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SYMMETRIC POSITIVE SOLUTIONS
OF FOURTH ORDER BOUNDARY VALUE PROBLEMS
ON TIME SCALES

Ilkay Yaslan Karaca and Aycan Sinanoglu

ABSTRACT. The aim of this article is to investigate the existence of symmetric
positive solutions for a class of fourth-order boundary value problem. Some
sufficient conditions for the existence of multiple positive solutions are obtained
by using fixed point index theorem. An example which supports our theoretical
results is also indicated.

1. Introduction

Calculus on time scales was introduced by Hilger [13] as a theory which
includes both differential and difference calculus as special cases. In the past few
years, it has found a considerable amount of interest and attracted the attention
of many researchers. Time scale calculus would allow exploration of a variety of
situations in economic, biological, heat transfer, stock market and epidemic models;
see the monographs of Aulbach and Hilger [1], Bohner and Peterson ([2, 3]), and
Lakshmikantham et al. [15] and the references therein.

There are many authors studied the existence of positive solutions fourth-order
boundary value problems ([6, 7, 8, 12, 14, 17, 21, 23, 24, 25, 26]) However,
concerning the existence of the symmetric positive solutions of fourth-order bound-
ary value problems only a small amount of work ([4, 5, 10, 11, 18, 19, 20, 22])
can be found in the literature.
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214 I. Y. KARACA AND A. SINANOGLU

In this paper, we study existence of symmetric positive solutions of the follow-
ing fourth-order boundary value problem (BVP):

(p(@2Y(1)))2Y = f(t,2(t)), t € (0,1),

(1) {20 =), 250) - 22 (1) = aa(y), #7(0) =2>7 (1),

(@®Y))2(0) = (p(227)2 (1) = 5@(%”(%))

where 0 < a, ﬁ<4,%611’.
Throughout this paper we assume that following conditions hold:
(H1) f e C(]0,1]x]0,00),[0,00)) is symmetric on [0,1], (i.e., f(t,z) = f(1—t,z)
for ¢ € [0, 1]);
(H2) ¢ : R — R is increasing homeomorphism and homomorphism. Also,
©(0) =0 and p(—z) = —p(z).
A projection ¢ : R — Ris called an increasing homeomorphism and homomorphism
if the following conditions are satisfied:
(i) If z < y then ¢(z) < p(y) for all z,y € R;
(ii) ¢ is continuous, bijection and its inverse mapping is also continuous;
(iii) o(zy) = p(z)e(y) for all z,y € R.
In this paper, a symmetric positive solution x of (1.1) means a solution of (1.1)
satisfying z > 0 and z(¢) = z(1 —t), t € [0,1].
This paper is organized as follows:
In section 2, we give some preliminaries lemmas. In section 3, we give the proof of
necessary and sufficient conditions for existence of symmetric positive solutions of
BVP (1.1). In section 4, an example is also presented to illustrate our main results.
The results are even new for the difference equations and differential equations as
well as for dynamic equations on time scales.

2. Preliminaries

We will need the following lemmas to state the main results of this paper.

LEMMA 2.1. Assume (H2) holds. Then for any y € C[0,1] the BVP

{ PV (1) = y(t), t € (0,1),

#(0) = 2(1), 22(0) ~ 2(1) = 0a(3)

has unique solution x and x can be expressed in the form

(2.1)

1
£(t) = - / G(t, 5)p (y(s)) Vs,
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1 S 1
— T > 0 < S < o
(2.3) Gas)=9 9 1 5 1 2
— 42, 2<s<1,
a 2 22
(24) G(t, S) = Gl(t,$)+G2(S).

PROOF. Let x be a solution of the problem (2.1). Then

22V () = o7 (y(t)), t € (0,1).
An integration from 0 to ¢ of both sides of the above equality yields

() = 25(0) + / o (u(s))Vs.

We integrate both sides of the (2.5) to get
t
£(t) = 2(0) + tz (0) +/ (t — 5)o~ (y(s))Vs.
0
If we let t =1 in (2.6), then we have
1
220) =~ [ (1= 5)e " u(5) Vs
0

By using (2.5) — (2.7) and the equality z°(0) — 2 (1) = az(3), we get

w0 =[G =2 wes+ [ (G5 = D W)V

N ®»

1
| G e v

where Ga(s) is defined in (2.3).
Subsituting (2.7) and (2.8) to (2.6), we have

1 1
£(t) = - / Ga(s)o™ (y(s)) Vs — / Gu(t, 5)o~ (y(s) Vs
- / Gt 5)p M (y())Vs

(2.5)

(2.6)

where G1(t,s) and G(t,s) are given in (2.2) and (2.4) respectively. The proof is

complete.
LEMMA 2.2, Assume that (H1) — (H2) hold. Then
(p(@2Y(1)))2Y = f(tx(t), te (0711),
2(0) = 2(1), #2(0) —22(1) = ax(3), +°7(0) =22V (1),

(@2Y))2(0) = (p(=27)2 (1) = Bw(wm(%))

O
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has a unique solution  and x can be expressed in the form
1 1
o(t) =~ [ Gt.syo (- [ Hls ) (ralr) V)V
0 0

where

H(t,s) = Gi(t,s) + Gs(s),

0

N
N

=N =

S

il
2

G3(8) = 1
3t

- 70<8<

)

Q‘,_.E\*—‘
[NJ VA

and G1(t,s) is as in (2.2).

PROOF. Let us consider the following BVP:
{ yoV(t) = f(ta(t), t€(0,1),
y(0) = (1), y2(0) —y(1) = By(3).
The BVP (2.11) has a unique solution

1
) = = [ H(t.5) (5,06 Vs,
where H(t,s) is as in (2.10). This completes the proof.

LEMMA 2.3. Assume that (H1) holds. Then we have for s,t € [0, 1]
(i) G(t,s) >0, H(t,s) >0,

(ii) G(t,s) =G(1—t,1—s), H(t,s) =H(1 —t,1—5s),

(iii) T'G(s,s) < G(t,s) < G(s,s) and 0H(s,s) < H(t,s) < H(s, s),

where

13
4’4

13

1
I = min{~ — LAY
mm{a 4,4}

1
,,and 6 = min{—
} {5

(2.11)

PROOF. One can easily see the properties (i), (#4). We only give the proof of

(iii). By the expression of Ga(s), for t € [0,1] s € [0, 3],
G(t,s) = Gi(t, s) + Ga(s)
> Ga(s)

> s(1—s)Ga(s) + ZGZ(S)

1 1 3
> (2 = _ =
1 13
a 4’4
=TG(s, s).

G (s, )

1
Similarly, for ¢ € [0,1],s € [571], we get G(t,s) > I'G(s,s). Hence for ¢t €

[0,1],s € [0,1] we obtain G(t,s) = T'G(s,s).
Similarly, it is easy to see that dH (s, s) < H(t,s) < H(s,s).

O
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11
LEMMA 2.4. max G(t,s) < M, where M = 2max{—, - }.
t,5€[0,1] a 4

1
PROOF. It is obvious that for t,s € [0,1], we get m?x]Gl(t,s) =1 and
t,s€(0,1

1
max_Ga(s) = —. Hence,
s€[0,1] o

max G(t,s) = max [Gi(t,s)+ Ga(s)]

t,s€[0,1] t,s€[0,1]
< max Gi(t,s) + max Ga(s)
t,s€[0,1] t,s€[0,1]

11
:2 —_ -
max{a,4}

= M.

LEMMA 2.5. |H(t1,8) —H(tQ,S)l < Q‘tl —t2| for ti1,t2 € [0, 1], ENS [071]

PrOOF. If we show |G1(t1,s) — G1(t2, s)| < 2|t; — tz|, the proof is complete.
Let t; > t5. We divide the proof into three steps.
Step 1!0<t2<t1<8<1.
Since G1(t1,s) = t1(1 — s) and G1(ta, s) = t2(1 — s), we have
|G1(t1,8) - Gl(t275)| = |t1 — t1$ - t2 + t28|
= |s(t2 —t1) = (t2 — t1)|
= (1 — 8)|t2 — t1|
< 2|ty — tq].
Step 2: 0 < s <ty <t < 1.
By Gi(t1,s) = s(1 —t1) and Gy (t2,s) = s(1 — t2), we get

|G1(t1,8) — Gi(te,s)| = [s —t15 — 5 + tas]

= |s(t2 — t1)]
= S|t2 — t1|
< 2|tg — ty].

Step3:0<ta <s<ty <1,
By Gi(t1,s) = s(1 —t1) and Gy(t2,s) = t2(1 — s), we obtain
|G1(t1,5) - Gl(t2,8)| = |S - tls - t2 +t28|
= [s(t2 —t1) — (s — t2)|
|5(t2 - tl)‘ + |S — t2|

<
< 20ty — 1]

Similarly, it can easily see that |G1(t1,s) — G1(te, s)| < 2[t1 — tof for to > ;.
The proof is complete. 0
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Let B denote the Banach space Cj4[0, 1] with the norm ||z| = m[ax] | (¢)].
tef0,1
Define the cone K C B by

K = {z € B: x(t) is symmetric, concave, positive on [0, 1] and n%in] x(t) = T|z||},
tel0,1

1 1
where I' = min{— — T %} We can define the operator
o

1 1
Txz(t) = —/0 G(t,s)gpfl(—/o H(s,7)f(1,2(1))VT)Vs,

where & € K. Therefore solving (1.1) in K is equivalent to finding fixed points of
the operator T.

1 1
LEMMA 2.6. trer[l(i)%x(t) > D|z||, where T' = min{a e %}

PROOF. If we use Lemma 2.3 (4i¢) and (2.9), we have

1 1
llz|| < —/0 G(s,s)g@fl(f/o H(s,7)f(r,z(7))VT)Vs. (2.12)

By using Lemma 2.3 (4i¢), (2.9) and (2.12), we obtain

/ G(t,s) —/1 H(s,7)f(r,2(1))VT)Vs

>F[—/ G(s, s) / H(s,7)f(r,z(1))VT)Vs]
0
> Tl
O
1
LEMMA 2.7. ||z| < M2V, where M = Zmax{— f}
PrROOF. From (2.9) and Lemma 2.4, we have
1 1
Ol =1- [ 9= [ Hensnam)vrvs)
0 0
1
— |- / G(t, 5)72Y (5)Vs|
0
<M
Jnax, |22Y ()]
= M||z2Y|].
So, we get ||z|| < M||z*V||. The proof is complete. O

LEMMA 2.8. Suppose that (H1) — (H2) hold. Then T : K — K is completely
continuous.
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PRrooF. For all x € K, we have

(T2)27 (t) = / H(t, ) f(s,2(5))Vs) <

which implies Tz is concave on [0, 1]. From the definition of T, we get
1 1
Tx(l—t) = —/0 G(1- t,s)gail(f/ H(s,7)f(r,2(7))VT)Vs
/ GO —t,1— s)p~( / H( — 5,7)f(, 2(r))VF)V(1 - s)
*1 — — S8, 7)f(T,x2(T T)IVS
= [[6toe [ HO - s at) VY
0
—/ G(t,s)w’l(—/ H(1— 5,1 - 7)f(1 - me(1 - 1)V(1 - 7))Vs

/Gts 1 /HST (1,2(7))VT)Vs
=Tux(t

Tx(t) > T'||Tx| is obvious from Lemma 2.6. Thus T'(K) C K.

On the other hand, by using Lemma 2.7 and the conditions (H1) — (H2), from
the definition of T, it is clear that T': K — K is continuous.

Next, our purpose is to prove that T maps bounded sets into precompact sets
ont € [0,1]. Let Q be a bounded subset on K. Then we have r positive real number
for x € Q such that ||z| < r. We have

Av—max SL'AV = Imax 1 S S, xS S)|.
IT2)2) = i (727 (0] = mae o™ (= [ H(0.9) (5. 2() V)

Set
S = sup{|f(t,y)| : (t,y) € [0,1] x [0,7]}.
By using the condition (H2) and Lemma 2.3(7ii), we get

||(Ta:)AV|| < \(p’l ) 71 / H(s,s)Vs))

We know that ¢ ~1(S,.) and gp_l(/ H(s, s)Vs)) are bounded. Hence, there exist a

0
positive number C such that ||(Tz)*V|| < C. From Lemma 2.7, we get ||(Tz)| <
CM, so TS is uniformly bounded.
Finally, we show that TQ is equicontinuous. For s,t1,t2 € [0, 1], we have

P(T2)27 (1) — (Ta) 27 (1)

1 1
~ |- / H(t1,5)f (s, 2()) Vs + / H (b2, )f(s,2(s)) Vs
</0 H(tr, ) — Hita, )| f(s,2(5) V.
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From definition of S, and Lemma 2.5, we get
lo(Tx)2Y (1) — p(Tx)2Y (t2)] < 28,|t1 —ta] — 0, t; — to.

Therefore, T2 is equicontinuous. By Arzela-Ascoli Theorem, T : K — K is com-
pact operator. Hence, the proof is complete. U

3. Main Results

In this section, we show that BVP (1.1) has multiple symmetric positive
solutions by using fixed point index theorem which is given below.

LEMMA 3.1. [9, 16] Let K be a cone in a Banach space B. Let D be an open
bounded subset of B with Dy, = DNK # () and Dy, # K. Suppose that T : D}, — K
is completely continuous map such that x # Tx for all x € ODy. Then the following
results hold:

(i) If |Tz|| < ||z|l, € 0Dy, then ix (T, Dy) = 1;
(i) If there exists xg € K ~ {0} such that x # Tx + Axg, for all x € 0Dy, and
all X > 0, then i, (T, D) = 0;
(iii) Let U be open in K such that U C Dy. Ifip(T, Dy) = 1 and ix(T,Uy) = 0,
then T has a fized point in Dp~Uy. The same result holds if iy (T, D) = 0
and i (T,Uy) = 1.

We define K, = {z € K : ||z]| < p}, and

Q,={reK: tgféﬂ]x(t) <KTIpt={zre K:T|z| < tgféﬁ]x(t) < Tp}.
LEMMA 3.2. Q, has the following properties:
(a) Q, is open relative to K.

(b) Kr, C Q, C K,,.
(c) u € 09, if and only if H[l(i)r}] u(t) =Tp.
telo,

(d) If u € 99Q,, then T'p < u(t) < p fort € [0,1].

Now for convenience we introduce the following notations:

e - 6.
ff, = min{ min o) € Co,pl}, S5 = max{ max, o) "

a=f Gl ) / H(rr)Vr)Ad

€ [0, o]},

B= [I‘/O G(s,s)go_l(/o SH (T, 7)VT)As] L.

Now we give our results on existence of multiple positive solutions of BVP(1.1).

THEOREM 3.1. Suppose (H1)—(H2) and one of the following conditions holds;

(H3) There exist p1,p2,ps € (0,00) with p1 < Tpa and pa < ps such that
0" < @A), f5, > @(BL), f§* < p(A).
(H4) There exist PL, P25 P3 € (0,00) with p1 < p2 < p3 such that f{, > o(BT),
[5? < e(A), ff5 > ¢(B).
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Then problem (1.1) has at least two positive solutions x1,xs with 1 € Qp, N K,
T € Kps AN Qp2.

PROOF. We only consider the condition (H3). If (H4) holds, then the proof is
similar to that of the case when (H3) holds.

Firstly, we show that ix(T, K,,) = 1. By using the condition (H3) and Lemma
2.3 (411), we obtain

/0 H(s,7)f(r,2(1))VT) ggp(A)(p(pl)/O H(r,7)VT

-1

By performing above both side ¢ ™", we have

—_1—1 s, T)f(T,z(T T) < 1_1—1 7, 7T)VT).
o /OH<,>f<,<>>V><Apso ( /OH(’W)

If we use the condition (H3) and Lemma 2.3 (i), we get

/ G(t,s) —/1 H(s,7)f(r,2(7))VT)Vs

Apl/Gts 71/HTTV7‘

<A,01/Gss /HTTVT

Thus we have Tz (t) < ||z||, which means ||Tz(t)| < ||z| for z € 0K,,. By Lemma
3.1 (@), we have i(T, K,,) =1

Secondly, we show that ix(T,9Q,,) = 0. Let e(t) = 1 for V¢ € [0,1], then
e € 0K,. We claim that  # Tx + Xe for A > 0, = € 0Q,,. In fact, if not, there
exist £g € 0§,, and Ag > 0 such that xg = Tzo + Age.
If we use the condition (H3) and Lemma 2.3 (i4i), we obtain

/ H(S,T)f(T,l‘o(T))VT>Lp(p2)(p(BF)/ OH(1,7)VT.
0 0

1

By performing above both side ¢, we have

—ap_l(—/o H(s,7)f(1,20(7))VT) > szl"cp_l(/O 0H (7, T)VT).

Hence,

l’o(t) = Til'()(t) + )\Oe(t)

- / Gt 5)p~! (- / H(s, ) (r, 20(r))VT) Vs + Aoe(?)
0 0
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and
zo(t) = Txo(t) + Aoe(t)

1 1
> prI‘/ G(t,s)go_l(/ SH (1, 7)VT)Vs+ Aol
0 0

1 1
>p23r2/ G(s,s)go_l(/ SH(m,7)VT)Vs+ Ao
0 0

= pQF -+ )\0.

So, we get poI" = x(t) = pa' + Ao which is a contradiction. Hence by Lemma
3.1 (it), it follows that ix(T,(,,) = 0. By Lemma 3.2 (b) and p; < I'pa, we have
K, C Krp, CQ,,. It follows from Lemma 3.1 (#ii) that T has a fixed point z; in
Qp N K,

Finally, similar to proof of ix(T,,,) = 1, we can prove that ix(T,Q,,) = 1.
By Lemma 3.2 (b) and p2 < p3, we have Q,, C Q,, C K,,. It follows from Lemma
3.1 (iii) that 7" has a fixed point o in K,, \ Q,,.

Thus we can get the problem (1.1) has at least two positive solutions xy, xo

with 21 € Q,, N K, 22 € K,, \ Q,, of BVP (1.1). O

Next we establish the existence of symmetric positive many solutions.

THEOREM 3.2. Assume (H1) — (H2) hold. Then we have the following asser-
tions.

(i) There exist {p;}270+ C (0,00) with p1 < Tpy < p2 < p3 < Tps < ... <
P2mo+1 Such that

fOme*l < (p(A)7 m = 1?2"'am0 + 1’ fle;z:n > QO(FB)a m = 1’2"'7m0'

Then problem (1.1) has at least 2mg solutions in K.
(i) There exist {p;}2™ C (0,00) with py < Tpy < pa < p3 < Tps < . < pam,
such that

0t <@(A), fyn > (TB), m=1,2,3,....mo.

Then problem (1.1) has at least 2mg — 1 solutions in K.
THEOREM 3.3. Assume that (H1) — (H2) hold. Then we have the following
assertions.
(i) There exist {p;}>72"" C (0,00) with p1 < p2 < Tpz < p3 < ps < ... <
P2mo+1 such that

< p(A), m=1,2,3,...,mp, flfz;"y;_ll >e('B), m=1,2,3,...,mp + 1.

Then problem(1.1) has at least 2mg solutions in K.

(ii) There exist {pi}?ff C (0,00) with p1 < pa < Tpsz < p3 < pg < ... < P2m,
such that

e < p(A), frpnt > e(TB), m=1,2,3,...,mo.

Then problem (1.1) has at least 2mqg — 1 solutions in K.
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4. Example
To illustrate how our main results can be used in practice we present an exam-
ple.
1 1 2 . .
ExAMPLE 4.1. Let T = [0, §] U {5} u [g, 1]. We consider the following BVP:
(@Y ()2 = f(t.x(1), t €(0,1)
1
2(0) = z(1), 22(0) — z2(1) = 22(5), 22V (0) = 2°V (1),
(@2)2(0) = (z2V) 2 (1) = 322V (3),
Here
4.5125z(t), = € [0, 0.02],
1201.2z(¢t) — 23.93375, = € [0.02, 0.025],

51.33x(t) + 4.813, = € [0.025, 0.1],
9.946, z € [0.1, 2].

ft,2(t) =

1 1
Since a = 2, 8 = 3, we obtain I' = T 0= TR Also, we choose p(z) = . Tt is

obvious that ¢ satisfies assumption (H2).
Also, we take p; = 0.02, ps = 0.1, p3 = 2. After a simple calculation, we get
A = 4.987,B = 234.902. Hence we have

f(t,z(t)) < 0.09025, for z €10,0.02],
f(t,z(t)) < 9.974, for x € 10.02,0.025],
6.096 < f(¢t,z(t)) < 9.974, for x €[0.025,0.1],
f(t, z(t)) < 9.974, for x €10.1,2].

Thus the condition (H3) of Theorem 3.1 is satisfied. Then by Theorem 3.1 the
problem (1.1) has at least two symmetric positive solutions x1, zo with 1 € Q,,
?PN X2 € KPS \ﬁpz-
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