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COMMON FIXED POINT THEOREMS
IN COMPLETE FUZZY SPACE

Rajvir Kaur', Tejwant Singh?, and Saurabh Manro?

ABSTRACT. The purpose of this article is to prove some common fixed point
theorems in complete fuzzy metric space by using rational type contractive
conditions. Our aim of this article is to generalized the results of various fixed
point theorems in literature.

1. Introduction

In 1965, Zadeh introduced the concept of Fuzzy set as a new way to represent
vagueness in our everyday life. Kramosil et al. (1975) have introduced the concept
of fuzzy metric spaces in different ways. The purpose of this article is to prove some
common fixed point theorems in complete fuzzy metric space by using rational type
contractive conditions. Our aim of this article is to generalized the results of various
fixed point theorems in literature.

2. Preliminaries

The concept of triangular norms (¢-norms) is originally introduced by Menger
in study of statistical metric spaces.

DEFINITION 2.1. ([9]) A binary operation * : [0, 1] x [0, 1] — [0, 1] is continuous
t-norm if * satisfies the following conditions:

(i) * is commutative and associative;

(ii) * is continuous;

(iii) @ * 1 =a for all a € [0, 1];

(iv) axb< c*xd whenever a < cand b < d for all a,b,¢c,d € [0, 1].
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Examples of t-norms are:
a*xb=min{a,b},a+b=aband a*b=mazr{a+b—1,0}.
Kramosil et al. (1975) introduced the concept of fuzzy metric spaces as follows:

DEFINITION 2.2. ([3]) A 3-tuple (X, M, *) is said to be a fuzzy metric space if
X is an arbitrary set, * is a continuous t-norm, and M is fuzzy sets on X2 x [0, o)
satisfying the following conditions: for all z,y,z € X and s,t > 0,

(i) M(.’E, Y, 0) = 0;

(i) M(x,y,t) = 1 for all ¢ > 0 if and only if z = y;

(i) M(z,y,t) = M(y, z,t);

(v) M(r,y,t) s M(y,2,5) < M(z, 2t +5);

(v) M(z,y,.):[0,00) — [0,1] is left continuous.

Then (X, M, x) is called a fuzzy metric space on X. The function M(z,y,?)
denote the degree of nearness between x and y w.r.t. t respectively.

REMARK 2.1. ([3]) In fuzzy metric space (X, M, %), M (x,y, .) is non-decreasing
for all z,y € X.

DEFINITION 2.3. ([3]) Let (X, M, ) be a fuzzy metric space. Then a sequence
{z,} in X is said to be

(a) convergent to a point z € X if, for all ¢ > 0, lim, M (2, z,t) = 1.

(b) Cauchy sequence if, for all ¢ > 0 and p > 0, lim, M (Xy1p, Tn,t) = 1.

DEFINITION 2.4. ([3]) A fuzzy metric space (X, M, *) is said to be complete if
and only if every Cauchy sequence in X is convergent.

DEFINITION 2.5. ([10]) A pair of self mappings (A, S) of a fuzzy metric space
(X, M, %) is said to be commuting if M (ASxz, SAx,t) =1 for all z € X.

DEFINITION 2.6. ([10]) A pair of self mappings (A, S) of a fuzzy metric space
(X, M, *) is said to be weakly commuting if M (ASz, SAz,t) > M(Ax,Sz,t) for
all z € X and ¢t > 0.

DEFINITION 2.7. ([2]) A pair of self mappings (A4, S) of a fuzzy metric space
(X, M, ) is said to be compatible if lim,M(ASz,,SAz,,t) = 1 for all ¢ > 0,
whenever {z,} is a sequence in X such that lim, Az, = lim,Sxz, = u for some
ueX.

DEFINITION 2.8. ([2]) Let (X, M, *) be a fuzzy metric space. A and S be self
maps on X. A point z € X is called a coincidence point of A and S iff Az = Sz.
In this case, w = Az = Sx is called a point of coincidence of A and S.

DEFINITION 2.9. ([2]) A pair of self mappings (A, S) of a fuzzy metric space
(X, M, x) is said to be weakly compatible if they commute at the coincidence points
i.e., if Au= Su for some u € X, then ASu = SAu.

DEFINITION 2.10. ([10]) A pair of self mappings (A, S) of a fuzzy metric space
(X, M, %) is said to be pointwise R-weakly commuting if given x € X, there exist
R > 0 such that M (ASz, SAz,t) > M(Az,Sz,t/R) for all t > 0. Clearly, every
pair of weakly commuting mappings is pointwise R-weakly commuting with R = 1.
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DEFINITION 2.11. ([7]) Two mappings A and S of a fuzzy metric space (X, M )
is said to be reciprocally continuous if ASxz,, — Az, SAzx, — Sz, whenever {z,} is
a sequence such that Ax, — z, Sz, — z for some z € X.

3. Main Results

THEOREM 3.1. Let S and T be self- mappings of a fuzzy metric space (X, M, x)
satisfying the condition:
(1) for all u,v,w,a € X,

M?(u, Sw, %) + M2 (u,v, %)

M(Su,Tv, kt) > oq] 3 3
1+M(u7Sw,?)+M(u,U,?)

k k
M?*(v,Ta,~) + M?*(Sw,Ta, —)
+ t t

k k
1+ M(v,Ta, Z) + M(Sw,Ta, ;)

k k k
+ 053\/M(’U,S’LU,t)M(U,TCL,t)+OZ4[M(U,U,t)}
where aq, aa, g, ay are non-negative reals such that 20y + 200 + az + a4 < 1 then
S, T have a unique common fized point.

PROOF. Let z( be an arbitrary element of X and we construct a sequence {z,,}
defined as follows: Sz,_1 = 5, TTy = Tpt1, STpy1 = Tpto, TTpio = Tpys... and
TSxp—1 = Tpi1,5Txy = Tpyo, TSTr11 = Tpts, STTpi2 = Tpyq... where n = 1,
2,3, ...

Now putting u = Ty,v = Sx,w =z and a = y in (I) then we have
(II)

M?*(Ty, Sx, ﬁ) + M?(Ty, Sz,
M(STy, TSz, kt) > oq] 4

k
1+ M(Ty, Sz, E) + M(Ty, Sz,

k
M2(SI7Tya ;) + MZ(SI,Ty7 z)

+ 3 2

k k k
+ 0é3\/M(3337 Sz, g)M(Ty,Ty, ;) + au[M(Ty, Sz, z)]

k k k
M(STy, TSx, kt) > 201 M (Sz, Ty, ;) + 200 M (S, Ty, ;) + ayM(Sxz, Ty, ¥)
Now putting ¢ = z,,—1 and y = z,, in (II) then we have

M (ST, TSwn_1,kt) > 200 M (Sxp_1, T, £)+
20[2M(SIn_1, Tl’n, %) + OZ4M(SIW,—1’ T‘Tnv %)

and
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M($n+2; Tn+1, k:t) 2 2041M(37n7 Tn+1, %)""_
200 M (2, T 1, %) + M (2, Tppy1, &). (I1D)
From (III) we conclude that M (z,_1, 2y, %) decreases with n. i.e.,
k k
M(xnfla Tn, E) — M(an Ty, ?)

as n — o0o.
If possible let M (zo,z1, %) > 0 taking limit n — oo on (III) then we have

M (zo,x1, kt) = 200 M (20, 21, %) + 200 M (w0, 71, %) + M (0, 21, %)
= (201 4 209 4+ ag) M (29, 21, %) > M(zg, 21, %)
Since 2a1 4 2ai + a3 + a4 < 1, which gives contraction and hence
k
M({Iio,.’bl, E) =0.

Next we shall show that {z,} is a Cauchy sequence.
M(ﬂ?m, T, kt) P M(l‘m, Tm+1, %) + M(an—la Tn+1s %) + M(xn—i-h T,y %)

Now,
M (2, T, kt) = M (20, Tt %) + M(xp, Tpi1, %) + M(Szp, Txm, %) (Iv)
By putting u = z,,,v = &y, w = Tpy—1 and a = z,—1 in (I) then we have
M? (2, STm_1, &) + M* (2, T, ﬁ)

M(Szp, Tam, kt) > o] tk tk
1—|—M((L’n,SJL'm_1,¥)+M(xn7$ma;)

k k
M2($m7Txn7177)+M2(S:I;mfl7Txnfl77)
t t
+ o F i)
1+M(mm7Txn717¥)+M(SxmflaTxn717?)
k k
+ ag\/M(xmvsmm17t)M(xn;Tmn17t)
k
+ 044[M(33n71‘maz)]
k k
MQ({En,.Tm,*)‘FMQ(IEn,IBm,*)
M(Sp, Taxm, kt) > o] tk tk}
1+M($n,xm,¥)+M($n,l’m7¥)
k k
MQ(xmaxnvf)'i‘Mz(xmvxnv*)
t t
+ 042[ k k‘]
1+M($maxna¥)+M(l‘maxnvz)

k k k
+ ag\/M(acm, Tons Z)M(xn,xn, ;) + ay[M (2, T, ?)]
M (S, Txpm, kt) 2 (201 + 202 + ag) M (zy, T, %) (V)
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From (IV) and (V) we have
M('Ima Tn, kt) P M(Im; Tm+1, %)+M(‘rﬂ7 Tn41, %)4’(2@1 +2012+014)M(xn7 T, %)
Letting m,n — oo then M (x4, Tm, %) — 00 as 2a7 +2as+ a4 < 1. Hence {z,}

is a Cauchy sequence in X. Now we prove z is a common fixed point of S and T.
By putting u = z,v = x,,_1,w = z and a = x5 in (I) we have

k k
M?(z, 8z, ?) + M?(z, 2,1, ;)

M(Sz,Txn_1,kt) = o]

k k
1+ M(z,Sz, E) + M(z,zp—1, ;)

MQ(JZ”_l,TJ)n_Q, E) + MQ(SZ,TZ‘n_27 E)
t t
+ O‘Q[ k ]

k
1+ M(xn—laT'rn—Qy ?) + M(SZ,T$n_2, ;)

+ 043\/M(1‘n_1752,]Z)M(Z,T$n_2,k)

t
k
+ ay[M(z,zp—1, ;)]
k k
M?(z, Sz, E) + M?*(z, 201, z)

M(Sz,xn, kt) = oy 5 k]
1+M(Z,Sz,¥)+M(z,xn_1,;)

k k
Mz(xn—17mn—17 ;) + M2(Sz7xn—l? ;)

+ oo F F
1 + M(.’I;n_l,l‘n_l, ?) + M(SZ) Tn—1, z)
k k k
+ Qa3 M(mnfl,SZ,E)M(Z,ZL‘n717;)+Oé4[M(Z7-'I;n71,Z)].

Letting n — oo then we have

M?(z, 8z, E) + M3(z, 2, ﬁ)
M(Sz,z,kt) = oq] ¢ t

1+M(z,Sz,ﬁ)+M(z,z,ﬁ)

t t
M2(z,2, ) 4 M2(S2,2, )
t t
+ o % %
1+M(Z,Z,¥)+M(SZ’,Z,E)
k k
+ ozg\/M(z,Sz,t)M(z,z,)+a4[M(z,z, )]

M(Sz,z,kt) > (1 + ag) M (Sz, z, %) and M(Sz,z, kt) > M(Sz, z, %) which gives

Sz = z. Thus z is a fixed point of S.
Similarly by using (I), we can easily show that z is a fixed point of 7. Hence
z is a common fixed point of S and T.
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For uniqueness, let ¢ # z be such that Sq = ¢ = Tq. By putting v = z,v =
g, w=¢q and a = z in (I) we have

k k
M?(z,8q, ) + M (2,0, 5)
M(Sz,Tq,kt) > aqf L tk;

k k
M2(qa TZ, z) + M2(SQ7T27 ?)

k
)

+ 0&2[ k

k k k
+ aB\/M(Q»S(Lt)M(ZaTzvt)+a4[M(Zv%t)]
2 k 2
M*(z,q,3) + M*(z, 4, ¢ )
M(z,q,kt) = oq] 7 k ]
1+M(Z,q7 t)+M(2aqv¥)
k k
MQ(Q7277)+M2( q,z 7)
t t
ool 2 7]
1+M(Q7za;)+M(QaZ7z)
k k
+ a3\/M(an7kt)M( 2, 7?)+054[M(Z7qa ;)]

k k
M(z,q,kt) = (200 + 20 + aq)M(z, g, ;) and M(z,q,kt) > M(z,q, E) which
gives contradiction. Hence z is unique common fixed point of S and 7. Result
follows. 0

COROLLARY 3.1. Let T be self- mapping of a fuzzy complete metric space
(X, M, *) satisfying the condition: for all u,v,w,a € X,

M?(u, Tw, k)—l—MZ(u v, ﬁ)
M(Tu,Tv, kt) = oy 4

k k
1+ M(u, Tw, )+M(uv t)
k
MQ(U,Ta,t)—FMQ(Tw Ta, )
ool J ]
1—|—M(U,Ta,t)+M(Tw Ta, ;)
k

k k
+ ag\/M(v,Tw,t)M(u,Ta, ;) +O[4[M(U7’U,z)]

where al, as, ag, ag are non-negative reals such that 2al + 209 + oz + aq < 1 then
T has a unique common fized point.

ProoOF. It is sufficient if we take S = T in Theorem 3.1. O
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THEOREM 3.2. Let S, T, R be any three self mappings of a fuzzy complete metric
space (X, M, x) satisfying the condition: for all u,v,w,a € X, (VI)

M2(u, SRuw, %) + M2(u, TRa, %) + M2(u, SRw, %)

M(SRu,TRv,kt) > o] 3 B i
1+ M(u, SRw, ?) + M(u,TRa, ?) + M (u, SRw, ;)

M2(v, SRw, %) + M2(u, TRa, ©) + M?(v, TRa, )
+ o t t ¢

1+ M(v, SRw, %) + M(u,TRa, %) + M(v, TRa, %)

+ 013\/M(1), SRw, %)M(u7 TRa, %) + aa[M(u,v, %)]
k

)

where al, as, as, ay, as are non-negative reals such that 21 4+200+as+ag+as < 1
then SR, TR have a unique common fized point.

+ a5[M(U,’U,

PROOF. Let zy be an arbitrary element of X and we construct a sequence {z,,}
defined as follows
Stp1= Ty Ty = Tn+1, SRxn-i—l = Tn+2, TRmn+2 = Tn+43---

and

TRSRxp-1 = 2py1, SRT Rz, = pyo, TRSRx, 11 = Tpy3, SRTRTy10 = Tpyy...
wheren =1,2,3,. ..

Now putting u = TRz, v = SRz, —1,w = z,_1 and a = z,, in (VI) then we
have

M(SRT Rz, TRSRa,_1,kt) >

k k
M?*(TRx,, SRx,_1, ;) + M?(TRx,,, TRz, ~) + M?(TRx,,, SRx,,_1, E)
)
) + M(TRxn, SRx,_1, *)

k
L

011[

H.‘;?A ~—

k
1+ M(TRzy, SRz, —1, ;) + M(TRx,,, TRx,,
M?(SRx,_1, SRz, _1, %) + M?(TRx,,, TRz, %) + M?*(SRz,,_1,TRa, )
)
k k k
+asy/ M(SRxy—1,SRTp_1, ;)M(TRxn, TRz, z) + ay[M(T Rz, SRTy_1, z)}

k
+as[M(TRx,, SRz, 1, ?)]

JrOéz[

]

| AN
o~ ==

k k
1+ M(SRzy,—1, SRw, z) + M(TRx,,TRa, z) + M(SRzp—1,TRx,,

k
M(SRTRz,,TRSRx,_1,kt) > (a1 + ag + a4 + a5) M (SRx,—1, TRz, ?)
k
M (xpt2, Tnt1, kt) = (a1 + @ + ag + as) M (zy,, Tnai, ¥) (VII)
this concludes that M (z,_1,x,,t) decreases with n. Therefore,

k
M(xn,l,xn, T

k
t)—>M(x07m1,¥) as n — o0.
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If possible let M (zg, 21, %) > 0 taking limit n — oo on (VII) then we have

5

k
M(xg, x1,kt) > (a1 + oo + oq + a5) M (0, 21, ;) > M(zo, 1, n

which gives contraction and hence M (xg, 21, %) =0.

Next we shall show that {z,} is a Cauchy sequence.

ky

k k
M(xmaxn7 kt) 2 M(xmaxm-f—lv z) + M(xm-‘rla'rn-i-la ;) + M(xn+l7xna t

Now,
k k k
M (2, Tp, kt) 2 M (T, Tmata, ;)—&—M(:rn, Tnat, ?)+M(SRl‘n,TRLL'm7 z) (VIII)
By putting u = z,,v = &, w = -1 and a = z,—1 in (VI) then we have

M(SRz,, TRx,,, kt) >

k k k
MQ(xnv SRxm-1, z) + MQ(xanRxn—la ;) + MQ(xna SRxpm—1, z)

041[

k k k
1+ M(zy, SRy _1, E) + M(zp, TRxp—1,-) + M(zy, SRTm_1, E)
k k
MQ('rmJ SR:L.mfla ?) + MQ(:ETU TR:I;’!L717 ?) + MQ(.’L'm?TRl’nfl, z)
ool % k )
14+ M (2, SRTm-1, z) + M(zp, TRa, ;) + M (zpm, TRy 1, z)
k k k
+043\/M(.’En7 SRw, z)M(mn,TRxn,l, z) + ay[M (2, Ty, ?)]
k
+Oé5[M(.13n,3?m, ?)]

k
M(Szy, Txm, kt) 2 (a1 + o + aa + a5) M (20, T, ;) (IX)

From (VIIT) and (IX) we have

M (2, T, kt) >
M(xm7xm+17 %) + M(.’L‘n,l‘n+1, %) + (O(]_ + (6%) + Oy + QS)M(xTL) T, %)

Letting m,n — 0o then M (2, Ty, ¥) — 00 as ay + a2 + g + a5 < 1. Hence {z,,}
is a Cauchy sequence in X.

Now we prove z is a common fixed point of SR and T'R. By putting u = z,v =
Zp—1,w =z and a = x,_2 in (VI) we have



COMMON FIXED POINT THEOREMS IN COMPLETE FUZZY METRIC SPACE 457

M(SRz,TRxp_1,kt) >
M?(z, SRz, %) + M?(z,TRa, %) + M?(z, SRz, %)

]

ol % i k
1+ M(z, SRz, ?) + M(z,TRa, E) + M(z,SRz, ?)

k k k
M?*(x,_1,SRz, z) + M?(z,TRa, ?) + M?(x,—1,TRa, —)

t
o k R W]
14+ M(zp-1,SRz, ;) + M (u, TRa, ;) + M(zp—1,TRa, ;)
k k k
+043\/M($n—1,SR27t)M(ZaTRCL, ;) +044[M(Z,17n—172)]

k
+as[M(z, xp—1, f)]

Letting n — oo then we have

M(SRz, z,kt) > (a1 + a3 +aa) M(SRz, z, %) and M(SRz,zkt) > M(SRz, z, %)

which gives SRz = z. Thus z is a fixed point of SR.

Similarly by using (VI), we can easily show that z is a fixed point of TR. Hence
z is a common fixed point of SR and TR.

For uniqueness, let ¢ # z be such that SRq = ¢ = T Rq. By putting u = z,v =
¢,w =q and a = z in (VI) we have

M2z, S0, 5) 4 M2z, %)

M(SZaTqvkt) P 041[

k k
1+M(z,Sq,;)+M(2,q,Z)

k k
MQ((],TZ, E) + Mz(sanzv E)

+ oo k %
1+ M(q,T=z, ;) + M(Sq, Tz, n

)

k k
+ ag\/M(q, Sw, ;)M(Z,TZ, E) + ay[M(z,vq, ;

k k
M(Z7q7kt) 2 (041 + 20[2 + (e %] + O[5)M(Z,q, z) and M(Z7Q7 kt) 2 M(Z7q7 z)

which gives contradiction. Hence z is unique common fixed point of SR and TR.
This completes proof of the theorem. O
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