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FILTERS IN ALMOST LATTICES

G. Nanaji Rao and Habtamu Tiruneh Alemu

ABSTRACT. The concept of a final segment in an Almost Lattice (AL) is in-
troduced and a set of identities for the set F, (L) of all final segments of an
AL L to become a complete lattice is established. Moreover, the concept of a
filter in an Almost Lattice(AL) is introduced and the smallest filter containing
a given nonempty subset is described in an AL. Also, proved that the set F(L)
of all filters of an AL L form a lattice with set inclusion and the set PF(L)
of all principal filters of L is a sublattice of the lattice F(L). Further, a set
of identities for the lattice (L) to become a complete lattice is established.
Finally, the concept of a prime filter in an AL L is introduced and a necessary
and sufficient condition for a proper filter to become prime filter is derived.

1. Introduction

Filters in lattices were investigated by Tarski, Moisil and others many of whose
results are found in Birkhoff’s lattice theory [1]. In [6] U. M. Swamy and G. C.
Rao introduced the concept of an Almost Distributive Lattice (ADL) as a common
abstraction of all existing ring theoretic and lattice theoretic generalizations of a
Boolean Algebra. They introduced the concepts of ideals and filters in an ADL and
proved that the set of all filters in an ADL form a distributive lattice. Also, they
established a set of identities that the lattice of all filters in an ADL to become
a complete lattice. The concept of Almost Lattice (AL) was introduced by G.
Nanaji Rao and Habtamu Tiruneh Alemu [4] as a common abstraction of almost
all lattice theoretic generalizations of Boolean algebra like distributive lattices,
almost distributive lattices and lattices. Further, they introduced the concept of
ideals in an AL [2] and proved that the set of all ideals in L form a lattice. Also,
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they established a set of identities that the lattice of all ideals in an AL to become
a complete lattice.

In this paper, we introduced the concept of a final segment in an AL L and a set
of identities for the set F;,(L) of all final segments of an AL L to become a complete
lattice is established. Moreover, the concept of a filter in an AL is introduced and
the smallest filter containing a given non empty subset of an AL L is described. It
is proved that, the set F(L) of all filters of an AL L form a lattice with set inclusion
and proved the set PF(L) of all principal filters of L is a sublattice of the lattice
F(L). A set of identities that the lattice F(L) of all filters in an AL L to become a
complete lattice is established. Finally, we introduced the concept of prime filters
in an AL and a necessary and sufficient condition for a proper filter to become
prime filter is derived.

2. Preliminaries

In this section, we collect a few important definitions and results which are
already known and which will be used more frequently in this text. For the notions
and notations used in this text, which are not predefined, a reader can refer to
literature [1, 2, 3, 4, 5, 6, 7]

DEFINITION 2.1. Let A and B be non empty sets. A relation R from A to B
is a subset of A x B. Relations from A to A are called relations on A.

Note that if R is a relation on a non empty set A, then for any a,b € A we
write aRb instead of (a,b) € R and say that ”a is in relation R to b”. A relation R
on the set A may have some of the following properties.

(1) R is reflexive if for all @ in A, we have aRa.

(2) R is symmetric, if for all a,b in A, aRb implies bRa.

(3) R is antisymmetric, if for all a,b in A, aRb and bRa implies a = b.
(4) R is transitive if for all a,b, ¢ in A, aRb and bRc imply aRe.

DEFINITION 2.2. A relation R on a non empty set A is called a partial order
relation if R is reflexive, antisymmetric and transitive. In this case, (A4, R) is called
a partially ordered set or poset.

DEFINITION 2.3. Let (P,<) be a poset and S C P. Then

(1) a € P is called a lower bound of S if and only if for all z € S;a < .

(2) a € P is called an upper bound of S if and only if for all z € S;z < a.

(3) The greatest amongst the lower bounds, whenever if it exists is called the
infimum of S and is denoted by inf S or A S.

(4) The least amongst the upper bound of S whenever if it exists is called
supremum of S and is denoted by sup S or \/ S.

DEFINITION 2.4. Let (P, <) be a poset. Then P is called a lattice ordered set
if for every pair z,y of elements of P, the sup(x,y) and inf(x,y) exist.

DEFINITION 2.5. An algebra (L,V,A) of type (2,2) is called a lattice if it
satisfies the following axioms. For any x,y,z € L,
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(1) xVy=yVzand zAy=yAz. (Commutative Law)
(2) (xvVy)Vz=xzV(yVz)and (xAy)Az=xA(yAz). (Associative Law)
(3) z V(zAy)=zand z A (zVy)==x. (Absorption Law)

Note that in any lattice (L,V,A), zVz =z and x A x = z (Idempotent Law).

THEOREM 2.1. Let (L, <) be a lattice ordered set. If we define x Ay is the inf
(z,y) and x V y is the sup(x,y), where x,y € L, then (L,V,A) is a lattice.

THEOREM 2.2. Let (L,V,A) be a lattice. If we define a relation < on L, by
x <y if and only if x = x Ay, or equivalently x Vy =y. Then (L,<) is a lattice
ordered set.

In view of the above two theorems, we can observe that, the concepts of lattice
and lattice ordered set are equivalent. We refer to it as a lattice in future.

DEFINITION 2.6. Let (P, <) be a poset. Then P is said to be complete lattice

if every non empty subset of P has least upper bound and greatest lower bound in
P.

THEOREM 2.3. If (P,<) is a poset bounded above each of whose nonempty
subsets R has an infimum, then each nonempty subsets of P has a suprimum, too,
and by the definition of AR = inf R, \| R = sup R, then P becomes a complete
lattice.

COROLLARY 2.1. If a bounded lattice is complete with respect to one of the
lattice operations, it is also complete with respect to the other.

DEFINITION 2.7. An algebra (L, V, A) of type (2, 2) is called an Almost Lat-
tice(AL) if it satisfies the following axioms. For any a,b,c € L:
A, (anNb)Ae=(bAa)Ac
As. (aVb)Ac=(bVa)Ac
As. (anb)Ac=aA(bAc)
Ay (aVb)Ve=aV (bVe)
As. aN(aVbd)=a
As. aV(aAnb)=a
A7 (aAb)Vb=b
LEMMA 2.1. Let L be an AL. Then for any a,b € L we have the following:
(1) aVa=a
(2) ana=a
(3) anb=a if and only ifaVb=1
DEFINITION 2.8. Let L be an AL and a,b € L. Then we say that a is less than
or equal to b and write as a < b if and only if a A b = a or, equivalently a V b = b.

THEOREM 2.4. Let L be an AL. For any a,b,c € L, we have the following.

(1) The relation < is a partial ordering on L and hence (L, <) is a poset.
(2) asb=aNb=bAa
(3) aNb=b<=aVb=a
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DEFINITION 2.9. An AL L is said to be directed above if for any a,b € L there
exists ¢ € L such that a < cand b < c.

THEOREM 2.5. Let L be an AL. Then the following are equivalent:

(1) L is directed above.
(2) A is commutative.

(3) V is commutative.

(4) L is a lattice.

DEFINITION 2.10. Let L be an AL. Then a nonempty subset I of L is said to
be an ideal of L if it satisfies the following:

(1) If 2,y € I, then there exists d € I such that dAz =z and d Ay = y.
(2) fxelanda€ L,then x Na € I.

THEOREM 2.6. Let L be an AL. Then the set Z(L) of all ideals of L form
a lattice under set inclusion in which the glb and lub for any I,J € I(L) are
respectively
INJ=InJ
and
IVJ={zelL|l (avb)Ahx=x for someacIandbe J}.

THEOREM 2.7. Let L be an AL. Then the following conditions are equivalent
in L:
) The intersection of any family of ideals is nonempty.
) The intersections of any family of ideals is again an ideal.
) The lattice J(L) has least element.
) The lattice J(L) is complete.
) The class PJ(L) has least element.

1
2
3
4
5
6) L has a minimal element.

(
(
(
(
(
(

DEFINITION 2.11. A proper ideal P of an AL L is said to be prime if for any
z,y € L, x ANy € P, then either x € Por y € P.

3. Final segments

In this section, we introduce the concept of a final segment in an AL L and we
give certain examples of final segments. Also, we establish a set of identities that
the set F,,(L) of all final segments of an AL L to become a complete lattice. First,
we begin with the following definition:

DEFINITION 3.1. Let L be an AL. A nonempty subset F of L is called a final
segment of L if for any a € L, z € F and = < a, implies a € F'.

EXAMPLE 3.1. Let L = {a,b,c}. Define V and A on L as follows:
al|b

and

o|lT|e | <
oo | >
oo | T
olo||o

o|lT|iol|lo
S R 2

al|b
b|b
clc
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Then clearly, (L, V,A) is an AL. Put F' = {b,c}. Then clearly, F is a final segment
of L.

EXAMPLE 3.2. Let A = {0,a} and B = {0,b1,b2} be two discrete ALs. Then
L=AxB={(0, 0),(0, b1),(0, b2),(a, 0),(a, b1),(a, b2)}. Now, define V and A
on L by point wise operations as follows:

V| (0,0) [(0,b1) | (0,b2) | (a,0) | (a,b1) | (a,bs)
(0,0) | (0,0) | (0,b1) | (0,b2) | (a,0) | (a,b1) | (a,b2)
(0,61) | (0,b1) | (0,01) | (0,01) | (a,b1) | (a,b1) | (a,b1)
(O>b2) (07b2) (07b2) (07b2) (a7b2) (aabQ) (a’bQ)
(a,0) | (a,0) | (a,b1) | (a,b2) | (a,0) | (a,b1) | (a,b2)
(a7 bl) (a7b1> (aabl) (aabl) (avbl) (aabl) (a’bl)
(a, bQ) (a, bg) ((L, bg) ((l, b2) (a, bg) (a, bQ) (a, bg)

and

A 1(0,0) | (0,b1) | (0,b2) | (a,0) | (a,b1) | (a,bo)
(0,0) | (0,0) | (0,0) | (0,0) | (0,0) | (0,0) | (0,0)
(0,61) [ (0,0) | (0,b1) | (0,b2) | (0,0) | (0,b1) | (0,b2)
(0,62) | (0,0) | (0,b1) | (0,b2) | (0,0) | (0,b1) | (0,b2)
(a,0) | (0,0) | (0,0) | (0,0) | (a,0) | (a,0) | (a,0)
(a,b1) | (0,0) | (0,b1) | (0,b2) | (a,0) | (a,b1) | (a,be)
(a,b2) | (0,0) | (0,b1) | (0,b2) | (a,0) | (a,b1) | (a,b2)

Then clearly, (L,V,A, )) is an AL with (0,0) as its zero element. Put F =
{(0,01),(0,b2), (a,0), (a,b1), (a,ba)}. Then clearly, F is a final segment of L. But,
F is not a sub AL, since (0,b1) A (a,0) = (0,0) ¢ F. Also, in Example 3.1, clearly
F ={a,b} is a sub AL, but not a final segment, since a < ¢, but ¢ ¢ F.

—~
=
—

In the following, we give a necessary and sufficient condition for a nonempty
subset of an AL L to become a final segment of L.

THEOREM 3.1. Let L be an AL. Then a nonempty subset F of L is a final
segment of L if and only if for allx € F anda € L, xVa € F.

PRrROOF. Suppose F is a final segment in L. Let z € F and a € L. Then we
have x < x V a and hence z V a € F. Conversely, assume the condition. Let F is a
nonempty subset of L with z € F and a € L such that x < a. Thena=zVa € F.
Thus F is a final segment. O

COROLLARY 3.1. Let L be an AL. If F is a nonempty subset of L such that
aVzeF forallz € F and a € L, then F is a final segment in L.

PROOF. Suppose F is a nonempty subset of an AL L. Let x € I and @ € L
such that x < a. Then a =xVa=aV x € F. Therefore F is a final segment. [

But, the converse of the above corollary is not true in general. For, consider a
discrete AL L with at least three elements. Let « # y € L — {0}. Then clearly {z}
is a final segment in L, but, y Vo =y ¢ {x}.
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Recall that an element m of an AL L is called maximal if for any z € L, m < =,
then m = z. Hence an element m of an AL L is maximal if and only ift m Az =z
forall z in L if and only if m V x = m forall z in L.

It can be easily observed that the union of any class of final segments is a final
segment, but, the intersection of any class of final segments need not be again a
final segment. In the following, we give set of identities that intersection of any
class of final segments is again a final segment in an AL L.

THEOREM 3.2. Let L be an AL and F,,(L) be the set of all final segments of L.
Then the following are equivalent:

2) L has greatest element.

3) L has unique mazimal element.

4) L is bounded above.

5) Fno(L) is a complete lattice with respect to set inclusion.

PROOF. (1) = (2):- Assume (1). Let a € L. Then clearly, [a) = {x € L/a <

x} is a final segment. Therefore by (1), () [a) is a final segment. Now, choose
acL
m € () [a). Then clearly, a < m for all @ € L. Hence m is the greatest element of
acLl
L.

(2) = (3) Suppose L has greatest element say m. Then clearly m is a maximal
element. We shall prove that L has unique maximal element. Suppose m1,mq are
two maximal elements in L. Since m is greatest element in L, m; < m and my < m.
It follows, my = ma Amy = ma A (Mg Am) = (ma Amy) Am = (mg Amg) Am =
mo A m = mso. Therefore L has unique maximal element.

(3) = (4):- Suppose L has unique maximal element say m. Then clearly aVm
is a maximal for all ¢ in L. Hence by (3), we get a V- m = m. Therefore a < m for
all @ € L. Thus L is bounded above by m.

(4) = (1): Suppose L is bounded above, say by m. Let {F,}|la € A be a

class of final segments. Then clearly m € (| F, and hence (| F, # 0. Now, let
aEA a€A
x € ()| Fyand 2 < a. Then z € F, for all @ € A and = < a. It follows that,
acA
a € F, for all « € A and hence a € (| F,. Therefore [\ F, is a final segment of
aEA a€EA
L.

Proof of (1) < (5) is clear. O

COROLLARY 3.2. Let L be an AL with 0 and F, (L) be the set of all final
segments in L. Then the following are equivalent to each other.

(1) The intersection of any class of final segments is a final segment.
(2) L has largest element.

(3) L has unique mazimal element.

(4) L is bounded.

(5) Fn(L) is a complete lattice with respect to set inclusion.
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4. Filters in ALs

In this section, we introduce the concept of a filter in an AL L and describe
the smallest filter containing a given nonempty subset of L. We prove that every
filter F' of an AL L is a final segment of L, but not converse and the set F(L) of
all filters of an AL L form a lattice with respect to set inclusion and we prove the
set PF(L) of all principal filters of L is a sublattice of the lattice F(L). Also, we
establish a set of identities that the set F(L) all filters in an AL L to become a
complete lattice. Finally, we introduce the concept of prime filters in an AL and
we prove a necessary and sufficient condition for a proper filter to become a prime
filter. First, we begin with the definition of a filter.

DEFINITION 4.1. Let L be an AL. Then a nonempty subset F' of L is said to
be a filter if it satisfies the following:
(1) 2,y € F, implies z Ay € F.
(2) x€ Fanda € L, impliesaVz € F.

EXAMPLE 4.1. Let L = {a,b,c} be an AL given in Example 3.1. Then clearly,
F ={b,c} is a filter of L.

EXAMPLE 4.2. Consider, an AL L in Example 3.2. Then clearly, F' = {(a, b;),
(a,b2)} is a filter of L.

It can be easily seen that every filter of an AL L is a sub AL of L. But, converse
need not be true.
For, consider the following example.

EXAMPLE 4.3. Let L be an AL given in Example 3.1. Put F' = {a,b}. Then
clearly, F' is sub AL of L. But, since cVa=c¢ F,F is not a filter.

Let us recall that, an element m of L is said to be maximal (minimal) if and
only if mAz=xz(xAm=m)if and only ift mVax =m(xVm =z) for all x € L.
Therefore it can be easily seen that every filter of an AL L contains all maximal
elements in L. Now, we prove the following.

THEOREM 4.1. Let L be an AL with a minimal element say m. If F is a filter
in L such that m € F, then F = L.

PROOF. Suppose F' is a filter of L such that m € F. We shall prove that
F =L. Now, let x € L. Then © = xVm. Therefore x € F. Hence L C F. But, we
have F C L. Thus F = L. O

THEOREM 4.2. Let L be an AL L with a mazimal element. Then the set of all
maximal elements of L form a filter.

PROOF. Suppose L has a maximal element say a. Now, put F = {m| m is a
maximal element in L}. Then clearly F is non empty, since a € F. Let x,y € F.
Then for any ¢t € L, we have x At =t and y At =t. Now, (xAy)At=xA(yAt) =
x ANt = t. Therefore z A y is a maximal element. Hence z Ay € F. Also, let
x€Fandte L. Now,letse€ L. Then (tVz)Vs=tV(zVs)=tVe. ThustVaz
is a maximal element of L. Hence ¢t V z € F. Therefore F is a filter of L. O
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In the following, we describe a filter generated by a given nonempty subset of
an AL L.

THEOREM 4.3. Let L be an AL and S be a nonempty subset of L. Then
[S):{x\/(/\sm r€Ll,s; €S forl<i<nandnec Z%}
i=1
is the smallest filter of L containing S.

PrOOF. Let S(# 0) C L. Put

T:{/\si|si€Sfor1<i<nandn€Z+}
i=1
and let H ={x € Lz At =1t for some t € T}. First, we prove that [S) = H. Let
a€lS). Thena==xV (A, si) where z € L,s; € S for 1 <i<nandnec Z*.
But, since A;_; si € T and (z V (Al s:)) A (Ai=q si) = N\i_y 8i, it follows that,
a € H. Therefore [S) C H. Conversely, suppose a € H. Then a At =t for some
t € T. Therefore we can write t = /\:,l:1 s; where s; € Sforl1 <i<nandne Z+.
Hence a =aVt=aV (A, s;). Thus a € [S). Therefore H C [S). Thus [S) = H.
Clearly, S C T C [S). Now, let 2,y € [S). Then there exists t1,to € T, such that
x Aty =t and y Ate =to. Then 1 Ata = (x At1) A (yAte) = ((x At1) Ay) Atg =
(At AY)Ata=axzA((B1AY)Ata) =axA((yAt) Ata) =z A(yA (81 Ate)) =
(x Ay) A (t1 Ate). Thus (z Ay) A (t1 Ata) = t1 Atg, since t1, to € T. Therefore
x Ay € [S). Again, let € [S) and a € L. Then there exists ¢ € T such that
xAt=t. Now, (aVz)Vi=aV (rVt)=aVuz It follows that, (aVz)At=1.
Therefore aVa € [S). Thus [S) is a filter of L containing S. Suppose F is a filter of L
such that S C F. We shall prove that [S) C F. Let a € [S). Thena = zV (Al s;)
where x € L, s; € S foralli, 1 <i<nandne Z*. It follows that, s; € F for all
i, 1 <i<nandhence A\, s; € F. Thusa=2xV (A\._, s;) € F. Hence [S) C F.
Therefore [S) is a smallest filter containing S. O

Note that, if S = {a}, then we write [a) instead of [{a}).

COROLLARY 4.1. Let L be an AL and a € L. Then [a) = {z V a|lz € L} is the
smallest filter of L containing a and is called a principal filter generated by a.

COROLLARY 4.2. Let L be an AL. Then for any a,b € L, a € [b) if and only if
a=aVhb.

PROOF. Suppose a,b € L and suppose a € [b). Then a = z Vb for some z € L.
Now,aVb=(zVb)Vb=2V (bVb) =xVb=a. Therefore a = aVb. Converse
follows by the definition of [b). O

COROLLARY 4.3. Let L be an AL and a,b € L. Then a € [b) if and only if
[a) € [b).

PRrROOF. Suppose a € [b). Then a = aVb. Now, let ¢ € [a). Then t =tV a.
Now, t Vb= (tVa)Vb=1tV (aVb) =tVa=t. Therefore ¢t € [b). Thus [a) C [b).
Converse is trivial. O
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COROLLARY 4.4. Let L be an AL and F be a filter of L. Then for any x,y €
L, xVy e F ifand only if yVx € F.

PROOF. Suppose xVy € F. Then (yVz)V (zVy) € F. This implies y V (z V
(xVy)) € F. It follows that, y V (x Vy) € F. Hence (yV z)Vy € F. Therefore
y V x € F. Similarly, we can prove the converse. O

COROLLARY 4.5. Let L be an AL. Then for any x,y € L,[xVy) = [y V ).

PROOF. We have 2 Vy € [z V y) and hence y Vo € [z V y). It follows that,
[y Va) C [zVy). Similarly, we can prove that [ Vy) C [y V x). Therefore
[zVvy)=[yVa). o

COROLLARY 4.6. Let L be an AL and F be a filter of L. Then for any x €
Fanda € L,xVaé€F and hence F is a final segment of L.

But, converse of Corollary 4.6 is not true. For, in Example 3.2,
F = {(0,b1),(0,b2), (a,0), (a,b1), (a,b2)} is a final segment but, not a filter, since
(a,0) A (0,b1) = (0,0) ¢ F. Next, we prove that the set of all filters of an AL L is
a lattice.

THEOREM 4.4. Let L be an AL. Then the set F(L) of all filters of L is a lattice
under set inclusion, in which the glb and lub of any F and G in F(L) are given
respectively by:

FANG=FnNG

and
FvG={zeLlxV(aAb) =z for some a € F and b € G}

PROOF. Clearly, (L) is non empty and is a poset with respect to set inclusion.
Let F,G € F(L). Then clearly, FNG is the glb of F and G in F(L). Now, we shall
prove that FVG = {z € L|zV (aAb) = x for some a € F and b € G} is the lub of
F and G in F(L). We have F and G are nonempty. Since for any z € F and y € G,
z=zV(xAy)and y =yV (xAy), and hence z,y € FF'VG, FVG is nonempty. Let
x,y € FVG. Then zV (a1 Aby) = z and y V (az A az) = y for some ay,as € F and
b1,b2 € G. Then x A (a1 Ab1) = a3 Aby and y A (a2 A bz) = as A by. Tt follows that,
(x/\(a1/\b1))/\(y/\(a2/\b2)) = al/\bl/\ag/\bg. Hence (QfAy)/\((al/\CLg)/\(bl/\bg)) =
(a1 Aaz) A(by Abz). Therefore (xAy)V ((a1 Aaz) A(by Ab2)) = x Ay where ag Aag € F
and by A by € G. Therefore t Ay € FVG. Also,let z € FV G and t € L. Then
xV(anb) = x for some a € F'and b € G. Now, (tVz)V(aAb) =tV(zV(and)) =tVz.
Hence t Vx € FVG. Therefore F'V G is a filter. Clearly, F'V G is an upper bound
of F' and G. Suppose K be a filter of L such that F,G C K. We shall prove that
FVGCK. Now, let z € FVG. Then 2V (a Ab) =z for some a € F and b € G.
Therefore a,b € K and hence a Ab € K. It follows that, z = 2V (a A D) € K.
Therefore F'V G C K. Thus F' V G is the lub of F' and G. Therefore (L) of all
filters of L is a lattice. (]

In the following, we prove the set PF (L) of all principal filters of an AL L is a
sublattice of the lattice F(L) of all filters of L. For this, first we need the following.
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LEMMA 4.1. Let L be an AL and a,b € L. If a <b, then [b) C [a).

PRrROOF. Suppose a < b. Thenb=aVb=>bVa. Now, let t € [b). Thent =¢Vb.
Now, tVb=1¢tV (bVa)= (tVb)Va=1tVa. Hencet € [a). Therefore [b) C [a). O

LEMMA 4.2. Let L be an AL and a,b € L. Then we have the following:

(1) [@) V) = [anb) = b Aa)
@) [&)N ) =[av)=DVa)

PROOF. (1) Let t € [a AD). Thent =tV (aAb). Since a € [a) and b € [b),
t € [a) V [b). Therefore [a Ab) C [a) V [b). Conversely, let € [a) V [b). Then
x=2xV (sAt) for some s € [a) and t € [b). It follows that, s=sVaandt=tVb
and hence a =sAaand b=t Ab. Now, a Ab= (sAa)AN({EAD)=(sAt)A(aND).
Consider, zV (aAb) =z V ((sAt) A(aAD) =(xV (sAt)V((sAt)A(aAb)) =
xV((sAt)V((sANt)A(aAd) =aV(sAt) =z Therefore x € [a Ab) and
hence [a) V [b) C [a Ab). Thus [a) V [b) = [a Ab). Now, let t € [b Aa). Then
t =tV(bAa). Since b € [b), a € [a), it follows that, t € [b)V[a) = [a)V[b). Therefore
[bAa) Cla)VI[b). Conversely, let t € [a) V[b) = [b) V[a). Then t =tV (z Ay)
where x € [b) and y € [a) and hence x = z Vb and y = y V a. It follows that,
b=xzAband a=yAa. Now,bAa=(xAb)A(yAa)=(zAy)A(bAa). Consider,
tV(bAa) = (tV(xAY))V((xAy)A(bAG)) = tV((zAy)V((xAYy)A(BA))) = tV(zAy) = t.
Therefore t € [b A a) and hence [a) V [b) C [b A a). Therefore [a) V [b) = [b A a).

(2) By Corollary 4.5, we have [a V b) = [bV a). Now, let ¢ € [a) N [b). Then
t € la)andt € [b) and hence t = tVa and t = tVb. Hencet = tVt = (tVa)V(tVd) =
(tVa)Vt)Vb = (tVa)Vb =tV (aVb) € [aVb). Hence [a)N[b) C [aVD). Conversely,
we have a < aVband b <bVa. Therefore [aVb) C [a) and [bV a) C [b). It follows
that, [a V b) C [a) N [b). Therefore [a) N [b) =[aVb) =[bV a). O

LEMMA 4.3. Let L be an AL. Then for any a,b € L, the following are equivalent:
(1) (a] < (b]
(2) bAa=a
(3) bVa=hb
(4) [b) € [a)

PROOF. (1) = (2):- Suppose (a] C (b]. Then a € (a] C (b]. Hence a € (b].
Therefore a = b A a.
Proof of (2) = (3) is clear.
(3) = (4):- Suppose bV a="b. Let t € [b). Thent =¢tVb. Now, t =tVb=
V({bVa)=(tVbVa=tVae [a). Therefore [b) C [a).
(4) = (1):- Suppose [b) C [a). Let t € (a]. Thent =aAt. Now, t =aAt=
(bAa)ANt=bA(aNnt)=bAt € (b]. Therefore (a] C (b]. O

COROLLARY 4.7. Let L be an AL. Then for any a,b € L, (a] = (b] if and only
if [a) = [b).

Now, we have the following theorem whose proof follows by Lemmas 4.2, 4.3
and Corollary 4.7.
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THEOREM 4.5. Let L be an AL. The class P(F(L)) of all principal filters of L
is a sublattice of the lattice F(L) of all filters of L. Moreover, the lattice P(F(L))
is dually isomorphic onto the lattice P(F(L)).

We have seen that the intersection of a finite family of filters is again a filter.
But, the intersection of an arbitrary family of filters need not be a filter in an AL
in general. In the following, we establish a set of identities that intersection of any
family of filters is again a filter.

THEOREM 4.6. Let L be an AL. Then the following conditions are equivalent

in L:

(1) The intersection of any family of ideals is nonempty.

(2) The intersection of any family of ideals is again an ideal.

(3) The lattice Z(L) has least element.

(4) The lattice Z(L) is complete.

(5) The lattice PZ(L) has least element.

(6) The lattice PF(L) has greatest element.

(7) L has a minimal element.

PROOF. In view of Theorem 2.7, it is enough to prove that (5) = (6) and
(6) = (7).

(5) = (6): Suppose PZ(L) has least element say (a]. Then (a] C (z] for all
x € L. Therefore [x) C [a) for all z € L. Hence [a) is the greatest element of
PF(L).

(6) = (7): Suppose PF(L) has greatest element say [a). Then [z) C [a) for all
x € L. Therefore x € [a) for all z € L. Hence z =z Va for all z € L. Thus a is a
minimal element of L. g

THEOREM 4.7. Let L be an AL. Then the following conditions are equivalent
in L:
The intersection of any family of filters is nonempty.
The intersection of any family of filters is again a filter.
The lattice F(L) has least element.
The lattice F(L) is complete.
The lattice PF(L) has least element.
The lattice PZ(L) has greatest element.
) L has a mazimal element.

O o —

(1
(2
(3
(4
(5
(6
(7

PROOF. (1) = (2): Assume (1). Suppose {F,}aea is a family of filters in L.

Then by (1), we get F = [\ F, is nonempty. Let z,y € F. Then z,y € F,
aEA
for all @« € A. Since each F, is filter, x Ay € F,, for all « € A. It follows that,

xANy€ () Fo = F. Now, let x € F and ¢t € L. Then z € F, for all a € A.
aEA
Therefore t Vx € F,, for all « € A. Hence t Vx € F. Thus F' is an filter.

Proof of (2) = (3) is clear.
(3) = (4): Assume (3). Then clearly F(L) is bounded below. Now, we shall
prove that any nonempty subset of F(L) has suprimum. Let {F,}, € A be a



80 G. N. RAO AND HABTAMU T. A.

nonempty subset of F(L). Now, define \/ F, = {z € L | (3 a1,02,....,ap, €
acA

A, neZ%), (3a; €F,,) such that xV (a1 ANag A .... A a,,) = x}. Now, we prove

that \/ Fy is the lub of {Fy}aea in F(L). Clearly, each {F,}aca is contained

aEA
in \/ F, and hence \/ F, is nonempty. Let z,y € \/ F,. Then there exists
acA aEA aEA

a1, Q9,...,0 €A, nE€ZT, and a; € F,, such that x V (a1 Nag A ... N a,) = x,
also there exists 1, 82, ..., B € A, m € Z+, and b; € Fg; such that yV (by A by A
oo Nby) = y. Now, consider (x Ay) A ((ag Aag Ao Aap) A(by Aba A . Aby)) =
(A (@A ANap))A(YA (DL A ADp)) = (a1 Aag A...an) A(by Aba A ... Aby,). Tt follows
that, (xAy)V (a1 Aag A...ANap) A(bi Aba A...Aby,)) = x Ay. Therefore there exists
V1,725 s Yngm € A, n+m € Z1, and ¢ € F,, such that (x Ay)V (c1 Aca Ao A

Cntm) = xAy. Hencex Ay € \/ F,. Again,letz € \/ F, andt € L. Then there
a€EA aEA

exists a1, g, ...,an, €A, n € ZT, and a; € F,, such that xV (a1 AagA....Aay,) = .
Now, consider (tVz)V (a1 Aag A ... Nap) =tV (xV(ag Aaz A....Nay)) =tV

Therefore tVa € \/ F,. Thus \/ F, is a filter of L. Clearly, \/ F, is an upper
acA aEA aEA

bound of {F, }aea. Suppose H € F(L) such that H is an upper bound of {F, }aeca.
Then F,, C H for all « € A. We shall prove that \/ F, C H. Let x € \/ F,.
aEA a€A
Then there exists a1, as,...,an, € A, n € Z%, and a; € Fy,, such that xV (a1 A
as A ... \Nayp) = x. Since a; € F,, C H for all o, a; € H for all i. It follows that,

aj Nag A...Nay, € H and hence z = 2V (a1 Aaz A ... Nay) € H. Thus \/ F, C H.
aEA
Therefore \/ F, is the lub of {F,}aea. Therefore by Theorem 2.3, F(L) is a
aEA
complete lattice.

(4) = (5): Suppose F(L) is complete. Since PF(L) C F(L), PF(L) has a
greatest lower bound say F. Now, it remains to prove that I is a principal filter.
Let a € F. Then [a) C F. On the other hand F' C [a) since F is the glb of PF(L).
Therefore [a) = F. Thus F is the least element in PF(L).

(5) = (6): Suppose PF(L) has least element say [a). Then [a) C [z) for all
x € L. It follows that, (z] C (a] for all z € L. Hence (a] is the greatest element of
PZ(L).

(6) = (7): Suppose PZ(L) has greatest element say (a]. Then (x] C (a] for
all z € L. Tt follows that, « € (a] for all z € L and hence a A z = x for all z € L.
Therefore a is maximal.

(7) = (1): Suppose L has a maximal element. Since every filter in L con-
tains a maximal element, it follows that the intersections of any family of filters is
nonempty. (]

Next, we introduce the concept of prime filters in an AL L and we derive
necessary and sufficient conditions for a proper filter to become a prime filter.

DEFINITION 4.2. Let L be an AL. Then a proper filter P of L is said to be
prime filter if and only if for any z,y € L, * Vy € P implies x € P or y € P.



FILTERS IN ALMOST LATTICES 81

In Example 4.1, F = {b,c} is a prime filter. But, in Example 4.2, F =
{(a,b1), (a,bz)} is a filter, but not a prime filter since (a,0) V (0,b1) = (a,b1) € F,
but (a,0),(0,b1) ¢ F. Now, we prove a necessary and sufficient condition for a
proper filter to become a prime filter.

THEOREM 4.8. Let L be an AL and P be a proper filter of L. Then P is a
prime filter if and only if for any filters F' and G of L, FFNG C P implies either
FCPorGCP.

PRrROOF. Suppose P is a prime filter. Suppose F' and G are filters of an AL L
such that F NG C P. Suppose F' ¢ P. Then there exists z € F such that z ¢ P.
Let y € G. Then x Vy € G. Also, yVz € F and hence z Vy € F. Therefore
xVy € FNG C P. Since P is prime filter and = ¢ P, y € P. Thus G C P.
Conversely, assume the condition. We shall prove that P is a prime filter. Let
x,y € L such that z Vy € P. Then (z] N (y] = (x Ay] C P. Therefore either
(x] C P or (y] C P. Hence x € P or y € P. Thus P is prime. O

Finally, we establish a necessary and sufficient condition for a proper subset of
an AL L to become a prime ideal in terms of prime filters.

THEOREM 4.9. A subset P of an AL L is a prime ideal of L if and only if L— P
is a prime filter of L.

PROOF. Suppose P is prime ideal of L. We shall to prove L — P is a prime
filter. Since P is proper and P # (), L — P is a nonempty proper subset of L. Let
2,y € L — P. Then x,y ¢ P. This implies, z Ay ¢ P and hence x Ay € L — P.
Now,letzx € L—Pandte€ L. Thenxz ¢ P. IftVvez € P,thenz = (tVz)Azx € P,
a contradiction to « ¢ P. Therefore ¢ V 2 ¢ P and hence ¢ V2 € L — P. Therefore
L— P isafilter of L. Let «,y € L such that , y ¢ L— P. Then z, y € P and hence
xVy € P. It follows that, xt Vy ¢ L — P. Thus L — P is a prime filter. Conversely,
suppose L — P is a prime filter. Then clearly, P is a nonempty proper subset of L.
Let x,y € P. Then x,y ¢ L — P. Since L — P is a prime filter, x Vy ¢ L — P.
Thus 2 Vy € P. Again, let x € Pandt € L. Thenz ¢ L — P. Ifx At € L — P,
then x =2 V (x At) € L — P, a contradiction. Therefore © At ¢ L — P and hence
x At € P. Thus P is an ideal of L. Now, let x,y € L such that z,y ¢ P. Then
x,y € L — P. Since L — P is a filter, x Ay € L — P. Hence x Ay ¢ P. Therefore P
is a prime ideal of L. O
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