4q2] + 2p1p2[M1(Gy) + 4q1p2]
+ 2p[M1(G2) + 4q2 + p2(p3 + 1)] + 4W(G1) 4 p1(p1 — 1][p2 M1 (Go)
+ 4p2q2 + p3).
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PROOF. Let G = G ® G5. Then,

2x DF(G)= Y da(u,v)lde(u)® +da(v)’]
u,veV(G)
p1—1
= Z de (wi, um)[de(wi)? + da (um)?]
i,m=0,i#m
p1—1 p2—1
+Y Y dawi, vin)lde(va)® + dg (vin)?)
i=0 [,n=0,l#m
p1—1 pi1—1 p2-—1

+23° 3 S lde(ui, vin)[de (u:)? + do(vmn)?)
m=0 1=0 n=0

p1—1 p2—1

+ Z Z de (Vi Vmn) [de (Vi) + da(Vmn)]

i,m=0,i#m [,n=0

=51+ 5 +S3+ 5,

where ,S7, So, S3.54 are the sums of the above terms in order. We calculate
S1, S2, S3 and S, separately.
First we compute Sy

p1—1

Z de (i, um)[de, (u:)* + da, (um)?

i,m=0,i#m

S

p1—1

Z da, (uiaum)[(dCh (ui) +p2)2 =+ (dG1 (um) +P2)2}
i,m=0,i#m

p1—1
=Y don (s um) [d, () + 93 + 2pada, (ui) + 4, (un)

i,m=0,i#m

+ P34 2pada, (um):|

p1—1
S1 o= Z da, (Wi, um) [d2G1 (u;) + d2G1 (uz)]
i,m=0,i#m
p1—1
+o2p5 Y day (i u)
i,m=0,i#m
p1—1
Tt Y doy (i) e, (w) + da, (un)
i,m=0,i#m

= 2DF(G1) +4p3W(G1) + 4p2 DD(Gh)
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Next we compute S

= { Z d (vit, vin) [da (vi)* + da (vin)?]
=0 1,n=0,l#n, vv, EE(G2)
p2—1
+ Z de (vit, vin) [da (vi)® + dG(Um)Q]}
1,n=0,l#n, vjv, ¢E(G2)
pi—1 pa—1 ) 2
. { 3 [(dGQ(vl)—&—l) + (dgz(vn)—&-l) }
i=0 1,n=0,l#n, viv, EE(G2)

p2—1

N 3 2[(d<;2(vl)+1)2+ (dG2(vn)+1)2H

Ln=0,l#n, viv, ¢ E(G2)

p1—1 p2—1
| 3 [, (0r) + 2, () + 2(day (o) + de, (00) ) +2]
i=0 1,n=0,l#n, vjv, €E(G2)
p2—1
Y 2fad, )+ () +2(de () + ey () + 2]}
1,n=0,l#n, vv, ¢E(G2)
p1—1 p2—1
-y { [ 3 . [d2,, (v) + d2, (vn) + 2(dG2 (0) + de, (vn)) +2]
= l,n=0,l#n, vjv, €EE(G2
p2—1
n 3 (02, (0) + &2, (0n) +2(da (u) + day () +2]
1,n=0,l#n, viv, ¢ E(G2)
p2—1
+ 3 (02, () + a2, (0n) +2(da, () + dai, (02)) +2) }

1,n=0,l#n, viv, EE(G2)
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p1—1 p2—1

S2 = Z { Z [dZ, (v1) + dg, (vn) + 2<dG2 (v) +da, (Un)> + 2]

=0 l,n=0,l#n,
p2—1

[ (AR + )+ 2(des () + dau (o) + 2]
v, EE(G2)
p2—1
Y )+ (en) + 2(dau(v) + day(vn)) + 2]
v, €EE(G2)
p2—1
- 3 [, (00) + @2, () + 2(des, (0) + dy (o)) +2] }
1,n=0,l#n, vv, ¢E(G2)
p1—1 p2—1
= > {2 Y [Ba)+dd,w0) +2(des(w) + doy(vn)) +2]
=0 l,n=0,l#n,
p2—1
o 3 (2, 00) + @2, (v0) + 2 (dey (00) + da, (00) ) +2] }
1,n=0,l#n, vjv, ¢ E(G2)
p1—1
= Y [4p2 — D1(G2) + 16(p2 — 1)z + 8p2Ca — 2F(G2) — 401(Ga) — e
=0
p1—1
= Z [4P2M1(G2) + 16p2q2 + 4pa(p2 — 1) — 2F(G2) — 8M1(G2) — 20%}
=0

= 2;m [2p2M1(G2) + 8paqa + 2pa(pa — 1) — F(Ga) — 4M:1(G2) — 10q2}

Next we compute Ss3

pi—1 pi—1 p2—1

S3 =2 Z Z Z dG(ui; Umn) [dG(Uz)2 + dG’(’Umn)Q:|
m=0 =0 n=0

¥ (o i) + 1] [ (d ) + )+ (d o) +1)]
0 i 1=0
LN 8 L (i) [ @2, () + 2pods, () + (03 4+ 1) + B, (v2)

m=0 =0 n=0

©
I
=3
3

+2dg, (vn)]

+ [dé(ui) + 2pade, (wi) + (p5 + 1) + d, (vn) + 2dg, (Un)} }
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pada, (ui, um)dg, (us) + 2p3de, (Wi, wm)de, (u;)

-
N

+dG1 (Uz, um) (p% +1
+da, (Ui, um)q1(G2) + 4gade, (Ui, um) + pad, (u) + 2p5de, (u;) + p2(p3 + 1

)
)
}

+q1(G2) + 4¢2
p1—1 p1—1 p1—1 p1—1
:2{ Z Z p2da, uz,um)dG1 u;) + 2p3 Z Z de, (wi, ) da, (ug)
m=0 =0
pi—1l p1-1 pi—1 p1—1
o3+ 1) D D dey (uium) + Mi(G2) Y da, (ui, um)
m=0 i=0 m=0 i=0
p1—1 p1—1 p1—1 p1—1
+4g; Z Z da, (i, ) + po Z Z 2, (u;)
p1i—1 p1—1 p1—1 pi—1
205 ) D de () +p(p3 D) Y. Y1
m=0 =0 m=0 i=0

p1i—1 p1—1 p1i—1 p1—1
FMIG) Y S 1 e Y Y 1}
m=0 1=0 m=0 =0
= 2ps DF(G1) + 4p3DD(G1) + AW (G1) [p2(p3 + 1) M1 (Ga) + 4¢s)
+2p1p2[M1(G1) + 4qupa] + 207 [M1(G2) + 42 + p2(p3 + 1)]
Finally, we calculate Sy

p1—1 p2—1

Sio= > Y dolwi vmn) (dE(va) + 4 (vmn))

i,m=0,iZm [,n=0
p1—1 p2—1

469

- ¥ Z(dGl(ui,um)Jrz)[(dGz(vl)+1)2+(dGz(vn)H)Q}

i,m=0,i#m [,n=0

p1—1 pa—1
= Y (dc:1 (i ) + 2) > {dzcz (v0) + d&, (vn)
i,m=0,i#m l,n=0
+ Q(dgz (v1) +da, (Un)) + 2}
p1—1 p2—1
- (dGl (tq, ) + 2) 2" [d%g (v1) + 2dg, (vr) + 1}
i,m=0,i#m l,n=0

= 4[W(G1) +pi(p1 — 1)} [ple(Gz) + 4p2qe +p§]

Adding S, 55,53 and Sy we get,
2 X DF(G1 ©) Gg)
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= 2DF(G1) + 4p3W (1) + 4p2DD(G1) + 2p1 | 20201 (G2) + 8pag

+2p2(p2 — 1) — F(G2) — 4M1(G2) — 10(12} + 2p2 DF (G1) + 4p3DD(Gh)

+ 4W(G1)[p2(p3 + 1) M1(G2) + 4g2] + 2p1p2[M1(Gy) + 4q1p2]
+ 2p3[M1(Ga) + 4g2 + p2(p5 + 1)] + 4[W(G1) + p1(p1 — 1)][p2 M1 (G2)
+ 4paga + p3). O

4. Distance Based F-index of Tensor Product of Graphs

In this section, we find the exact value of the distance based F- index of tensor
product G1 x Gs.

LEMMA 4.1 ([5]). The following hold
(i) [V(G1 x Go)| = [V(G1)|[V(G2)]
(i) |E(G1 x Ga)| = 2|E(G1)[|E(G2)|

(ili) deyxa, (ui,v) = de, (ui)da, (v)-

LEMMA 4.2. Let wy = (uz,v;) and wpp = (Um,v,) be in V(Gy x Ga). Then
the distance between w;; and W,y 1S

0, otherwise.

da, (v, vn), if. i #Em,l#n
dGlez(’u}il’wmn):{Gz(l ), if, i # 4

PROOF. It can be easily derived from the definition of the tensor product of
G1 and GQ. O

THEOREM 4.1. Let G;,i = 1,2, be a (p;, q;)- graph. Then

DF(G) = (p1 — 1)M1(G1)DF(Ga).

PROOF. Let G = G4 x Gs. Then,

2xDF(G)= S da(wit,wmn) [ (wa) + & (wnn)|
Wi, Wmn €V (G)
p1—1 p2—1
= Z Z d (Wi, Winn) [dé(wzl) + dzc(wmn)}
i,m=0,i#m [,n=0,l#n
p1—1 p2—1

= Y Y dau(onvn)|dE, (), (w) + dE, (un)d, (va)]

i,m=0,i#m [,n=0,l#n
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and
p1—1 pa—1

2x DF(G) = Soodd (w) Y dey (v, vn)dg, ()

i,m=0,i#m l,n=0,l#n
p1—1 p2—1

+ Z dg:, (um) Z dcg(vl,vn)déz(”n)]

iym=0,i#m 1,n=0,l#n
= (p1 — Da1(G1)DF(G2) + (p1 — 1)M1(G1)DF(G2)
2x DF(G) = 2(p1 —1)Mi(G1)DF(G>)
DF(G) = (p1—1)Mi(G1)DF(Gs)
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