BULLETIN OF THE INTERNATIONAL MATHEMATICAL VIRTUAL INSTITUTE
ISSN (p) 2303-4874, ISSN (o) 2303-4955

www.imvibl.org /JOURNALS / BULLETIN

Vol. 10(2)(2019), 249-261

DOI: 10.7251/BIMVI2002249R

Former
BULLETIN OF THE SOCIETY OF MATHEMATICIANS BANJA LUKA
ISSN 0354-5792 (o), ISSN 1986-521X (p)

MINIMAL PRIME S-IDEALS IN
0-DISTRIBUTIVE ALMOST SEMILATTICES

G. Nanaji Rao and Ch. Swapna

ABSTRACT. Obtained necessary and sufficient conditions for a prime S-ideal to
become minimal prime S-ideal in terms of filters in 0-distributive almost semi-
lattices. Some properties of minimal prime S-ideals in O-distributive almost
semilattices are established. Also, proved that the set Z(L), of all annihilator
S-ideals of a O-distributive ASL is a complete Boolean algebra. Finally, we
characterized the minimal prime annihilator S-ideals in a 0-distributive ASL
L.

1. Introduction

The concept of minimal prime ideal was put to advantage by Kist [2] by in-
vestigating commutative semigroups. Later, Thakare and Pawar [7] obtained some
properties of minimal prime ideals in 0-distributive semilattices. They character-
ized minimal prime ideals in a 0-distributive semilattices in terms of maximal filters.
Also, they provided useful tools for established properties of minimal prime ideals.
The concept of S-ideals and prime S-ideals in almost semilattice (ASL) was intro-
duced by Nanaji Rao, Swapna, Terefe [3] and established the set of all principal
S-ideals in ASL form a semilattice. Also, they introduced the concept of annihila-
tor and annihilator ideal and proved several results on annihilator ideals [4]. The
concept of S-ideals and prime S-ideals in almost semilattice (ASL) was introduced
by Nanaji Rao, Swapna, Terefe [5] and established the set of all principal S-ideals
in ASL form a semilattice. Also, they proved an isomorphism of the semilattice
SI(L) of all S-ideals in an ASL L onto the semilattice of all ideals of a semilattice
PSI(L), moreover, this isomorphism gives one-to-one correspondence between the
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prime S-ideals of L and those of PSI(L). Later, the concept of 0-distributive al-
most semilattice (0-distributive ASL) was introduced by Nanaji Rao and Swapna
[6] and proved some basic properties of 0-distributive almost semilattices.

In this paper, we obtained necessary and sufficient conditions for a prime S-
ideal to become minimal prime S-ideal. Certain basic properties of minimal prime
S-ideals in O-distributive almost semilattices are established. Derived a set of iden-
tities for a prime S-ideal to become minimal prime S-ideal. Next, we introduce the
concept of annihilator S-ideal and proved that the set Z(L), of all annihilator S-
ideals of a 0-distributive almost semilattice is a complete Boolean algebra. Finally,
we derived a set of identities for any nonempty subset A of a 0-distributive ASL L,
the annihilator S-ideal A* to become minimal prime annihilator S-ideal.

2. Preliminaries

In this section we collect a few important definitions and results which are
already known and which will be used more frequently in the text.

DEFINITION 2.1. An ASL with 0 is an algebra (L, o0,0) of type (2,0) satisfies
the following conditions:

1 (zoy)oz=z0(yoz)

2. (xoy)oz=(yox)oz

.xox =2

4.00x =0, forall x,y,z € L.

DEFINITION 2.2. Let L be an ASL. A nonempty subset I of L is said to be an
S-ideal if it satisfies the following conditions:

WIfzelandac€ L, thenzoac .

2) If z,y € I, then there exists d € I such that dox =z,doy = y.

DEFINITION 2.3. Let L be an ASL and a € L. Then (a] = {aox : x € L} is an
S-ideal of L and is called principal S-ideal generated by a.

DEFINITION 2.4. A nonempty subset F' of an ASL L is said to be a filter if F'
satisfies the following conditions:

(1) z, y € F impliesxoy € F

(2) If x € F and a € L such that aox = xz,then a € F

DEFINITION 2.5. A proper S-ideal P of an ASL L is said to be a prime S-ideal
if for any x,y € L,xoy € P imply x € P or y € P.

DEFINITION 2.6. A proper filter F' of L is said to be a prime filter if for any
filters Fy and Fs of L, Fy N Fy C F imply F;1 C F or I, C F.

DEFINITION 2.7. A proper filter F of L is said to be mazimal if for any filter
G of L such that FF C G C L, then either F = G or G = L.

DEFINITION 2.8. Let L be an ASL with 0. Then L is said to be 0-distributive
ASL if for any z,y,z € L, xoy = 0 and x 0o z = 0 then there exists d € L such that
doy=vy, doz=zand dox =0.
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DEFINITION 2.9. Let L be an ASL with 0. Then for any nonempty subset A
of L, A*={zx € L:zoa=0forall a € A} is called the annihilator of A, and is
denoted by A*.

Note that if A = {a}, then we denote A* = {a}* by [a]*.

THEOREM 2.1. Let L be an ASL with 0. Then for any nonempty subsets
I1,J of L, we have the following.
(1) I* = () [a]"
acl
InJy=InIi)*
I1CJ = J"CI*
rnJj*c{InJ*
I*** :I*
INJ=0&IC]*&JCrI*
Y Iu)y*=1"nJ*

THEOREM 2.2. Let L be an ASL with 0. Then for any x,y € L, we have the
following.

e N —

(2
(3
(4
(5
(6
(7
(8
9

zoyl* = [yoal*

THEOREM 2.3. Let L be an ASL with 0. A proper filter M of L is mazimal if
and only if for any a € L — M, there exists b € M such that aob=0.

THEOREM 2.4. Let L be an ASL with 0, in which intersection of any family of

S-ideals is again an S-ideal. Then the following are equivalent:

(1) L is 0-distributive ASL.

(2) A* is an S-ideal, for all A(#0) C L.

(3) SI(L) is pseudo-complemented semilattice.

(4) SI(L) is 0-distributive semilattice.

(5) PSI(L) is 0-distributive semilattice.
THEOREM 2.5. Let L be 0-distributive ASL. Then every mazimal filter of L is

a prime filter.

DEFINITION 2.10. An element a in an ASL L with 0 is said to be dense element
if [a]* = {0}.
Note that the set of all dense elements in an ASL with 0 is denoted by D.
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DEFINITION 2.11. Let (P, <) be a poset. Then P is said to satisfy ascending
chain condition (acc) if every ascending chain in P is terminate.

DEFINITION 2.12. An element z in a semilattice L is said to be meet-prime if
for any a,b € LyaANb< z implies a < x or b < .

DEFINITION 2.13. Let L be a lattice with greatest element 1. An element a € L
is said to be a dual atom if a is covered by 1.

THEOREM 2.6. Let (L,V,A) be a lattice. Then for any x,y,z € L, the following
conditions are equivalent:

(1)zV(yAnz)=(xVy A(zVz)

(2)xN(yVz)=(xAy)V(zAz)
(3) (xVy)Az<zV (yAz).

THEOREM 2.7. If P is a partial ordered set bounded above each of whose non-
viod subsets R has an infimum, then each non-void subset P will have a supremum,
too, and by the definitions (\ R = inf(R),|J R = sup(R), then P becomes a com-
plete lattice.

DEFINITION 2.14. A complemented distributive lattices is called Boolean alge-
bra.

3. Minimal Prime S-ideals

It is well-known that a minimal prime ideal in a semilattice S is a minimal
element in the set of all prime ideals of S. Analogy, a minimal prime S-ideal in an
ASL L is a minimal element in the set of all prime S-ideal of L. In this section,
we derive a necessary and sufficient conditions for a prime S-ideal to become a
minimal prime S-ideal in a 0-distributive ASL. Also, we prove some basic properties
of minimal prime S-ideals in a 0O-distributive ASL. Obtain a set of identities for
a prime S-ideal to become a minimal prime S-ideal. First, we begin with the
following.

LEMMA 3.1. Let L be an ASL. Then a subset P of L is a prime S-ideal if and
only if L — P is a prime filter.

PROOF. Suppose P is a prime S-ideal of L. Now, we shall prove that L — P
is a prime filter. Clearly L — P is a nonempty proper subset of L. Now, let =,y €
L — P. Then z,y ¢ P. Since P is prime, zoy ¢ P. Thus zoy € L — P. Let
x € L—Pandt € L such that tox = x. Now, if t ¢ L — P, then t € P and
hence x = tox € P, a contradiction. Therefore t € L — P. Thus L — P is a filter.
Now, suppose Fy, F are filters of L such that 4 ¢ L — P and F» ¢ L — P. Then
choose a € Fy such that a ¢ L — P and b € Fy such that b ¢ L — P. Therefore
a,b € P. Since P is an S-ideal, there exists d € P such that doa = a, dob =b.
It follows that d € F; and d € F». Hence d € F; N Fy and also d ¢ L — P. Hence
FiNF, ¢ L—P. Thus L — P is a prime filter.

Conversely, suppose L — P is a prime filter. Now, we shall prove that P is a
prime S-ideal of L. Since L — P is nonempty proper subset of L, P is a nonempty
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proper subset of L. Now, let © € P and t € L. Then z ¢ L — P. Now, if
rot€e L — P,thentox € L — P and hence x € L — P, a contradiction. Therefore
xot ¢ L —P. Thusxot € P. Now, let z,y € P. Then x,y ¢ L — P. It
follows that [z) € L — P,[y) £ L — P. Hence [z)N[y) € L — P. Thus there exists
z € [x) N [y) such that z ¢ L — P. Since z € [z), zox = z. Similarly, we get
zoy = y. Therefore z € P such that zox = z and zoy = y. Thus P is an
S-ideal. Now, let z,y € L such that x,y ¢ P. Then z,y € L — P and hence xoy €
L — P since L— P is a filter. Therefore zoy ¢ P. Thus P is a prime S-ideal. O

It is well-known that every proper filter of an ASL L is contained in a maximal
filter and hence every non-zero element is contained in a maximal filter. In the
following we give necessary and sufficient condition for a subset of a 0-distributive
ASL to become a minimal prime S-ideal.

THEOREM 3.1. Let L be a 0-distributive ASL. Then a subset M of L is a
minimal prime S-ideal if and only if L — M is a mazimal filter.

PROOF. Suppose M is a minimal prime S-ideal of L. Now, we shall prove that
L — M is a maximal filter. Since M is a prime S-ideal, by Lemma 3.1, L — M is
a prime filter. Therefore there exists a maximal filter (say) F such that L — M is
contained in a maximal filter F'. Since L is O-distributive, F' is a prime filter. It
follows that L — F' is a prime S-ideal which is contained in M. Since M is minimal
prime S-ideal, L — F = M. Hence L — M is a maximal filter.

Conversely, suppose L — M is a maximal filter in L. Since L is O-distributive,
L — M is a prime filter and hence by Lemma 3.1, M is a prime S-ideal. Suppose
J is a prime S-ideal of L such that J ; M. Then L — M is filter which properly
contained in a proper filter L — J, a contradiction. Thus M is a minimal prime
S-ideal. O

COROLLARY 3.1. Let L be a 0-distributive ASL. Then every prime S-ideal
contains a minimal prime S-ideal.

PROOF. Suppose P is a prime S-ideal of L. Then by Lemma 3.1, L — P is
a proper filter. Hence there exists a maximal filter H of L such that L — P is
contained in H. It follows that P contains a minimal prime S-ideal L — H. (]

In the following theorem we derive necessary and sufficient conditions for a
prime S-ideal to become minimal prime S-ideal.

THEOREM 3.2. Let L be a 0-distributive ASL. Then a prime S-ideal M of L is
minimal if and only if [z]* — M # O for any x € M.

PROOF. Suppose M is a minimal prime S-ideal of L and x € M. Then by
Theorem 3.1, L — M is a maximal filter. Since x € L — (L — M), there exists
y € L — M such that x oy = 0. Hence y € [z]* and y ¢ M. Thus [z]* — M # (.

Conversely, assume the condition. Now, we shall prove that M is minimal
prime S-ideal. Let z ¢ L — M. Then z € M and hence [z]* — M # (. Hence
choose y € [z]* such that y ¢ M. Thus there exists y € L — M such that yoz = 0.



254 G. N. RAO AND CH. SWAPNA

Therefore L — M is a maximal filter. Hence by Theorem 3.1, M is a minimal prime
S-ideal. 0

COROLLARY 3.2. Let L be a 0-distributive ASL. Then a prime S-ideal M of L
is minimal if and only if it contains precisely one of {x},[x]* for every x € L.

PROOF. Suppose M is a minimal prime S-ideal in L and = € L. Now, ifz € M,
then by Theorem 3.2, [z]* — M # (). Therefore there exists t € [x]* such that ¢ ¢ M.
Hence [z]* € M. Suppose [z]* C M and suppose € M. Then x ¢ L — M and
hence x € L — (L — M). Since M is a minimal prime S-ideal, L — M is a maximal
filter. Therefore there exists y € L — M such that x oy = 0. It follows that y € [z]*
and y ¢ M. Hence [z]* € M, a contradiction. Therefore = ¢ M.

Conversely, assume the condition. Let y € L—(L—M). Theny € M. Therefore
by assumption, [y]* € M. Hence there exists z € [y|* such that z ¢ M. Therefore
z € L — M such that y o z = 0. Hence L — M is a maximal filter. It follows by
Theorem 3.1, M is a minimal prime S-ideal. (|

COROLLARY 3.3. Let L be a 0-distributive ASL, in which intersection of any

family of S-ideals is again an S-ideal and let M be a minimal prime S-ideal. Then
x € M if and only if [x]*™* C M.

PROOF. Suppose M is a minimal prime S-ideal in L and x € M. Then by
Theorem 3.1, L — M is a maximal filter. Since x ¢ L — M, there exists y € L — M
such that z oy = 0 and hence y € [z]*. Suppose [z]** € M. Then there exists
z € [z]™* such that z ¢ M and hence z € L—M. Since L—M is a filter, yoz € L—M.
On the other hand, since y € [z]*, y o z € [x]*. Similarly, y o z € [z]**. Tt follows
that y o z € [z]* N [z]** = {0}. Hence yoz = 0. Therefore 0 = yoz € L — M.
Hence L — M = L, a contradiction to L — M is a maximal filter. Thus [z]** C M.

Converse is clear, since x € [z]**. O

Recall that I* is the pseudo-complement of an S-ideal I in the semilattice
SI(L), of all S-ideals in a O-distributive ASL. Also, note that the set of all min-
imal prime S-ideals in O-distributive ASL is denoted by 91. In the following we
characterize the pseudo-complement I* of an S-ideal I in O-distributive ASL.

THEOREM 3.3. Let L be a 0-distributive ASL, in which intersection of any
family of S-ideals is again an S-ideal. Then for any S-ideal I of L, I is the
intersection of all minimal prime S-ideals not containing I.

PROOF. Suppose I is an S-ideal of L. Then we have, I N I* = (0]. Now, let
M be a minimal prime S-ideal of L. Since I N I* = (0] C M, either I C M or
I* C M. Therefore I* CN{M € M : 1< M}. Suppose I* C "{M e M:IZ M}.
Then there exists x € N{M € 9 : I € M} such that = ¢ I*. Therefore there exists
y € I such that 2 oy # 0. Hence [x o y) is a proper filter. Therefore there exists a
maximal filter (say) F of L such that [x oy) C F. This implies x oy € F. Since
zoy <y, y€ F. It follows that y ¢ L — F. Hence I ¢ L — F. Since L — F is
a minimal prime S-ideal, N{M € M : I € M} C L — F. On the other hand, we
have x oy € F and hence yox € F and yox < . Hence x € F', a contradiction to
€ L—F. Therefore "{M e M: 1< M} =1". O
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Next, we introduce the concept of an annihilator S-ideal in an ASL with 0 and
characterize annihilator S-ideals in terms of minimal prime S-ideals.

DErFINITION 3.1. Let L be an ASL with 0. Then an S-ideal I of L is said to
be an annihilator S-ideal if I = A* for some nonempty subset A of L.

It can be easily seen that if I is an annihilator S-ideal in an ASL L with 0 then
I=1*.

ExXAMPLE 3.1. Let L = {0,a,b,c} and define a binary operation o on L as
follows:

o|0|la|b|c
0010|010
al0|la|0]|a
b{0|0|b|b
c|O0|la|b]c

Then clearly (L, o) is an ASL with 0. Now, put I = {0,a}. Then clearly I = I"**.
Hence I is an annihilator S-ideal.

In the following we characterize annihilator S-ideals in terms of minimal prime
S-ideals.

THEOREM 3.4. Let L be a 0-distributive ASL, in which intersection of any
family of S-ideals is again an S-ideal. Then any annihilator S-ideal I of L is the
intersection of all minimal prime S-ideals containing it.

PRrROOF. Suppose I is an annihilator S-ideal in a O-distributive ASL L. Then
I = I**. Therefore by Theorem 3.3, we have (I*)* =N{M € 9 : I* € M}. Since
INT*= (0] € M and M is prime, I C M. It follows that

I=I")"=n{MeM:IC M}
O

COROLLARY 3.4. Let L be a 0-distributive ASL, in which intersection of any
family of S-ideals is again an S-ideal. Then a principal S-ideal of L is an anni-
hilator S-ideal if and only if it is the intersection of all minimal prime S-ideals
containing it.

PROOF. Suppose I = (a] is an annihilator S-ideal. Then (a] = (a]**. Therefore
by Theorem 3.3,

((a" =n{M eM: (a]* € M} =n{M € M : (a] C M}.

Conversely, assume the condition. Now, we shall prove that every principal
S-ideal of L is an annihilator S-ideal. Let I = (a] be a principal S-ideal of L. Then
(a] =n{M € M : (a] C M}. Consider

(" =n{MeM: (a]* £ M} =n{M € M: (a] C M} = (a).
Therefore (a] = (a]**. Thus (a] is an annihilator S-ideal. O
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COROLLARY 3.5. The intersection of all minimal prime S-ideals of a 0-distribu-
tive ASL is {0}.

In the following we introduce the concept of dense S-ideal in 0-distributive ASL.
An interesting property of non-dense S-ideal in a O-distributive ASL is investigated
in the following.

DEFINITION 3.2. An S-ideal I in a 0-distributive ASL L is called dense if
I*={0}.

ExaMPLE 3.2. Let L = {0,a,b,c} and define a binary operation o on L as
follows:

o|0|la|b|c
0010010
al0Ojlala|a
b{O|la|b|b
c|O0|la|b]c

Then clearly (L,o) is an ASL with 0. Now, put I = {0,a}. Then clearly, I is an
S-ideal and also I* = {0}. Therefore I is dense.

THEOREM 3.5. Any non-dense ideal of a 0-distributive ASL is contained in a
minimal prime S-ideal and the converse is true for principal S-ideals.

PRrROOF. Suppose [ is a non-dense S-ideal of a O-distributive ASL L. Then
I* # {0}. Therefore we can choose t € I* such that t # 0. Hence there exists a
maximal filter F' such that ¢ € F. This implies ¢t ¢ L — F. Since L — F is a minimal
prime S-ideal and [* £ L — F, I C L — F.

Suppose (a] is contained in a minimal prime S-ideal (say) M in L. This implies
a € M. Since a € M, [a]* € M. Hence (a]* = [a]* # {0}. Thus (a] is non-
dense. ]

Recall that an element z in an ASL L with 0 is called dense element if [z]* =
{0}. Now, we prove the following.

THEOREM 3.6. Let L be a 0-distributive ASL. Then an element in L belongs
to some minimal prime S-ideal of L if and only if it is non-dense.

PROOF. Suppose z € L such that z is in a minimal prime S-ideal (say) M of
L. Then by Corollary 3.2, [z]* € M. Hence [z]* # {0}. Therefore z is non-dense
element.

Converse is clear. g

In the following, we derive a set of identities for a prime S-ideal to become
minimal prime S-ideal.

THEOREM 3.7. Let L be a 0-distributive ASL. Then the following are equivalent:
(1) Ewvery prime S-ideal is minimal prime.
(2) Ewvery prime filter is minimal prime.
(3) Ewvery prime filter is mazximal.
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PROOF. (1) = (2): Assume (1). Now, we shall prove that every prime filter is
minimal prime. Suppose F' is a prime filter and suppose F' is not minimal. Then
there exists a prime filter F; such that Fy; C F. This implies L — F' is contained in
L — Fy and both L — F, L — F; are prime S-ideals. But, by (1), L — F} is minimal
prime and L — F' is contained in L — Fy, a contradiction. Therefore F' is minimal
prime filter.

(2) = (3): Assume (2). Now, we shall prove that every prime filter is maximal.
Suppose H is a prime filter and suppose H is not maximal. Then there exists a
maximal filter M such that H is contained in M. Since L is 0-distributive, M is
a prime filter. Hence by (2), M is a minimal prime filter. It follows that H = M.
Thus H is maximal.

(3) = (1): Assume (3). Now, we shall prove that every prime S-ideal is minimal
prime. Suppose P is a prime S-ideal in L. Suppose @ is a prime S-ideal of L such
that @ C P. Then L — P C L — @ and we have both L — P and L — ) are prime
filters. Hence by (3), we get @ = P. Thus P is minimal prime S-ideal. O

Finally, we give a necessary and sufficient condition for a prime S-ideal to
become minimal prime S-ideal.

THEOREM 3.8. A prime S-ideal P is a minimal prime S-ideal in a 0-distributive
ASL L if and only if P consists precisely of all elements x € L such that x oy =0
for some y & P.

PROOF. Suppose P is a minimal prime S-ideal in L and = € P. Then by
Theorem 3.2, [z]* — P # 0. Hence we can choose y € [z]* such that y ¢ P. It
follows that x oy = 0 and y ¢ P. Suppose z € L such that z oz = 0 for some
2 ¢ P. Then zox =0 € P. Since P is prime, z € P. Thus P consists precisely of
all elements x € L such that x oy = 0 for some y ¢ P.

Conversely, assume the condition. Suppose @ is a prime S-ideal of L such that
Q C P. Suppose @Q C P. Then there exists € P such that « ¢ Q. Therefore by
assumption, there exists y ¢ P such that zoy =0. Since zoy=0€ Q and Q is
prime, z € Q or y € Q. It follows that y € Q C P. Hence y € P, a contradiction
to y ¢ P. Therefore @ = P. Thus P is minimal. O

4. Minimal prime annihilator S-ideal

Recall that if L is a 0-distributive ASL in which intersection of any family of
S-ideals is again an S-ideal then for any nonempty subset A of L, A* is an S-ideal
and also, clearly A* is an annihilator S-ideal (since A* = A***). Let L be a 0-
distributive ASL in which intersection of any family of S-ideals is again an S-ideal.
Denote by A(L) the set {A* : ) # A C L}. Thus (L) is the set of all annihilator
S-ideals in L. In this section, we prove that (L) is a complete Boolean algebra.
Also, derive a set of identities for any nonempty subset A of a 0-distributive ASL,
in which intersection of any family of S-ideals is again an S-ideal, the annihilator
S-ideal A* to become a minimal prime annihilator S-ideal. First, we prove that
(L) is a complete Boolean algebra. For this we need the following.
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LEMMA 4.1. Let L be an ASL with 0. Then for any S-ideals I,J of L,
(INnJ)y*™=I1r"nJw.

ProOOF. Let I,J € SI(L). Then we have INJ C I,J. Hence by Theorem
2.1(3), we get I*,J* C (INJ)*. Tt follows that (I N J)** C I** J**. Thus
(INnJ)y=* Cr=nJw=.

Conversely, let z € I**NJ** and y € (INJ)*. Then for any i € I and j € J, we
have ioj € INJ. Hence (yoi)oj = yo(ioj) = 0. Therefore yoi € J*. Again, since
x€J* and yoi € J*, we get (xoy)oi=xo(yoi)=0. Hence x oy € I*. Since
x € I™ weget xoy € I**. Thus zoy € I*NI** = {0}. Hence zoy = 0. Therefore
z € (INJ)*™. Thus I** N J* C (INJ)*. Hence (I NJ)™ = I** N J**. O

COROLLARY 4.1. If {I; | i € A} is a family of S-ideals of L, then
(N )™= (1 (L)
€A i€EA
THEOREM 4.1. Let L be a 0-distributive ASL,in which intersection of any family
of S-ideals is again an S-ideal. Then the set B(L), of all annihilator S-ideals of L
is a complete Boolean algebra.

PRrROOF. Clearly, the set B(L), of all annihilator S-ideals of a 0O-distributive
ASL L is nonempty, since {0}, L € ZA(L). Also, clearly, #(L) is a poset with
respect to set inclusion. Now, for any A*, B* € #(L), define A*AB* = A*NB* and
A*V B* = (A**NB**)*. Then clearly A,V are binary operations on #(L) and also,
clearly (#A(L),V, A) is a bounded lattice with bounds {0} and L. Let A* € #(L).
Then we have A** € #(L). Now, A* N A** = A* N A* = {0} and A* v A** =
(A N A***)* = {0}* = L. Thus #A(L) is a complemented lattice. Finally, we shall
prove that (L) is a distributive lattice. That is, enough to prove that for any
A*,B*,C* € B(L), (A*VB*)ANC* C A*V (B* AC*). We have A*NC*N[A*™ N
(B* N C*)*] = (0]. It follows that C* N [A*™ N (B* N C*)*] C A**. Again, we have
B*NC*N[A* N (B*NC*)*] = (0]. Therefore C* N [A*™* N (B* N C*)*] C B**.
Hence C* N [A*™ N (B* N C*)*] C A** N B**. It follows that (C* N (4** N (B*N
C*)*))N(A*™*NB**)* = (0]. Hence we get (A**NB**)*NC* C (A N(B*NC*)*)*.
Therefore (A*V B*) AC* C A* V (B* A C*). Therefore by Theorem 2.6, #(L) is a
distributive lattice. Then (L) is a Boolean Algebra. Also, by Theorem 2.7, and
by Corollary 4.1, %(L) is a complete Boolean algebra. O

In the following we establish a set of identities which characterize minimal prime
annihilator S-ideals in O-distributive ASLs. For, this first we need the following.

LEMMA 4.2. Let L be a 0-distributive ASL, in which intersection of any family
of S-ideals is again an S-ideal. Then an annihilator S-ideal A* is a prime S-ideal
in L if and only if A* is a dual atom in B(L).

PROOF. Suppose A* is a prime S-ideal in L. Now, we shall prove that A* is
a dual atom in Z(L). Suppose A* C B* and suppose B* # L. Then there exists
s € L such that s ¢ B*. Hence sob # 0 for some b(# 0) € B. Now, let ¢ € B*.
Then cob =0 € A*. Therefore either c € A* or b € A* since A* is a prime S-ideal.
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Suppose b € A*. Then b € B* and also b € B and hence bob = 0. Therefore b = 0,
a contradiction. Hence b ¢ A*. Tt follows that ¢ € A*. Hence B* C A*. Therefore
A* = B*. Thus A* is a dual atom.

Conversely, suppose A* is a dual atom in #(L). Now, we shall prove that
A* is a prime S-ideal. Clearly A* is an S-ideal. Again, since A* is a dual atom,
A* # L. Therefore there exists s € L such that s ¢ A*. This implies s o a #
0 for some a(# 0) € A. Tt follows that [a]* # L. Since a € A, A* C [a]* # L.
Therefore A* = [a]* since A* is a dual atom. Suppose z,y € L such that zoy € [a]*
and suppose z ¢ [a]*. Since x o a < a, [a]* C [z o a]*. Again, since [a]* = A*,
which is a dual atom, either [a]* = [z 0 a]* or [x o a]* = L. Suppose [z oa]* = L.
Then z € L = [z o a]*. It follows that z o (x 0 a) = 0. Hence x o a = 0. Therefore
x € [a]*, a contradiction to x ¢ [a]*. Hence [a]* = [z 0 a]*. Now, since z oy € [a]*,
(xoy)oa = 0. It follows that y € [zoa]* = [a]*. Therefore y € [a]*. Thus A* = [a]*
is a prime S-ideal. (|

It is well-known that, in a Boolean algebra B, an element a is meet-prime if
and only if it is a dual atom. Hence we have the following.

COROLLARY 4.2. Let L be a 0-distributive ASL, in which intersection of any
family of S-ideals is again an S-ideal. Then an annihilator S-ideal A* is prime in
L if and only if A* is a meet-prime element of B(L).

LEMMA 4.3. Let L be a 0-distributive ASL, in which intersection of any family
of S-ideals is again an S-ideal. Then every prime annihilator S-ideal is minimal
prime in L.

PROOF. Suppose P is an annihilator prime S-ideal. Then P = A* for some
A(#£ 0) C L. Suppose A = {0}. Then A* = [0]* = L. Hence P = L, a contradiction
to P is a prime S-ideal. Therefore A # {0}. Now, let z € A*. Then zoa =
0 for all a € A. Tt follows that a € [z]* for all @ € A. Therefore A C [z]*. Now, we
shall prove that [z]* — A* # (). Let a(# 0) € A. Then a € [z]*. Suppose a € A*.
Then a o a = 0. It follows that « = 0, a contradiction to a # 0. Hence a ¢ A*.
Therefore A C [z]* — A*. Hence [z]* — A* # 0. Tt follows that [z]* — P # 0. Thus
by Theorem 3.2, P is a minimal prime S-ideal. (]

THEOREM 4.2. Let L be a 0-distributive ASL, in which intersection of any
family of S-ideals is again an S-ideal. Then for any nonempty subset A of L, the
following are equivalent:

(1) A* is a dual atom in B(L).

(2) A* is a meet-prime element of B(L).

(3) A* is a minimal prime annihilator S-ideal.
(4) A* is a prime annihilator S-ideal.

It is well-known that if a Boolean algebra B satisfies ascending chain condi-
tion(acc) then B is finite. Thus there will be only finite number of dual atoms in
B when it satisfies acc. In accordance with this observation and by Lemma 4.3, we
have the following.
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LEMMA 4.4. Let L be a 0-distributive ASL, in which intersection of any family
of S-ideals is again an S-ideal. Then L contains a finite family of minimal prime
S-ideals with intersection {0} when %B(L) satisfies ascending chain condition.

PROOF. Suppose Z(L) satisfies ascending chain condition and suppose Aj......,
A* are dual atoms in #(L). Since A} is a dual atom, we get AF = [a;]* for some

n
a;(#0) € A; for i =1,2,3,....,n. Let (# 0) € (| Af. Then by Theorem 3.2 in
i=1

[1], [z]* C A for j, 1 < j < n. Since x € A7 = [a;]*, v 0a; = 0. This implies
aj € [7]* C A}. hence we get a; = 0, a contradiction to a}s are non-zero. Thus

6 Ar = {0}, O

THEOREM 4.3. Let L be a 0-distributive ASL, in which intersection of any fam-
ily of S-ideals is again an S-ideal and let B(L) satisfies ascending chain condition.
Then the set complement of union of dual atoms in PB(L) is the set of all dense
elements of L.

PROOF. Suppose #(L) satisfies ascending chain condition. Then we have (L)
is finite. Suppose Aj,....., A% are distinct dual atoms in L and suppose z € L —
U Ar. Now, we shall prove that [x]* = {0}. Suppose [z]* # {0}. Then there exists
i=1
y(#£ 0) € L such that z oy = 0. This implies « € [y]*. Since [y|* # L, it follows

that [y]* C A} for some j < n. Hence x € |J 4, a contradiction. Therefore
i=1

[z]* = {0}. Hence z is a dense element. Conversely, suppose ¢ L — J A}. Then

i=1

n
z € |J Aj. Therefore z € A} for some j < n. Put Ajo () 47) = {zoy:
i=1 i#j

v € Ajy € ZQJA:} Let zoy € Aj o (ZQ]A;*) Then z € A} and y € inA;k.
This implies x oy € AY and z oy € () Aj. It follows that x oy € Aj o ([ AF).
i#] i#]
Hence z oy € () Af. Therefore A% o ([ A7) C () A}. Since by Lemma 4.4,
i=1 i#j i=1

N Af = {0}, Azo ) Af = {0}. Since A}’s are distinct, there exists y(# 0) € [ A}
i=1 i#j i#]

such that y o x = 0. Therefore y € [z]*. Hence [z]* # {0}. Thus z is non-dense.
Therefore the set complement of union of dual atoms in (L) is the set of all dense
elements of L. O

1=
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