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A NOTE ON DERIVATIONS ON PRIME GAMMA RINGS
WITH CHARACTERISTIC 2

Mehmet Ali Oztiirk, Hasret Durna, and Tuba Acet

ABSTRACT. In this paper we will study the relationship between the quotient
I'-ring and the existence of certain specific types of derivation of I'-ring with
characteristic 2.

1. Introduction

In 1957, Posner introduced derivation in ring in [15]. The different definitions
of derivation such as semi-derivation, orthogonal derivation, #-derivation, (o, 7)-
derivation, symmetric bi-derivation, objects more general than derivation, were
introduced by many researchers (see, for example [1, 2, 4, 5, 8, 17]).

The notion of the I'-ring was introduced by Nobusawa in [9]. The I'-ring is a
generalization of ring. In [3], the conditions in the I'-ring defined by Nobusawa,
were weakened by Barnes. In [11], [12] and [14], Oztiirk and Jun studied extended
centroid of prime I'-ring and generalized centroid of semi-prime I'-ring. In [6], Jing
defined derivation in prime I'-rings. Let M be a I'-ring. A mapd: M — M is
called a derivation if d (z +y) = d(x) + d (y) and d (zvy) = d (z) vy + xvd (y) for
all z,y € M and v € T. In [13], Oztiirk, Jun and Kim investigated the relationship
between the quotient I'-ring and derivation of I'-ring M with charM = 2. In this
paper we study the relationship between the quotient I'-ring and the existence of
certain specific types of derivation of I'-ring M with charM = 2.

Throught in this paper, M in a I'-ring in the sense of Barnes.
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2. Preliminaries

Let M and T" be (additive) abelian groups. If the following conditions are hold
in M, then we say that M is a I'-ring (in the sense of Barnes),
(1)  aabe M,

(2) (a+bac = aab+ aac.
ala+B8)b = aab+ aPb.
aa(b+c¢) = aab+ aac

(3)  (aad)Bec = aa(bBe).
for all a,b,c € M and «, 3 € I'. The center of I'-ring M is defined by

Z={xeM:zym=myx forallm € M and vy € T'}.

If U is an additive subgroup of M and UT'M C U (resp. MTU C U), then U is
called a right (resp. left) ideal of a I-ring M. If U is both a right and a left ideal,
then U is called an ideal of M. Let a € M. The principal right ideal generated
by a is the smallest right ideal of I'-ring M containning a. This ideal is denoted by
(a),. Similarly one define (a), the principal left ideal generated by a and (a) the
principal two sided ideal generated by a. Let P # M is an ideal of a I'-ring M. For
any ideals U and V of M, if UT'V C P implies U C P or V C P, then P is said to
be prime ideal of M. A TI'-ring M is said to be prime if the zero ideal is prime.

THEOREM 2.1 ([7, Theorem 4]). If M is a T'-ring, the following conditions are
equivalent:

i) M is prime I'-ring.

i) If a,b € M and aT’' MTb = (0), then a =0 orb=0.

iii) If (a) and (b) are principal ideals of M such that {a) T (b) = (0), then a =0
orb=0.

iv) If U and V are right ideals of M such that UTV = (0), then U = (0) or
V =(0).

v) If U and V are left ideals of M such that UTV = (0), then U = (0) or
V =(0).

Let M and M’ be two I-rings. A mapping f : M — M’ of I'-rings is called a
I-ring homomorphism if f (z +y) = f (x)+ f (y) and f (xyy) = f (z) vf (y) for all
z,y € M and v €T.

Let M be a I'-ring and (A, +) be an abelian group. A is called a left M-module
over M I'-ring with respect to a mapping - : M X I' x A — A if for all m,m’ € M,
z,y € Aand a, 5 €T,

(1) ma (z 4+ y) = maz + may,

(i1) (m+m') ax = maz + may,

(#5i) ma (m/Bx) = (mam’) Bx.

Similarly, one can define a right M-module.

Let M be a I'-ring and A, B be two left M-modules. A additive mapping f:
A — B is called a left M-module homomorphism if f (maz) = maf (x) for all
méeM,re Aand a €T
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Let M be a prime I'-ring such that MT'M # M. Denote
M:={(U,f): U (£0) is an ideal of M and
f:U — M is a right M-module homomorphism} .
Define a relation ~ on M by
(U, f) ~(V,g9) < 3IW (#£0) CUNV such that f =g on W.

Since M is prime I'-ring, it is possible to find a non-zero W and so 7~ is an
equivalent relation. This gives a chance for us to get a partition of M. We denote
the equivalence class by Cl (U, f) = f, where

f={g:V—=>M] (Uf)~(V.9)},
and denote by ) the set of all equivalence classes. Then @ is a I'-ring, which is
called the quotient I'-ring of M (see [11], [12], and [14]).

Let M be a I'-ring with unity. An element u in M is called a unity of M if
it has a multiplicative inverse in M. If every nonzero element of M is a unity, we
say that M is a I'-division ring. A T-ring M is a I'-field if it is a commutative
I'-division ring.

LEMMA 2.1 ([12, Lemma 3.3]). Let M be a prime I'-ring such that MTM # M.
Then the extended centroid Cr of M is a I'-field.

Let M be a I'-ring and A be a M-module. A subset B = {b;: i € I} of A is

called linearly independent, if for every distinct by, bo, ..., b, € B, my,ma, ..., m, €
n

M and p4, s, ..., B, € T such that Zmlﬂibi = 0 implies that my = my = ... =
i=0
my, = 0. '

LEMMA 2.2 ([11, p. 476]). Let M be a prime I'-ring such that MT'M # M and
the extended centroid Cr of M. If a; and b; are non-zero elements of M such that
S aivixfib; =0 for allx € M and ~;, B; € T, then the a;’s (also b;’s) are linearly
dependent over Cr. Moreover, if ayx b = byxBa for allx € M and ~y,3 € I' where
a(#0), b€ M are fized, then there exists X € Cr such that b = Aaa for all a € T.

LEMMA 2.3 ([16, Lemma 2]). Let M be a prime I'-ring, U a non-zero right
(resp. left) ideal of M and a € M. If UT'a = (0) (resp. aI'U = (0)), then a = 0.

LEMMA 2.4 ([10, Lemma 1]). Let M be a semi-prime I'-ring and U a non-zero
ideal of M. Then AnnyU = Ann,U.

Let M be a semi-prime I'-ring and U a non-zero ideal of M. In this case, we
will write Ann,U = Ann,.U = AnnU by Lemma 2.4. Let us denote by F' a set of
all ideals of M which have zero annihilator in M. In this case, the set F' is closed
under multiplication by Lemma 2.4.

THEOREM 2.2 ([14, Theorem 3.5]). Let M be a semi-prime I'-ring and Q the
quotient I'-ring of M. Then the I'-ring Q@ satisfies the following properties:

i) For any element q € Q, there exists an ideal Uy € F such that ¢ (Uy) C M (
or qTU, C M for ally e ).
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ii) If g € Q and ¢ (U) = (0) for some U € F ( or ¢yUy = (0) for some U € F
and for ally €T ), then ¢ = 0.

i) IfU € F and ¥ : U — M is a right M-module homomorphism, then there
exists an element ¢ € Q such that U (u) = q (u) for allu € U ( or ¥ (u) = gqyu for
alueU and vy el ).

iv) Let W be a submodule ( an (M, M)-subbimodule ) in Q and ¥ : W — Q a
right M -module homomorphism. If W contains the ideal U ideal of the T'-ring M
such that ¥ (U) C M and AnnU = Ann, W, then there is an element ¢ € Q such
that ¥ (b) = q(b) for any b€ W (or ¥ (b) = qvb for anyb € W and v € T ) and
q(a) =0 for any a € Ann, W ( or gya =0 for any a € Ann,W and vy €T ).

LEMMA 2.5 ([16, Lemma 1)). Let M be a prime I'-ring and Z the center of
M. If a,b,c € M and B,y € T, then

(a7b, el = ay byl + [a, ], 7b + a7y (cb) — af (c1b)
where [a,b], is ayb —bya for all a,b € M and v €.
DEFINITION 2.1. Let M be a I'-ring and 6 : M — M be a function. An additive

mapping d : M — M is called #-derivation if d (zay) = d(z) ab (y) + zad (y) for
all z,y € M and a € T.

DEFINITION 2.2. Let M be a I'-ring, § : M — M and ¢ : M — M be
functions. An additive mapping d : M — M is called (0, ¢)-derivation if d (zay) =
d(z)ab (y) + ¢ (x) ad(y) for all z,y € M and a € T.

3. 0-derivation on prime ['-ring

In this section, M is a prime I'-ring such that MT'M # M, Z is the center of
M, Cr is the extended centroid of M and [a, b}7 = ayb—bya for all a,b € M and
vyel.

LEMMA 3.1. Let M be a prime I'-ring, U be a non-zero ideal of M, 0 : M — M
be a T-ring epimorphism and d be a 6-deriwvation of M. If al'd (U) = (0) (d (U)Ta =
(0)) for alla € M, then a=0 or d=0.

PROOF. Let al'd (U) = (0). For allu € U, z € M and o, 8 € T, we get

0 = aad (ufz) = aad (u) B0 (z) + acufd ()
= aaufd (z).

From Lemma 2.3, we obtain that a = 0 or d = 0, since M is a prime I'-ring. [

LEMMA 3.2. Let M be a prime I'-ring, U be a non-zero ideal of M, 0,p : M —
M be T-ring epimorphisms and d be a (0, p)-derivation of M. If aT'd (U) = (0)
(d(U)Ta=(0)) for alla € M, then a =0 or d=0.

PROOF. Let al'd (U) = (0). For all u € U, z € M and o, 8 € T, we get
0 = aad (ufr) = aad (u) B0 (z) + aap (u) Bd (x)
— ap (u) B (x)
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From Lemma 2.3, we obtain that a = 0 or d = 0, since M is a prime I'-ring
and ¢ is a I'-ring epimorphism. O

THEOREM 3.1. Let M be a prime I'-ring with charM =2, 0 : M — M be a
T'-ring epimorphism and 0 # dyi,ds be 0-derivaion on M such that d10 = 0d; and
dof = 0ds. If for all x € M,

(3.1) dids (z) =0
then there exists A € Cr such that dg (x) = Aady (x) for allz € M and oo € T

PRrROOF. Let o € " and 2,y € M. Replacing = by zay in (3.1) and using (3.1),
we get
(32) 0 =ds (z) ady (6 (y)) + di (x) adz (0 () ,
since charM = 2 and d26 = 0d>.
Replacing x by x5z in (3.2) and using (3.2), we get
(3.3) dy () B0 () ady (0 (y)) = di (x) B0 (2) adz (6 (y)) ,

for all z,y,z € M and «a, 8 € I'. Since 6 is I'-ring epimorphism, for all z, w,m € M
and o, 8 € T', we get

(3.4) ds (x) Bmad; (w) = dy (z) fmads (w) .
Now if we replace w by x in (3.4), then we obtain
(3.5) da (z) fmad; (z) = di (z) Bmads (z),

for all z,m € M and S, € T. If dy () # 0, then there exists A (z) € Cr such that
dy () = A(x)vdy () for all x € M and v € T'. Thus, if dy () # 0 # d; (w), then
(3.4) implies that

(3.6) (A (y) = A(x)) vda () fmad, (w) = 0.

Since M is a prime I'-ring, we conclude by using Lemma 3.1 that A (y) = A (z) for
all z,y € M. Hence we prove that there exists A € Cr such that ds () = Ayd; (z)
for all x € M and v € I' with dy (x) # 0. On the other hand, if d; (x) = 0, then

dy (x) = 0 as well. Therefore, dy () = Ayd; (x) for all x € M and v € T. This
completes the proof. O

ProPOSITION 3.1. Let M be a prime I'-ring with charM =2, 60 : M — M be
a I'-ring epimorphism and 0 # d be a 0-derivation of M such that d0 = 6d. If for
allx € M,

(3.7) d(z) € Z,

then there exists A (m) € Cr such that d(m) = X (m)ad (z) for all m,z € M and
a eI or M is commutative.

PRrROOF. From (3.7), we have

(3.8) [d(x),yls =0,
for all z,y € M and g €T.
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Replacing x by vz in (3.8), we get
(3.9)  [d(272),ylz = d(2) 70 (2) By + 2vd (2) By — yBd (x) 10 (2) — yBayd (2) .
Since 6 is I'-ring epimorphism, we get
(3.10) 0 =d(x)y(mpBy —ypm)+d(z)y (xBy — yBx)
=d(z)y[m,yls +d(z)v[z,yls,
for all z,y,z,m € M and ~, 8 € T'. Replacing x by d(x) in (3.10), we get

(3.11) 0=d*(@)y[m,yly +d(z)v[d(),yls,
for all z,y,z,m € M. Using (3.8) in (3.11), we get
(3.12) d* () v [m,y), =0,

for all x,y,m € M and v,8 €.
Now, substituting zaz for = in (3.12), it follows from charM = 2 that
_o® 2
(3.13) 0=d"(z)ab” (2)v[m,yls,
for all z,y,z,m € M and ~,8 € I". Since M is prime I'-ring and 6 is I'-ring
epimorphism, we obtain
(3.14) d?(z) =0 for all x € M or [m,yls =0 for all y,m € M and B € I.

From (3.14), if d® (z) = 0 for all z € M, then replacing = by z7yy in this last
relation, it follows from d (z) € Z that

(3.15) d(z)vyd(m) =d(m)~d(z) for all z,m € M and v € T
Replacing = by zaz in (3.15), it follows from (3.15) that for all z,z,m € M and
ael,
d () ayyd (m) = d(m) ayyd (z)
since 6 is I'-ring epimorphism.
If d (m) # 0, then there exists A (m) € Cr such that d (z) = A (x) ad (m) for all
x,m € M and a € " by Lemma 2.2. On the other hand, it follows from (3.14) that

if [m, y]B =0 for all y,m € M and 8 € I', then M is commutative. This completes
the proof. O

THEOREM 3.2. Let M be a prime I'-ring with charM = 2, U be a non-zero
ideal of M, 0 : M — M be a I'-ring epimorphism and 0 # dy, dy be 0-derivation on
M such that d10 = 0dy and dof = 6ds. If do (U) C U and for allu € U,

(3.16) dyds (u) = 0
then there exists A € Cr such that dg () = Aady (x) for allz € M and o € T.

ProOOF. Let v € I" and u,v € U. Replacing u by da (u) yv in (3.16) and using
hypothesis, we have

(3.17) dj (u) ydy (w) =0,
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forall u € U, w € M and v € T'. Since d; # 0, for all u € U, d3 (u) = 0 from
Lemma 3.1. Replacing u by uyz in (3.16) and using hypothesis, we get
(3.18) 0 = da (u)vdy (0 () + du (u) 70 (d2 (x)) + wydy (d2 (2))
for all u € U, x € M and v € I". Replacing v by dz (u) in (3.18) and using (3.17),
we get

s (u) 74y (da (2)) = 0.
Since dy # 0, di (d2 (x)) = 0 for all z € M from Lemma 3.1. From here, there
exists A € Cr such that ds (z) = Aad; (x) for all x € M and a € T O

THEOREM 3.3. Let M be a prime I'-ring, U be a non-zero right ideal of M,
0: M — M be I'-ring epimorphism and 0 # d be a 0-derivation of M such that
do = 0d. If
(3.19) d(u)ya=0 for allu e U and v €T,
where a is a fized element of M, then there exists an element of QQ such that gya =0
implies gyu =0 for allu € U and v € T.

PrOOF. Let u € U, x € M and S € I'. Since U is a right ideal of M, we have
ufx € U. Replacing u by ufz in (3.19), we get
(3.20) d (u) 8O (z) ya + uBd () ya =0
forallu e U, x € M and v, € I". And so,

d(u)p (Z 0 (x) 7aam) =— (uﬁ (Z d(x) 'yaam))

for all m € M, a € I'. Therefore, for any v € V = MT'al'M which is a non-zero
ideal of M, we have
(3.21) 4.(u) B = ubf (v)
for all w € U. f(v) is independent of u but it is dependent on v. Since M is a
prime T-ring, f (v) is well-defined. Note that vay € V for any y € M, v € V and
a € T'. Replacing v by vay in (3.21), we get

d(u) Bvay = uff (vay),

uBf (v) ay = uf (vay)

uB (f (v) ay — f (vay)) =0

which implies from Lemma 2.3 that
(3.22) fw)ay = [ (vay)
forally € M, v € V and a € T. Tt follows from (3.22) that f: V — M is a right
M-module homomorphism. In this case, ¢ = CI1(V, f) € Q. Moreover, f (v) = gfv
for all v € V and a € T by Theorem 2.2. Let r € M, v € V,u e U and v,5 € T.
Replacing v by 6 (x) yv in (3.21), we get
(3.23) d (u) B0 (x) yo = uBf (6 (x) yv) = uBqBo (z) yv.
Also, replacing u by uyz in (3.21), we get

d (uyz) v = uwyzBf (v)
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d(u)70 (z) Bv + uyd () fv = uyzBf (v)

(3.24) d (u) 70 (x) Bv = uyzBgPfv — uyd (z) Pv.
Now, replacing S by v and replacing v by 8 in (3.24), we get
(3.25) d (u) 8O (z) yv = uBzygyv — ufd (x) yv.

Thus, from (3.23) and (3.25), we obtain
uBqpf (x) yv = ufrygyv — ubd (z) yv

uB (qB0 (x) — zyq + d(x))yv =0
forallz € M, v € V, u € U and 7,8 € I'. Hence d(z) = zyq — ¢f0 (x) for all
x € M and ~,8 € T by Lemma 2.3. Let u € U and « € M, d (u) = qau — 0 (u) Bq
and d (z) = gfx — 0 () ag. Then we have
0 =d (upz)vya = (qa (upz) — 0 (upz) Bq) va.

Thus, qaufzya = 0 (ufzx) Bgya. If gya = 0, then gaufrya = 0, and so since M is
prime I-ring, we get ¢I'U = (0). O

THEOREM 3.4. Let M be a prime I'-ring with charM # 2, U a non-zero right
ideal of M and 0 # d be a 0-derivation of M such that df = 6d and 6 (U) C U.

Then the subring of M generated by d (U) contains no nonzero right ideals of M if
and only if d(U)T0 (U) = (0).

PROOF. Let A be the subring generated by d (U). Let S = AnNU,uecU,se S
and v € T'. Then d(syu) = d(s)v0 (u) + syd(u), and so we have d(s)~v0 (u) €
S. Thus d(S)T0(U) is a right ideal of M. In this case, d(S)T0(U) = (0) by
hypothesis. d(uya) = d(u)v0 (a) + uyd(a) € S and d(u)~0 (a) € S where u €
U, a € A. Thus, we have uyd(a) € S. Therefore, 0 = d(uyd(a)) B0 (u) =
(d (u)~0 (d(a)) + uyd* (a)) 86 (u). Since M is prime I'-ring, it follows from Lemma
2.3 that
(3.26) d (u) 0 (d(a)) +uyd? (a) =0
forallu € U, v € T and a € A. Replacing u by ufv where v € U, 8 € T in (3.26),
we get, for all u,v € U, B,y €T anda € A

d.(u) o6 (d (a)) = 0.
Since M is prime I'-ring , we get d (U)TU = (0) or d(A)TU = (0). If d(A)TU =
(0), then d? (U)TU = (0). Let u, v € U and 3 € I'. Then
0 =d(d(upv)) = d* (u) 6% (v) + 2d (u) Bd (0 (v)) + uBd* (v),
and so we have d (u)8d (0 (v)) = 0 for all u,v € U and g € T' by charM # 2.
Replacing u by uyw where w € U, v € T in last relation, we have
4.(u) 46 (w) B (0 (v)) = 0
which yields d (u) v0 (w) = 0 for all u,w € U and vy € T.

Conversely, assume that d (U)T'0 (U) = (0) .Then AI'd (U) = (0). Since M is a
prime I'-ring, A contains no non-zero right ideals. (]
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4. (6, ¢)-derivation on prime I'-ring

THEOREM 4.1. Let M be a prime U'-ring with charM = 2, 0 : M — M and
@ : M — M be '-ring epimorphisms and 0 # dy,dy be (0, ¢)-derivaions on M such
that d;0 = 0d; and d;o = @d;, i =1,2. If for all x € M,

(4.1) dydy () =0
then there exists A € Cr such that da (x) = Aady (x) for allz € M and o € T.

PROOF. Let a € T" and z,y € M. Replacing = by zay in (4.1) and using (4.1),
we get

(4.2) dy (¢ (x)) ady (0 (y)) = di (¢ () adz (6 (y)),

since charM = 2 and d;0 = 0d;, d;p = pd; for i =1,2.
Since ¢ is I'-ring epimorphism, for all m,y € M and « € T', we get

(4.3) dz (m) ady (6 (y)) = di (m) adz (0 (y)) .-
Replacing m by mfz in (4.2) and using (4.2), we get
(4.4) dz (m) B0 (2) ady (0 (y)) = di (m) B0 () ad2 (0 (y)) ,

for all m,y,z € M and «, 8 € T'. Since 0 is I'-ring epimorphism, for all m,n, k € M
and «, 8 € ', we get

(4.5) dy (m) Bnady (k) = dy (m) Bnads (k).
Now if we replace k by m in (4.5), then we obtain
(4.6) dy (m) fnady (m) = dy (m) fnads (m) ,

for all n,m € M and 8, € T. If dy (m) # 0, then there exists A (m) € Cr such
that da (m) = A (m)~ydy (m) for all x € M and v € I". Thus, if dy (m) # 0 # dy (k),
then (4.5) implies that

(4.7) (A (k) = A (m)) vdy (m) Bzady (k) = 0.

Since M is a prime I'-ring, we conclude by using Lemma 2.2 that A (k) = A (m) for
all k,m € M. Hence we prove that there exists A € Cr such that ds (m) = Aydy (m)
for all m € M and v € T with dy (m) # 0. On the other hand, if d; (m) = 0, then
dy (m) = 0 as well. Therefore, dy (m) = Aydy (m) for all m € M and v € I". This
completes the proof. O

ProprOSITION 4.1. Let M be a prime I'-ring with charM =2, 60 : M — M and
@ : M — M be I'-ring epimorphisms and 0 # d be a (0, ¢)-derivation of M such
that df = 0d, dy = @d. If for all x € M,

(4.8) d(z) € Z,

then there exists A (m) € Cr such that d (m) = X (m)ad (z) for all m,z € M and
a €' or M is commutative.
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PRrROOF. From (4.8), we have
(4.9) [d(z),yls =0,
for all x,y € M and 8 €T.
Replacing x by zvz in (4.9), we get
(4.10)
[d(zvz) ,ylg = d(x) 70 (2) By + ¢ (x) vd (2) By — yBd (x) 10 (2) — yBep (z) vd (2) .
Since 6 is I'-ring epimorphism, we get
(4.11) 0 =d(z)y (mPy —ypm) +d(z)v (¢ () By — yBy (z))
=d(x)ym,yls +d()v[e (), 45,
for all z,y,z,m € M and ~, 8 € I'. Replacing « by d(x) in (4.11), we get

(4.12) 0=d?(2)7[m,yls +d(2)7[p(d(@)),yls.
for all z,y,z,m € M. Since ¢ is I'-ring epimorphism, we get
(4.13) 0=d*(2)7[m,yly +d(2)7[d(n),yls,

for all z,y,z,m,n € M and ~,p € T.
Using (4.9) in (4.13), we get

(4.14) d* (x) 7 [m, yl5 = 0,

for all x,y,m € M and v,8 €.
Now, substituting zaz for x in (4.14), we get

0 = (d*(z)at® (2) + ¢ (d(2)) ad (0 (2))
+d (¢ () af (d (2)) + ¢* (@) ad® (2))y [m, ],

for all z,y,z,m € M and «,~,5 €T.
Using (4.13) in last relation, we have

(4.15) 0= d*(z) ab? (2) 7 [m, yls,

for all x,y,z,m € M and «,7,8 € I'. Since M is prime I'-ring and 6 is I'-ring
epimorphism, we obtain

4.16 d*(x) =0forall z € M or [m,y], =0 for all y,m € M and 3 € T.
B

From (4.16), if d> () = 0 for all z € M, then replacing z by z7yy in this last
relation, it follows from d (z) € Z that

(4.17) d(z)yd(m) =d(m)~d(z) for all z,m € M and v €T

Replacing = by zan in (4.17), it follows from (4.17) that for all x,n,m € M and
a,vyeT,

(4.18) d(x)ab (n)vd(m) =d(m)~d(x)ab (n)
Since 6 is '-ring epimorphism, we have
d (x) akyd (m) = d (m)~d (x) ok,
for all x,m,k € M and a,yv €T
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If d (z) # 0, then there exists A (m) € Cr such that d (z) = A (z) ad (m) for all
x,m € M and o € T by Lemma 2.2. On the other hand, it follows from (4.16) that
if [m, y]B =0 for all y,m € M and 8 € ', then M is commutative. This completes
the proof. O

THEOREM 4.2. Let M be a prime I'-ring with charM = 2, U be a non-zero
ideal of M, 0 : M — M and ¢ : M — M be I'-ring epimorphisms and 0 # dy,dy be
(0, )-derivations on M such that d;0 = 0d; and d;p = od;, i =1,2. If do (U) CU
and for allu e U,

(4.19) d1d2 (u) =0
then there exists A € Cr such that dg (z) = Aady (x) for allz € M and o € T.

PrOOF. Let v € I" and u,v € U. Replacing u by da (u) yv in (4.19) and using
hypothesis, we have

(4.20) ¢ (d3 (w)) vdy (8 (v)) = 0,
for all u,v € U and v € I'. Since 6 and ¢ are I'-ring epimorphisms, we get
(4.21) d5 (y)vdy (2) = 0,

for all y,z € M and v € I'. Since d; # 0, for all y € M, d3 (y) = 0 from Lemma
3.2. Replacing u by uyz in (4.19) and using hypothesis, we get

(422)  0=dy(u)yd: (6(x)) + di (u) 16 (d2 (2)) + wydy (ds (@),

for all w € U, x € M and 7 € T'. Replacing u by dz (u) in (4.22) and using (4.21),
we get

d2 (u) ’}/dl (d2 (m)) =0.
Since do # 0, dq (d2(x)) = 0 for all x € M from Lemma 3.2. From here, there
exists A € Cr such that ds (z) = Aad; (x) for all x € M and « € T O
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