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SOME DEGREE BASED TOPOLOGICAL INDICES
OF TRANSFORMATION GRAPHS

G. R. Roshini, S. B. Chandrakala and B. Sooryanarayana

ABSTRACT. In this paper, an explicit formula for sum-connectivity index,
atom-bond connectivity index and augmented Zagreb index of eight distinct
transformation graphs are obtained and also extended the same for transfor-
mation graphs of r-regular graph.

1. Introduction

Let G be finite, undirected simple graph having n vertices and m edges. Let
V(G) and E(G) be the vertex set and edge set of G respectively. The degree of a
vertex v is denoted by dg(v). Let uv represent an edge between the two vertices u
and v. For undefined terminologies we refer to [5].

A topological index is a numerical parameter mathematically derived from
the graph representing a molecule. The topological indices of molecular graphs
are widely used for establishing correlations between the structure of a molecular
compound and its physicochemical properties or biological activity in Quantitative
Structure Property Relationships (QSPR) and in Quantitative Structure Activity
Relationships (QSAR).

Estrada et al. in 1998, invented a new topological index known as atom-
bond connectivity (ABC) index [2]. Later in the year 2009, Bo Zhou and Nenad
Trinajsti¢ gave another topological index known as sum-connectivity index (SCT)
[7]. Motivated by the ABC index, Furtula et al. [3] in 2010, put forward its
modified version and named as augmented Zagreb index. Main properties and
critical comparative study of these degree based topological indices are summarized
in [4].
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226 G. R. ROSHINI, S. B. CHANDRAKALA AND B. SOORYANARAYANA

DEFINITION 1.1. The sum-connectivity index of a graph G is defined as
SCI(G)= > [da(u)+da(v)] 2
weEE(Q)

DEFINITION 1.2. The atom-bond connectivity index of a graph G is defined as

-‘r dg( )—2
ABC(G .
uvezE:(G) >< dG( )

DEFINITION 1.3. The augmented Zagreb index of a graph G is defined as

_ do(wda(v) \*
@ = 2 (2ot rici=2)

uv€EE(

Transformation graphs G*¥*. In 2001, Wu and Meng [8] introduced some
new graphical transformations which generalizes the concept of the total graph.

DEFINITION 1.4. Let G(V, E) be a graph on n > 3 vertices and z,y, z be three
variables taking values + or —. The transformation graph G*¥* is a graph having
V(G)U E(G) as a vertex set and for o, f € V(G) U E(G), a and § are adjacent in
G*Y* if and only if

(1) o, 8 € V(G), a and f are adjacent in G if & = 4+ and are nonadjacent in
Gifx=—.

(2) o,B € E(G), a and f are adjacent in G if y = 4+ and are nonadjacent in
Gity=—.

(3) a € V(G) and B € E(G), a and B are incident in G if z = 4+ and are not
incident in G if z = —.

Since there are eight distinct 3-permutations of {+, —}, we obtain eight graphi-
cal transformations of G. For a given graph G, Gt++ G++— GT=F,G=t* and its
complement G=~~,G~~F,G~t~, G~ are the eight transformation graphs. The
transformation graphs are investigated in [1, 6].

In this paper, we have given an expression for the sum-connectivity index(SCT),
atom-bond connectivity index (ABC) and augmented Zagreb index (AZI) for all
the eight transformation graph of G and also obtained the same when G is a regular
graph.

ProprosSITION 1.1. Let G be a graph on n vertices and m edges. Let u €
V(G)and e € E(G). Then the degrees of corresponding vertices in G*Y* are :

2dg(u) and dg+++(e) = dg(u) + da(v).

)

(ii) dg++-(u) =m and dg++-(e) = dg(u) + dg(v) + n — 4.

(ili) dg+-+(u) = 2dg(u) and dg+-+(e) = m — dg(u) — dg(v) + 3.

(iv) dg-++(u) =n—1 and dg-++(e) = dg(u) + dg(v).

(v) dg---(u) =n+m—2dg(u)—land dg---(e) = n+m—dg(u) —de(v) —

(vi) dg--+(u) =n—1 and dg--+(e) = m — dg(u) — dg(v) + 3.
(vil) dg-+-(u) =n+m —1—2dg(u) and dg-+-(e) =n + dg(u) + dg(v) — 4.
(viil) dg+--(u) =m and dg+--(e) = m+n —dg(u) — da(v) — 1.
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PROPOSITION 1.2. Let G be a r-reqular graph with n vertices and m edges. Let
u € V(G)and e € E(G). Then the degrees of corresponding vertices in G¥Y* are :

(i) dg+++(u) = 2r and dg+++(e) = 2r.

) (u)
(iii) dg+-+(u) =2r and dg+-+(e) = m — 2r + 3.
(iv) dg-++(u) =n—1 and dg-++(e) = 2r.
v) dg-—-(u)=n+m—2r—1 and dg---(e) =n+m —2r — 1.
(vi) dg--+(u) =n—1 and dg--+(e) = m — 2r + 3.
(vii) dg-+-(u)=n+m—2r —1 and dg—+-(e) =n + 2r — 4.
(viii) dg+--(u) =m and dg+--(e) =m+n—2r — 1.

PROPOSITION 1.3. Edge set of G*¥* can be partitioned in E,, Ey and E, where
E, ={w |u,ve V(G)}, E,={st|s,te EG)} and E, = {ue | u € V(G),e €
E(G)}. For a r- regular graph with n vertices and m edges

(i) | Esey |=m and | Ep—_ |= () —m.
(i) | Ey—y |[=m(r—1) and | Ey—_ |= F(m —2r +1).
(i) | Eoey |=2m and | E.—— |= m(n — 2).

2. Sum-connectivity index of transformation graphs G*Y*
THEOREM 2.1. Let G be a connected graph on n vertices having m edges. Then

SCI(GH) = %SC’I(G) + Y [dala) + 2da(b) + da(o)]
ste by,

+ Y [Bde(u) + da(v)] 72

eucE,

where s = ab,t =bc € E(G),e =uwv € E(G); u,v,a,b,c € V(G) and are distinct.

PROOF.
SCI(GTHH) = Z [da+++ (1) + dg+++ (U)}_%

weE(GH+T)

= Y ldgres () +dgres ()72 4+ Y [dgrir (s) +dgrer (5] 72

+ D gwes(w) + dges ()] 4
euckE,

= Y [2de(w) +2de@)] 72 + Y [de(a) + 2da(b) + da(c)] 2
uveEE, steE,

+ Y [2da(u) + dg(u) + da(v)] 75

euckE,
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Therefore

SCI(GH+) = %SCI(G) + Y [dola) + 26 () + da(e)]

+ Y [Bd(w) + do(v)] 2

eucE,
O

COROLLARY 2.1. Let G be a r-reqular graph on m wvertices having m edges.
Then

+2)
I(G+++ _m(r
SCI(G™) NG
PROOF.
SCI(GHH) = — Z 2072+ Y [ E 4 > 4]
\f veE stely, eucl,
m (7"—1) 2m  m(r+2)

YT Y/ T W
[l

THEOREM 2.2. Let G be a connected graph on n vertices having m edges. Then

SCI(GTH) [ + Y da(a) +2da(b) + d(c) +2(n — 4)) 2

ste by,

+ Y Im+da(v) +de(w) +n— 472

where s = ab,t = be € E(G), e = vw € E(G); u,v,w,a,b,c € V(G) and are
distinct.

PROOF.

SCI(GT7) = Z [dg++-(w) +dg++- (V)]
weE(GH+-)

= Y ldgre- () + dgas-(v)] 2

uvE b,

+ Z [da++-(s) + dg++-( §+ Z [dg++- (u) + dg++-(e)]”

ste by, eucl,

= [2m]7®

uveEE,

+ 3 [de(a) +da(b) +n — 4+ da(b) + da(c) +n — 472

ste by,

+ Y m o+ da(v) + de(w) +n— 473
euckE,

Nl

M\»—l
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Therefore
SCI(GT) [ + Y lda(a) +2dg(b) + da(c) +2(n - 4)] 2
ste by,
+ > [m+da(v) +da(w) +n—4"2
euel,
O

COROLLARY 2.2. Let G be a r-regular graph on n vertices having m edges

Then
m  m(r—1) m(n —2)

SCI(G )= /=
(@) 2+\/2(k1—4) Vi —4+m

Where k1 =n + 2r

ProOOF.
SCI(GH+™) ,/ + > [t -4+ Y [m+2r+n— 47
stely, euck,
Therefore
m m(r —1) m(n —2)

SCI(G+) = /= + + .
(@ =y5 V20 —4) ki —d+m
O

THEOREM 2.3. Let G be a connected graph on n vertices having m edges. Then

SCI(GT™) = %SCI (@)
+ Y [2m+3) — (do(a) + da(b) + do(e) + do(d))] "2

stek,

+ Y [m+de(u) — de(v) +3] 72
eucl,
where s = ab,t = c¢d € E(G), e = wv € E(GQ); u,v,a,b,¢,d € V(G) and are

distinct.
PROOF.
SCIGHF )= Y [dge—+(u) + dg+—+(v)] 72
weE(GT—1)
= Z [do+-+(u) + dg+—+( %—F Z [da+-+(s) + dg+—+ ()]~ 3
uvEE, steE,
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and
SCIGH ) = 3 [2da(u) + 2de(v)] 72
uveFE,
+ > [m—dg(a) — dg(b) + 3 +m — da(c) — dg(d) + 3] 7=
stelE,
+ ) [2dg(u) +m — dg(u) — de(v) + 3] 72,
eucl,
Therefore
1

1

SCI(GT) = 55C1(@)

+ Y [2(m+3) = (da(a) + da(b) + da(c) + da(d))] 2

ste by,
1

+ Z [m+dg(u) — dg(v) +3]72

euckE,

O

COROLLARY 2.3. Let G be a r-reqular graph on n vertices having m edges.
Then

1 (m—2r+1) 4
scrGr—+y="2 [ + + ]
( =3 VT 2(m—2r+3)  Vm+3
ProOF.
1 1 1
) 3 -3 -3
SCIGE™) = 7 S+ > 2mA3) —4r] T+ Y [m+ 3]
uwveFE, stely, eu€el,
Therefore

—p_m[ 1 (m—2r+1) 4
eI =5 [\/F+\/2(m—2r+3)+\/m+3]'

O

THEOREM 2.4. Let G be a connected graph on n vertices having m edges. Then

SCI(G™+F) = \/(7+ > lde(a) + 2d(b) + da(c)] =
stely,

+ Y In—1+de(w) +de(v)] 72
euel,

|

where s = ab,t = bc € E(G), e =w € E(GQ); u,v,a,b,c € V(G) and are distinct.



SOME DEGREE BASED TOPOLOGICAL INDICES OF ... 231

PROOF.
SCIG™H )= Y [dg-++(u) +dg-++(v)] 77

weE(G~—tt)

= Z [dg-++(u) + dg—++ (1})]_%
uvEl,

+ Z [dg-++(s) +dg-++(t)]” z
stelly,

+ Y [+ (u) + dg-++ (e)] 2.
euck,

and

SCIG™) = 3 Rn-1]"F+ Y lda(a) +2d6(b) + da())

weE, stely,
+ Z [n—14+dg(u)+ dG(U)]_%'
eu€El,
Therefore
SCI(G—+) = ( ) + Z [de(a) + 2da(b) + da(c)]

\% stel,
1

+ Z [n—1+dg(u) + da(v)] 2.

eucl,

[N

O

COROLLARY 2.4. Let G be a r-reqular graph on n vertices having m edges.
Then

py . B)=m m[(r=1) 1
SCHG, ™) = 2(n—1)+2[ NG +\/n+2r—1]

PROOF.

SCI(G; ) = ( S +Z4r 72+ Y n—1+20)70

\% n ste by, euck,

Therefore

iy B)=m m[(r—1) 4
SCI(G,.++)_;(n_1)+2[ 7 +m}

Analogous to above we obtained the following Theorems:

THEOREM 2.5. Let G be a connected graph on n vertices having m edges. Then
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(i) SCI(G™7) = Xyvep, [2(k—da(v)—dc(w))] *+3ep, [2k—(dc(a)
de(b) +da(c) +dG(d))] Tz ZueeEz [2k — (Qdc(u) +dg(v) +dG(w))] B
where k=n+m—1; s=ab,t =cd € E(G), e =vw € E(G);
u,v,w,a,b,e,d € V(G) and are distinct.

(ii) SCI(G=—") = (;)(_ml) +Zst6Ey [2(m+3)— (dg(a) +de(b) +da(c) +

n—
da( )] 72 + X eep. [n+m — da(u) — dg(v) +2]72
where s = ab,t = e¢d € E(G), e = uv € E(G); u,v,a,b,¢,d € V(G) and
are distinct. .

(ii)) SCIG) = Covem, 20k — do(w) — da@)]F + Xyep 200 - 4) +
de(a)+2da(b)+da(c)] "2+ eep. [(k+n—2dg (u)+dg (v) +da(w)—4)] 2
where k=n+m—1; s=ab,t =bc € E(G), e =vw € E(G);
u,v,w,a,b,c € V(GQ) and are distinct.

() SOHG) =\ /5 4 T, [~ (do(a) + 460 + da(e) + ()]

+ ZueeEz [m +k- dG(U) - dG(w)]ié
Where k=n+m—1; s=ab,t =cd € E(G), e =vw € E(G);
u,v,w,a,b,c,d € V(G) and are distinct.

o=+

=

COROLLARY 2.5. Let G be a r-reqular graph on m wvertices having m edges.

Then
() SCI(G=—") = 22(;_%) [n(n — 1) + m(2(n — ) + m — 5)]
(i) SCHG™) = (gin_ﬁ) 3 [\/(;7(177; —2r2:—|1—)3) Jntm i 21— 7«)}
B N W
(iv) SCI(G+) = % L/lrn 4 (;"(;T_;l)) +(n—2) kﬂj_%} .

3. Atom-bond connectivity index of transformation graphs G*¥*

THEOREM 3.1. Let G be a connected graph on n vertices having m edges. Then

. dg(a) + 2dg(b) + da(c) — 2
(1) ABC(G+++) = EsteEy \/[dGCEa) +dg(i)][dc(b)G+ dg(C)]

1 dg(u) +dg(v) — 1 3dg(u) + dg(v) — 2
+— +
75| Swee. \/ datayda®)  FEeem A Go(w)da() + da(o)
where s = ab,t = bc € E(G),e = wv € E(G); u,v,a,b,c € V(G) and are
distinct.

(i) ABC(G™H7) =Y cuck. \/

n+m+dg(v) + dg(w) — 6
mlda(v) + dg(w) +n — 4]
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dg(a) + 2dg(b) + dg(c) +2n — 10
2(m —1
VM= DE 2 er, \/[dg(a) Y de(®) T 1 — 4[de() + do(@) + 1 — 4]
where s = ab,t = be € E(G), e =vw € E(G); u,v,w,a,b,c € V(G) and
are distinct.

1 de(u) +dg(v) —1
(111) ‘,4BC'(GJr +) = E [Zu?;GET, \/ dG(U)dG(U)

m+dg(u) —dg(v) + 1
T 2euer, \/dc(u)[m —dg(u) —dg(v) + 3]]
s 2m —dg(a) —dg(b) —dg(c) —da(d) +4
SB[ [m — dg(a) — dg(b) + 3][m — da(c) — da(d) + 3]
where s = ab,t = ¢d € E(G), e = uv € E(G); u,v,a,b,c,d € V(G) and

are distinct.

(iv) ABC(G~ ++) ZstGE \/[

dg(a) 4+ 2dg(b) + da(c) — 2

de(a) +da (b)][da (b) + da(c)]
n+dg(u) +dg(v) — 3 n m

t Leues. ¢ e Lo (5 ) VIR D

where s = ab,t = be € E(G), e =uv € E(GQ); u,v,a,b,c € V(G) and are
distinct.

L 2(k — dg(u) — dg(v) — 1)
(v) ABC(G )= Zu’uEEz \/ [k — QdZ(u)][k _GQdG(U)]

5 2(k — 1) — [dg(a) + dg (b) + do(c) + d(d)]
steE [k — dg(a) —da(D)][k — da(c) — da(d)]

2(k = 1) = [2dg(u) + dg(v) + dg(w)]
+ Lieues. \/ (k=2 (][k — da(v) — da(w)

where k=n+m—1; s=ab,t =cd € E(G), e =vw € E(G);
u,v,w,a,b,e,d € V(G) and are distinct.

(vi) ABC(G—~+) = (”_nm1> 2(n — 2)
+Z%Ey% 2(m >) [dc(a) +dg(b) + dg () + do(d)]

2
m — dg(a) — dg(b) 4+ 3][m — dg(c) — da(d) + 3]

n+m — [de(u) + dg(v)]
+ ZeuEEZ \/(’I’L _ 1)[m —_ dG(u) — dg(’U) + 3]

where s = ab,t = cd € E(G), e = uwv € E(GQ); u,v,a,b,¢c,d € V(G) and
are distinct.

N e 2(k —dg(u) —dg(v) — 1)
(vii) ABC(G=*7) = ZquEm \/ [k — 2dc (w)][k — 2dg (v)]
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n Z 2(n — 5) + dg(a) + ng(b) + dG(C)
st€E [’I’L +dg (a) + d(;(b) — 4] [TL +dg(b) + dg(c) — 4]

+Z k+n—2dc(u)+dg(v)+dg(w)—6

cuel [/{3 — 2dg(u)][n +de(v) +de(w) — 4]
where k=n+m—1; s=ab,t =bc € E(G), e =vw € E(G);
u,v,w,a,b,c € V(G) and are distinct.

(viil) ABC(G+=~) = /2(m — 1)

s 2(k —1) — [dg(a) + dg(b) + dc(c) + da(d)]
e [k —da(a) — dg(b)][k — da(c) + da(d)]

kE+m—2—dg(v) —dag(w)
+ ZeuEEz \/ m(k — dG('U) - dG(w))

where k=n+m—1; s=ab,t =cd € E(G), e =vw € E(G);
u,v,w,a,b,c,d € V(G) and are distinct.

COROLLARY 3.1. Let G be a r-reqular graph on n vertices having m edges.

Then
) _om(r+2)v2r—1

(i) ABC(G, ") = 3

(i) ABC(G,™7) = /2(m — 1)+2T:(:% 2(2r +n—b)
(n—2) m(n+m+2r — 6)

2r4+n—4

(i) ABC(G, 1) = NG L\/ﬁ R e ey (:(T;Tiz?))
m—2r+1

(iv) ABC(G,~*+) = (” n"fl)wzm—z)

e[ s
(v) ABC(G,~) = k_w/kér1(n(n—1)+m(2n+m—27~_5>>

(vi) ABC(G,~~*) = (” m> 2(n — 2)

n—1
L om m—2r+1 m+21—7“ n+m—2r
m— 2r+3V (n—1)(m—2r+3)
(vii) ABC(G,~ "~ )_ —2r \/ k—2r—1)
k+n—6 J

r—1
+m{n+2r—4 2(n_5+27n)+(n_2)\/(k—2r)(n+2r—4)

??‘
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ABC(G, 7)) =/2(m 1)

m—2r+1 [k—2r—1 E+m—2(1+r)
-2
—|—m{ k—2r 2 +(n )\/ m(k — 2r) }

4. Augmented Zagreb index of transformation graphs G*¥*

THEOREM 4.1. Let G be a connected graph on n vertices having m edges. Then

(i)

(iii)

(iv)

(v)

_ [de(a) + dg (b)][de (b) + d(c)]\*
AZI(G+++) o ZSteE“ ( dg(a) + 2dg(b) + dG(C) -2 )

2de (u)[de(u) + de ()] \° 2dg(u)da(v) \°
T Leven. ( 3de (1) + do(0) — 2 ) + 2wver, (dg(u) do(v) — 1)

where s = ab,t = bc € E(G),e = wv € E(G); u,v,a,b,c € V(G) and are
distinct.

216+ =)

m—1
lde(a) + da(b) + n — 4][de(®) + da(e) + n — 4\°
+ZsteEy < dg(a) + 2dg(b) + dg(c) + 2n — 10 )
mlda(v) + da(w) +n — 4\
+ 2 cuck. (n+m+da(v)+dc(w) 6)

where s = ab,t = bc € E(G), e =vw € E(G); u,v,w,a,b,c € V(G) and

are distinct.
2d (u)dg (v) )3
c(u) +dg(v) =1
[m — da(a) — dg(b) + 3][m — da(c) — dg(d) + 3])3
2(m +2) — (dg(a) + da(b )+dG(C)+ dg(d))

AZI(G+_+) = EquEI (d

+ ZstEEy <

Ly 2d(u)[m — dg(u) — de(v) + 3]\ °
euck, m+dg(u) —dg(v) +1
where s = ab,t = cd € E(G), e =uv € E(G); u,v,a,b,¢c,d € V(G) and

are distinct.
i [dc(a) + da(b)][de (b) + da(c)] )
AZI(G ++) - EstGEy < ;G(a) + ;d(;(b) i dG( )G 2 )

(n = Dlda(u) + da@)]\ (n—1Y’
s, (s rasr o) (@) (i)
where s = ab,t = bc € E(G), e =uv € E(G); u,v,a,b,c € V(G) and are

distinct.
L [k — 2dg(w)][k — 2de(v)] \°
4216 ) = Zoner. (3 gt aato )

)
[k~ do(a) - daO)][k — da(c) - da(@)] )’
+ ZstEEy <2(k —1) — [dg(a) + da(b) + dg(c) + dG(d)]>
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iy ( [k — 2dg(w]k — do(v) — dg(w) )
el \ 2(k — 1) — [2da(u) + da(v) + da(w)
where k=n+m—1; s=ab,t =cd € E(G), e

u, v, w,a,b,c,d € V(G) and are distinct.

AZI(G= ) = ((3) - m) (;?n_—l);)s

[m — do(a) — dg(b) + 3)[m — d(c) - do(d) + 3]\
+ZsteEy ( 2(m+2) — [dg(a) + dg(b) + da(c) + da(d)] )

(n—1)[m — dg(u) — dg(v) + 3]\
+2euer. ( n+m —dg(u) —dg(v) )
where s = ab,t = cd € E(G), e = w € E(G); w,v,a,b,c,d € V(G) and

are distinct.
e [k — 2dg (w)][k — 2dg(v)] \*
AZI(G + ) - ZquEz <2(k‘ _ dg(u) _ d(;(v) _ ))
iy ([n+ da(a) +da(b) — 4)[n + da(b) + do(c) - 41)3
stEly 2(n — 5) + dg(a) + 2dg(b) + dg(c)
[k — 2da(u)][n + da(v) + de(w) — 4] \°
2 euck. (k +n—2dg(u) + de(v) + dg(w) — 6)
where k=n+m—1; s=ab,t =bc € E(G), e =vw € E(G);
u,v,w,a,b,c € V(Q) and are distinct.
L [k — da(a) — da(D)][k - da(c) + da(d)] '\’
A2 = Ter, (3011t + 1o+ ) 400
3

m(k — de(v) — dg(w)) m?2 \°
T Leuen. (k Tm—2—do(v) —dew)) T\ 2m=1)
where k=n+m—1; s=ab,t =cd € E(G), e =vw € E(G);
u,v,w,a,b,c,d € V(G) and are distinct.

=vw € E(G);

COROLLARY 4.1. Let G be a r-reqular graph on m wvertices having m edges.

Then

(i)
(i)

(iii)

22 \°
AZI(G, 1) = m(r—|—2)<2 1)
r—

AZI(G ) = m:<2(,;ni 1))3 +r- ”(W)s

oy

AZI(G ) = m <237"2 1)3 L (m- zr +1) (;Tm—Q;JfZ)g

Y <2r(mm—+2:+ 3))3}
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(iv) AZI(G,~ (() )( n__1;)3(
+m[(7ﬂ_1 (27~—21> 2 (5:7%;};) }

(v) AZI(G, )(2(](!“ 2r)” )> <(g)+7;(m+2n—2r—5))

(vi) AZI(G,~ ) (( m)<”n__1;)>3

+m_< —2r+1> (m —2r+3)> +2<(n—1)(m—2r+3))]

2(m+2—2r) n+m—2r

e <(§) )( (kk— 232 1))3

+m:(r 1)(“1*27"‘1))) N (”2)((k2;:1§2+_26r4)>3]

e [ T
(n=-2) (k +n7$k;?1rl r)) }
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