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IDEALS IN ALMOST LATTICES

G. Nanaji Rao and Habtamu Tiruneh Alemu

ABSTRACT. The concepts of an initial segment and an ideal in an Almost
Lattice AL are introduced and proved that the set of all initial segments of an
AL L with 0 form a complete lattice with respect to set inclusion. Described
the smallest ideal containing a given nonempty subset of an AL L. Also,
proved that the set of all ideals Z(L) of an AL L form a lattice with respect
to set inclusion and the set PZ(L) of all principal ideals of L is a sublattice of
the lattice Z(L). A set of identities for Z(L) to become a complete lattice is
established. Moreover, the concept of a prime ideal in an AL L is introduced
and a necessary and sufficient condition for a proper ideal to become a prime
ideal is obtained. An isomorphism between the lattice of all ideals Z(L) of an
AL L and the lattice of all ideals I(PZ(L)) of the lattice PZ(L) is obtained and
a one-to-one correspondence between prime ideals of L and those of PZ(L) is
established. Further, an isomorphism between amicable sets M (as a lattice)
of an AL L and the lattice PZ(L) of all principal ideals of an AL L is derived.

1. Introduction

Ideals were first studied by Dedekind, who defined the concept for rings of
algebraic integers. Later the concept of ideal was extended to rings in general. M.
H. Stone investigated ideals in Boolean rings, which are lattice of a special kind.
There is already a well-developed theory of ideals in lattice. There are only one
reasonable way of defining what is to be meant by an ideal in a lattice. Recall that
Dedekind’s definition of an ideal in a ring R is that it is a collection J of elements
of R which (1) contains the difference a — b, and hence the sum a + b, of any two of
its elements a and b of J, and (2) contains all multiples such as azx or ya of any of
z,y € R and a € J. By analogy, a collection J of elements of a lattice L is called
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an ideal if (1) it contains the lattice sum a V b of any two of its elements a and
b, and (2) it contains all multiples a A x of any € L and a € J. The analogy
is that the greatest lower bound, or lattice meet a A b corresponds to product in
a ring, and the least upper bound, or lattice join a V b corresponds to the sum of
two elements in a ring. The concept of Almost Lattice (AL) was introduced by G.
Nanaji Rao and Habtamu Tiruneh Alemu [3] as a common abstraction of almost all
lattice theoretic generalizations of Boolean algebra like distributive lattices, almost
distributive lattices and lattices and established necessary and sufficient conditions
for an AL L to become a lattice. Also, the concept of amicable sets in almost
lattices (AL) [4] was introduced by G. Nanaji Rao, Habtamu Tiruneh Alemu and
Terefe Getachew Beyene and proved that every maximal set in L is embedded in
an amicable set in L and also proved that every amicable set in L is embedded in
a maximal set with unielement.

In this paper, the concept of an initial segment in an AL L is introduced and
proved that the set of all initial segments of L with 0 form a complete lattice with
respect to set inclusion. Also, the concept of an ideal in an AL L is introduced and
described the smallest ideal containing a given nonempty subset of an AL L. Also,
proved that the set of all ideals Z(L) of an AL L form a lattice and derived a set
of identities that the lattice Z(L) to become a complete lattice. We proved that
the set PZ(L) of all principal ideals of an AL L is a sublattice of the lattice Z(L).
Further, the concept of a prime ideal in an AL L is introduced and a necessary and
sufficient condition for a proper ideal to become prime ideal is established. Also, an
isomorphism between the lattice of all ideals Z(L) of an AL L and the lattice of all
ideals I(PZ(L)) of the lattice PZ(L) is obtained and a one-to-one correspondence
between prime ideals of L and those of PZ(L) is established. Finally, an isomor-
phism between amicable sets M (as a lattice) of an AL L and the lattice PZ(L) of
all principal ideals of an AL L is derived.

2. Preliminaries

In the text, we are using the two references [3] and [4] most frequently, that
was published by us (the authors of this article). Also, the major work of the text
is based on these two papers. But, the other reference ([1, 2, 5, 6, 7]) are used as
a basic foundation for the text.

In this section, we collect a few important definitions and results which are
already known and which will be used more frequently in the text.

DEFINITION 2.1. An algebra (L, V, A) of type (2, 2) is called an Almost Lat-
tice(AL) if it satisfies the following axioms. For any a,b,c € L:
Ai. (anb)Ac=(bANa)Ac
As. (aVb)Ac=(bVa)Ac
As. (anNb)Ac=aAN(bAc)
Ay (aVvd)Ve=aV(bVc)
As. aA(aVb)=a
Ag. aV(aAb)=a
A7 (aAb)Vb=b
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LEMMA 2.1. Let L be an AL. Then for any a,b € L we have the following:
(1) avVa=a
(2) ana=a
(3) anb=a if and only ifaVb=10

DEFINITION 2.2. Let L be an AL and a,b € L. Then we say that a is less than
or equal to b and write as a < b if and only if a A b = a or, equivalently a Vb = b.

THEOREM 2.1. Let L be an AL. For any a,b,c € L, we have the following.
(1) The relation < is a partial ordering on L and hence (L, <) is a poset.
(2) a<b=aAb=bAa
(3) aNnb=b<=aVb=a
DEFINITION 2.3. An AL L is said to be directed above if for any a,b € L there
exists ¢ € L such that a < cand b < c.

THEOREM 2.2. Let L be an AL. Then the following are equivalent:

(1) L is directed above.
(2) A is commutative.
(3) V is commutative.
(4) L is a lattice.

DEFINITION 2.4. For any a,b € L of an AL L, a is said to be compatible with
b, written as a ~ b if and only if a Ab=b A a or, equivalently, a Vb =bV a.

DEFINITION 2.5. A subset S of an AL L is said to be compatible if a ~ b for
all a,b e S.

Note that for any a in an AL L, {a} is a compatible set of L and the set F of
all compatible sets of L is a poset with respect to set inclusion.

DEFINITION 2.6. Let L be an AL. Then by a maximal set in L is a maximal
element in the poset (F, C).

DEFINITION 2.7. An algebra (L, V, A,0) of type (2,2,0) is called an AL with 0
if it satisfying the following axioms. For any a,b,c € L:

(A1) (and)re=(bAa)Ac
(A2) (avb)Ae=(bVa)Ac
(A3) (aAD)Aec=aNn(bAc)
(Ag) (avVb)Ve=aV (bVe)
(A5) an(aVd)=a

(46) aV(anb)=a

(A7) (anb)Vb=b

(01) 0Aa=0

DEFINITION 2.8. Let L be an AL. Then an element a € L is maximal if for any
r € L, a<ximplies a = x.

PRrROPOSITION 2.1. For any m € L of an AL L, the following are equivalent:
(1) m is mazimal.
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(2) mVz=m, Vr e L.
(3) mAx ==, Vx € L.

THEOREM 2.3. Let M is a maximal set in an AL L. Then M is a lattice with
respect to induced operations.

PRrROPOSITION 2.2. Let M be a maximal set of an AL L and a € M. Then for
anyxr €L, xNa€e M.

DEFINITION 2.9. Let M be a maximal set in an AL L. Then an element z € L
is said to be M-amicable if there exists a € M such that a A x = x.

THEOREM 2.4. Let M be a mazimal set in an AL L and x € L be M-amicable.
Then there is a smallest element a € M with the property a A x = x.

Note that such smallest element a in M is denoted by =M.

COROLLARY 2.1. Let M be a maximal set in an AL L and x € L be M-amicable.

Then M is the unique element of M such that 2™ ANz = x and x A 2™ = M.

Note that if M is a maximal set in an AL L, then we denote the set of all
M-amicable elements of L by Aps(L).

DEFINITION 2.10. A maximal set M in an AL is said to be amicable if Ay;(L) =
L.

THEOREM 2.5. Let M be a maximal set in an AL L and x,y € L be M-amicable
such that x ~y. Then ™ = yM if and only if v = y.

3. Initial segments in ALs

In this section, we introduce the concept of an initial segment in an AL L and
prove some basic properties of an initial segment. Also, we prove that the set of all
initial segments of an AL L with 0 is a complete lattice. We describe the smallest
initial segment generated by a nonempty subset of an AL L with 0. First, we begin
with the following.

LEMMA 3.1. Let L be an AL with 0 and I be a nonempty subset of L. Then the
following are equivalent to each other.

(1) Ifx €I and a € L such that a < x, then a € 1.
(2) Ifae L, thenaAxz el forallzel.

PROOF. (1) = (2):-Assume (1). Let « € and a € L. Then we have a Az < .
Therefore by (1), we get a Az € I.
(2) = (1):- Assume (2). Let x € I and a € L such that a < x. Then we have
a=aAx. It follows by (2), a € I. O

DEFINITION 3.1. A nonempty subset I of an AL L is called an initial segment
in L if it satisfies any one of the above two condition.

Now, we prove the following.
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THEOREM 3.1. Let I be a nonempty subset of an AL L such that x Na € I for
all x € I and for all a € L. Then I is an initial segment.

PROOF. Let x € I and a € L such that a < . Now, consider a = a A x =
xANa € I. Thus a € I. Therefore I is an initial segment. O

But, the converse of the above theorem is not true. For, consider the discrete
AL L with 0 with at least two elements. Choose © # y € L—{0} and put I = {0, z}.
Then clearly I is an initial segment of L. But, z Ay =y ¢ I. It is clear that if L is
an AL with 0, then every initial segment I of L contains the zero element 0. In the
following, we prove that the intersection (union) of any class of initial segments of
an AL L is again an initial segment.

THEOREM 3.2. Let L be an AL with 0. Then the intersection(union) of any
class of an initial segments of L is also an initial segment of L.

PrOOF. Let T = {I, /o € A} be any class of initial segments of L. Then

clearly L € 7 and hence Z # ). Also, since 0 € I, forallain A,0€ () Io( U Ia)
a€A aEA
and hence () Io( U I.) # 0. Clearly, () Io( U I.) is an initial segment of

aEA aEA aEA aEA
L. U

In view of Theorem 3.2, we have the following.

THEOREM 3.3. The set In(L), of all initial segments of an AL L with 0 is a
complete lattice with respect to set inclusion.

Next, we prove the smallest initial segment generated by a nonempty subset of
an AL L.

THEOREM 3.4. Let L be an AL and X(# 0) C L. Then X* ={a € L | a <
x for some x € X} is the smallest initial segment containing X .

PROOF. Let X(#0) C Land X¥={a€ L |a<x for some x € X}. Then
since X # 0, X+ # (). Let a € X+ and t € L such that ¢ < a. Then we have a < z
for some x € X. Hence we get t < a < x. Therefore t < z,z € X. Thus t € X4
Therefore X+ is an initial segment in L. Clearly X C X*. Suppose H is an initial
segment of L such that X C H. Now, let a € X*¥. Then a < 2 for some = € X. It
follows that, ¢ < = and © € H. Therefore ¢« € H and hence XV C H. Therefore
XV is the smallest initial segment containing X. O

DEFINITION 3.2. Let L be an AL and X (# @) C L. Then the initial segment
X* is called the initial segment generated by X.

COROLLARY 3.1. Let L be an AL and x € L. Then z¥ = {a € L|a < z} is an
initial segment and is called the principal initial segment generated by x.

COROLLARY 3.2. Let L be an AL and X(# 0) C L. Then |J x% = X+
reX
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PROOF. Let a € |J x%. Then a € z* for some » € X. This implies a < .

zeX
Hence a € X*+. Therefore U b C X*+. Conversely, suppose a € x+. Then a < x
rzeX
for some z € X. It follows that, a € z+ and hence a € |J x*. Thus X+ C |J z*.
zeX z€X
Therefore X+ = |J =t. O
zeX

4. Ideals in ALs

In this section, we introduce the concept of an ideal in an AL L and describe
the smallest ideal containing a given nonempty subset of L. We prove the set Z(L)
of all ideals of an AL L form a lattice and the set PZ(L) of all principal ideals of
L is a sublattice of the lattice Z(L). Also, we establish a set of identities that the
lattice Z(L) is a complete lattice. Now, we begin this section with the following.

DEFINITION 4.1. Let L be an AL. Then a nonempty subset I of L is said to be
an ideal of L if it satisfies the following:
(1) If z,y € I, then there exists d € I such that d Az =x and d Ay = y.
(2) fxelanda€ L,then x Na € I.

LEMMA 4.1. Let L be an AL and I be an ideal of L. Then the following are
equivalent:
(1) z,y €I, implieszVyel
(2) x,y € I, implies there exists d € I such that dANx =x and dANy=y.

PROOF. (1) = (2) Assume (1). Suppose z,y € I. Then by (1), zVy € I and
(xvVy)ANx=z, (xVy ANy =y.
(2) = (1):- Assume (2). Let x,y € L. Then there exists d € I such that
dNz =x and d ANy = y. It follows that, dVax = d and d Vy = d. Consider,
dV(zVy)=([dVz)Vy=dVy=dand hence zVy=dA(zVy)eE Ll O

COROLLARY 4.1. Let L be an AL and I be an ideal of L. Then I is a sub AL
of L.

But, converse of the above corollary is not true. For, consider the following
example.

EXAMPLE 4.1. Let L = {a,b,c}. Define a binary operation V and A on L as
below:

Vial|b]|c Alalb|c
alal|b]|c alalala
5555 B alble
clclc|c cla|blc

Then clearly, (L,V,A) is an AL. Put I = {a,b}. Clearly, I is sub AL of L. But,
since bAc=c¢ I,1is not an ideal.

COROLLARY 4.2. Let L be an AL and I be an ideal of L. If x € [ and a € L,
thena ANz el.
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PROOF. Suppose x € I and a € L. Then z Aa € I. Now, consider a A x =
aN(zAhz)=(aNz)ANz=(xANa) ANz € I. Therefore a Nz € I. O

In the following, we describe the ideal generated by a given nonempty subset
S of an AL L and prove that this is the smallest ideal of L containing S.

THEOREM 4.1. Let S be a nonempty subset of an AL L. Then

(5] ={(

siyANzx | s; €S, x € Landn is a positive integer}

Z.

=1

is the smallest ideal of L containing S.
PROOF. Suppose S is a nonempty subset of L. We shall prove that

(5] =A(

si) ANz | s; €S, x € Land n is a positive integer}

=

i=1

is the smallest ideal of L containing S. Clearly, S C (S] and hence (S] # 0. Let
(Vi si) A, (\/;n:1 ti) Ny € (S]. Put d = (Vi si)V (\/;":1 t;). Then clearly
de (Sland dA ((Vie;si) Ax) = (dA (Vieys:) Az = (Vi si) Az. Similarly,
we can prove that, d A (V7L t;) Ay) = (V= tj) Ay. Also, if (Vi i) Az € (5]
and p € L, then ((Vi_; ) Ax) Ap = (Vie;si) A (x Ap) € (S]. Therefore (5] is
an ideal of L containing S. Suppose H is an ideal of L such that S C H. Now, let
(Vi_,si) Az € (S] where s; € S for all i and x € L. Then s; € H for all i and
z € L and hence /!, s; € H. Now, since H is an ideal, (\/_,s;) Az € H. It
follows that, (S] C H. Therefore (5] is the smallest ideal containing S. O

If S = {a}, then we write (a] instead of ({a}]. With this notion we have the
following.

COROLLARY 4.3. Let L be an AL and a € L. Then (a] = {a Azx| z € L} is an
ideal of L and is called principal ideal generated by a.

COROLLARY 4.4. Let L be an AL and a,b € L. Then a € (b] if and only if
a=>bAa.

PROOF. Suppose a € (b]. Then a = b At for some t € L. Now, bAa =
bA(bAt) =bAt=a. Therefore a = b A a. Converse follows by the definition of
(b]. O

COROLLARY 4.5. Let I be an ideal of an AL L and a,b € L. Then a ANb € I if
and only ifbAa € I.

PROOF. Suppose a Ab € I. Then (a Ab) Aa € I. Now, consider b A a =
bA(aNa)=(bAa)ANa=(aAb)ANa €I Hence bAa € I. Similarly, we can prove
that if bAa €1, thenaAbe 1. O

COROLLARY 4.6. Let I be an ideal of an AL L and a,b € L. Then aVb € I if
and only if bV a € I.
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PROOF. Suppose a Vb € I. Then (aVb) A (bVa) € I. Tt follows that,
bVa= (bVa)A(bVa) € I. Conversely, suppose bVa € I. Then (bVa)A(aVd) € 1.
Hence aVb= (aVb)A(aVb)el O

COROLLARY 4.7. Let L be an AL and a,b € L. Then (a Ab] = (bAal.

Recall that, for any a,b € L with a < b, we have a Ab = b A a. It follows that,
every ideal of an AL L is an initial segment.

REMARK 4.1. One may suspect that an initial segment of an AL L which is
closed under the operation V is an ideal. Though, it is true when L is a lattice, it is
not true in a general AL. For, consider a discrete AL L with at least two elements.
Now, choose « € L. Then clearly, {z} is an initial segment and is closed under the
operation V. But {z} is not an ideal; since for any a(# z) € L, z Aa=a ¢ {z}.

THEOREM 4.2. Let L be an AL. Then the set Z(L) of all ideals of L form
a lattice under set inclusion in which the glb and lub for any I,J € Z(L) are
respectively
INJ=InNnJ
and
Ivi={zeL|l (avb)Ax=x for somea €l andbe J}.

PRrOOF. Clearly, Z(L) is non empty. Also, clearly Z(L) is a poset with respect
to set inclusion. Now, let I,J € Z(L). Then clearly I N J is the glb of I and J in
Z(L). Now, we shall prove IVJ = {x € L| (aVb)Ax =z for somea € I andb € J}
is the lub of I and J in Z(L). Since I and J are nonempty, it follows that, IV J
is nonempty. Let x,y € IV J. Then (a1 Vb)) Az = x and (a2 V ba) Ay = y for
some ai,as € I and by,b; € J. It follows that, there exists dy € I and dy € J
such that diy Aa; = a1, di ANas = ag and do A by = by, dos A b = by. Hence
d1 Va = dl, d1 Vay = dl and d2 \/b1 = dz, d2 \/b2 = d2. NOW, we have
dy € I, dy € J and hence d; Vdy € IV J. Consider, (d; Vd) Az = ((dy Vay)V
(dg \/bl)) ANx = ((dl \/dg) V (al \/bl)) Nx = ((d1 \/dg) V (a1 \/bl)> A\ ((a1 \/bl) /\.’1?) =
(((d1Vda) V(a1 Vb)) A (a1 Vb)) Ax = (a1 Vb1) Az = x. Similarly, we can prove
that (dy Vda) Ay =y. Again, let x € IV J and p € L. Then (aVb) Az = z for some
aclandbe J. Now, (aVO)A(xAp) = ((aVd)Axz)Ap=xAp. Hence xAp € IV J.
Therefore IV J is an ideal of L. Let z € I and y € J. Then « = (2 V y) A x and
y=(xVy)Ay. Hencez,y € IV J. Sothat I,J C TV J. Therefore IV J is an
upper bound of T and J in Z(L). Suppose that H € Z(L) such that H is an upper
bound of Tand J. Then I C H and J C H. Now, let x € IV J. Then (aVb) Az ==z
for some a € I and b € J. Hence a,b € H since I,J C H. Therefore by Corollary
4.1, we get a Vb € H. It follows that, z = (aVb) Ax € H. Therefore I v.J C H.
Thus IV J is the lub of I and J in Z(L). Therefore Z(L) is a lattice. O

LEMMA 4.2. For any a,b in an AL L, b € (a] if and only if (b] C (a].

PROOF. Suppose b € (a]. Then b = a Ab. Now, let t € (b]. Thent =bAt =
(anb)ANt=aAN (bAt) € (a]. Thus (b] C (a]. Conversely, suppose (b] C (a]. Since
b e (b], b € (a]. Therefore b € (a]. O
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LEMMA 4.3. For any a,b in an AL L, (a] C (b] whenever a < b.

PROOF. Suppose a < b. Then a = a Ab. Now, let ¢t € (a]. Then t = a At =
(anb)ANt=(bANa)At=DbA (aAt) € (b]. Therefore (a] C (b]. O

LEMMA 4.4. For any a,b in an AL L, we have the following.
(1) (a] v (b] = (aVvb] = (bVa]
(2) (a] N (0] = (anb] = (bAd]

PRrROOF. Let z € (a] vV (b]. Then z = (sV t) A x for some s € (a] and ¢t € (b].
It follows that, s =aAsandt =bAt. Hencea =aVs, b=bVit. Now,aVb=
(aVs)V(bVt). Tt follows that, (aVb) Az = ((aVs)V(bVE))Ax = ((aVb)V(sVE)) Az =
((aVOV(sVIOIAN((sVE)Ax)=((aVD)V(sVE))A((sVE) ANz =(sVi)Ax =z
Therefore « € (a V b]. Hence (a] V (b] C (a V b].

Conversely, suppose x € (aVb]. Then (aVb)Az = z. It follows that, z € (a]V(b];
since a € (a], b € (b]. Therefore(a Vv b] C (a] Vv (b]. Hence (a] V (b] = (a V b]. Again,
since (a Vb)) At=(bVa)Atforallte L, (aVvd =(bVal.

Let t € (a] N (b]. Then ¢ € (a] and t € (b]. This impliest =a At and t =bAt.
Hence t =t At =aAtAbAt=aAbAL € (aAb]. Therefore (a] N (b] C (a AD].
Conversely, suppose ¢ € (a Ab]. Thent = (a Ab) At =aA (bAt) € (a] and also
t=(aAb)At=(bANa)ANt=bA(aAt)e (b]. Hence t € (a] N (b]. It follows that,
(a Ab) C (a] N (b]. Therefore (a] N (b] = (a Ab] = (bAal. O

Now, we have the following theorem whose proof follows from Lemma 4.4.

THEOREM 4.3. Let L be an AL. Then the set PZ(L), of all principal ideals of
L is a sub lattice of the lattice Z(L) of all ideals of L.

Let us recall that, an element m of L is said to be maximal (minimal) if and
only if mAz =z(z Am =m) if and only if mV x =m(zVm =z) for all z € L.
Therefore it can be easily seen that every ideal of an AL L contains all minimal
elements in L. In the following, we prove that the set of all minimal elements in L
is an ideal.

LEMMA 4.5. Let L be an AL with a minimal element. Then the set of all
minimal elements of L form an ideal of L.

PROOF. Suppose L has a minimal element. Put I = {m/ m is a minimal
element in L}. Then clearly I is nonempty. Let z,y € I. Then x and y are minimal
elements in L and hence x Ax = x and x Ay = y. Now, put d = 2. Thend € I
and dANx =2, d\Ny = y. Again, let x € [ and t € L. Then for any a € L,
aN(xANt)=(aNz)ANt=xAt. Thus x At is a minimal element of L. Hence
x At € I. Therefore [ is an ideal in L. O

In view of Theorem 4.2, it can be easily seen that the intersection of a finite
family of ideals is again an ideal in an AL L, but, the intersection of an arbitrary
family of ideals need not be an ideal in general. In the following, we establish a set
of identities that intersection of any family of ideals is again an ideal.
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THEOREM 4.4. Let L be an AL. Then the following conditions are equivalent
in L:
) The intersection of any family of ideals is nonempty.
) The intersections of any family of ideals is again an ideal.
) The lattice Z(L) has least element.
) The lattice Z(L) is complete.
) The class PZ(L) has least element.
) L has a minimal element.

(1
(2
(3
(4
(5
(6

PROOF. (1) = (2): Suppose {I,}aeca be a family of ideals in L and suppose

I= (N I,isnonempty. Let z,y € I. Then z,y € I, for all « € A. Since each I is
aEA
an ideal, x Vy € I, for all @« € A. Therefore xVy € () I, such that (xVy)Az ==
acA
and (z Vy) Ay =y. It follows that, I is an ideal of L.

Proof of (2) = (3) and (3) = (4) is clear.

(4) = (5): Suppose Z(L) is complete. Since PZ(L) is a nonempty subset of
Z(L), PZ(L) has a greatest lower bound say I. Clearly, I is a principal ideal, since
every element in I generates I. Thus PZ(L) has least element.

(5) = (6): Suppose PZ(L) has least element say (a]. Now, we shall prove
that a is a minimal element in L. Suppose z € L such that < a. Then we have
(2] C (a]. Tt follows that, (z] = (a]. Since a € (a] = (], a = x A a = z. Therefore
a is minimal.

(6) = (1): Suppose L has a minimal element. Since every ideal in L contains
a minimal element, the intersections of any family of ideals is nonempty. O

5. The Lattice PZ(L)

In this section, we introduce the concept of prime ideals in an AL L and prove
that a proper ideal P of L is prime if and only if for any ideal I and J of L, INJ C P
implies either I C P or J C P. We have proved in the previous section that the
class PZ(L) of all principal ideals of an AL L form a lattice. In this section, we
prove that the lattice Z(L) of all ideals of an AL L is isomorphic with the lattice
of all ideals of the lattice PZ(L) of L and also we prove this correspondence gives
a one-to-one correspondence between the prime ideals of L and those of PZ(L).
Also, we prove that the set Ap(L), of all M-amicable elements of L is an ideal of
L. Finally, we prove that an amicable set M of L (as lattice) and the lattice PZ(L)
are isomorphic.

First, we begin this section with the following definition.

DEFINITION 5.1. Let L be an AL. Then a proper ideal P of L is said to be
prime if for any z,y € L, x Ay € P, then either z € P or y € P.

Now, we derive a necessary and sufficient condition for a proper ideal P to
become a prime ideal in an AL L.

THEOREM 5.1. Let L be an AL. Then a proper ideal P of L is prime if and
only if for any ideals I and J of L, I NJ C P implies either I C P or J C P.
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PROOF. Suppose P is a prime ideal and suppose I, J are ideals of L such that
INJ C P. Suppose I ¢ P. Then there exists « € I such that z ¢ P. Let y € J.
Then y Ax € J and hence x Ay € J. Also, x Ay € I. Hencex Ay e INJ C P.
Since P is prime ideal and ¢ P, y € P. Thus J C P. Conversely, assume the
condition. We shall prove that P is a prime ideal. Let x,y € L such that x Ay € P.
Then (z] N (y] = (z Ay] C P. Therefore either (z] C P or (y] C P. It follows that,
x € Porye P. Thus P is prime. O

In the following, we prove an isomorphism between the lattices Z(L) and
I(PZ(L)) and also derive a one-to-one correspondence between the prime ideals
of L and those of PZ(L). First, we need the following:

LEMMA 5.1. Let L be an AL. Then we have the following:
(1) For any ideal I of L, I¢ = {(a]| @ € I} is an ideal of PZ(L). Moreover, I
is prime if and only if 7€ is prime.
(2) For any ideal K of the lattice PZ(L), K¢ = {a € L| (a] € K} is an ideal
of L. Further, K is prime if and only if K€ is prime.

(3) For any ideals I; and I of L, I} C I, if and only if I;¢ C I5°.

(4) For any ideals Ky and Ky of PZ(L), K; C K» if and only if K;¢ C K5°.
(5) I¢¢ =1 for all ideals I of L.

(6) K¢ = K for all ideals K of PZ(L).

PRrOOF. (1) Suppose I is an ideal of L. Now, we shall prove that I¢ is an ideal
of PZ(L). Since I is nonempty, I¢ is nonempty. Let (a], (b] € I°. Then a,b € I and
hence a Vb € I. It follows that, (a] V (b] = (a V b] € I°. Again, we have a Ab € I.
Hence (a] N (b] = (a A b] € I°. Thus I is an ideal of the lattice PZ(L). Suppose
I is a prime ideal of L. We shall prove that I¢ is a prime ideal of PZ(L). Let
(a], (b] € PZ(L) such that (a] N (b] € I¢. Then (a A b] € I¢. Therefore (a Ab] = ({]
for some t € I. Since aAb € (aAb] = (t], aANb=tA(aAD) € I. Therefore anb € I.
Since I is prime, either a € I or b € I. It follows that, (a] € I¢ or (b] € I¢. Thus I°
is a prime ideal of PZ(L). Conversely, suppose I¢ is a prime ideal of PZ(L). Let
a,b € L such that a Ab € I. Then (a] N (b] = (a Ab] € I°. Therefore (a] € I¢ or
(b] € I°. Hence a € I or b € I. Therefore I is prime.

(2) Suppose K is an ideal of PZ(L). We shall prove that K¢ is an ideal of L.
Since K is nonempty, K¢ is nonempty. Let a, b € K¢. Then (a], (b] € K. Hence
(aVvb] = (a]V (b] € K. Therefore aVb € K¢ (aVb)Aa=aand (aVb)Ab=>. Let
a € K°andt € L. Then (a] € K and (t] € PZ(L). Therefore (aAt] = (a]N(t] € K.
Hence a At € K¢. Thus K¢ is an ideal of L. Now, suppose K is a prime ideal
of PZ(L). We shall prove that K¢ is a prime ideal of L. Let a,b € L such that
aANb € K¢ Then (a]N(b] = (a Ab] € K. Therefore either (a] € K or (b] € K,
since K is prime. This implies a € K€ or b € K¢. Hence K¢ is a prime ideal of L.
Conversely, suppose K¢ is a prime ideal of L. Now, let (a], (b] € PZ(L) such that
(a] N (b] € K. Then (a Ab] € K. It follows, a Ab € K°. Since K¢ is prime, either
a € K°orbe K° Therefore (a] € K or (b] € K. Hence K is a prime ideal of
PI(L).
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(3) item Suppose I; and I are an ideals of L such that I; C I5. We shall prove
that If C IS. Let (a] € I;°. Then a € I; and hence a € Iy. Therefore (a] € I2°.
Thus I,° C I,°. Conversely, suppose I;° C I3°. Let a € I;. Then (a] € I° C L°.
Therefore (a] = (t] for some t € I. Hence a =t Aa € Is. Thus I; C Is.

(4) Suppose K; and K are ideals of PZ(L) such that K1 C K,. We shall prove
that K§ C KS. Let a € K1°. Then (a] € K;. Hence (a] € K5. Therefore (a] = (¢]
for some t € Ky. It follows that a = t Aa € K5°. Thus K;¢ C K>°. Conversely,
suppose K1 C Ky°. Let (a] € Ky. Then a € K¢ C K»°. Therefore a € K5°.
Hence (a] € Ka. Therefore K7 C Ks.

(5) Suppose a € I¢¢. Then (a] € I¢. Therefore (a] = (¢] for some ¢ € I. Hence
a=tANa€l. ThusI¢° CI. Clearly I C I¢°. Thus I = I*¢“.

(6) Suppose (a] € K. Then a € K¢ This implies (a] € K. Therefore
K°® C K. Conversely, suppose (a] € K. Then a € K°. It follows that, a € K°°.
Hence K C K¢°. Thus K¢¢ = K O

LEMMA 5.2. Let I and J be an ideals of an AL L. Then (INJ)¢ =1°NJ¢
and (IV J)¢ = I° v J°.

PRrROOF. Suppose I and J are ideals of L. Then I NJ C I,J and hence
(INnJ)e CI¢, Je. Therefore (I NJ)¢ C I¢NJe. Conversely, suppose (a] € I¢ N Je.
Then (a] € I¢ and (a] € J¢. Hence (a] = (t] for some t € I and (a] = (s] for some
s € J. Therefore a € (a] = (t] and hence a =t A a. Similarly, we get a = s Aa. It
follows that, @ € I'NJ. Thus (a] € (I N J)¢. Therefore I¢ N J¢ C (I N J)°. Thus
(INnJ)e=1I¢nJe.

We have I, J C IV J. It follows that, I¢, J¢ C (IV.J)°. Hence I°VJ¢ C (IVJ)°.
Conversely, let (a] € (IV J)¢. Then a € IV J. Hence a = (z V y) A a for some
x €l andy € J. Hence (a] = (zVy) Aal = (zVy]ni(a = ((z]V (y]) N (a]
Therefore (a] C (z]) V (y], (z] € I¢ and (y] € J°. Thus (a] € I¢V J¢. Therefore
(I'vJ)eCI®vJeand hence (IV J)¢=1°VJ° O

Now, we have the following theorem whose proof follows by Lemmas 5.1 and
5.2.

THEOREM 5.2. Let L be an AL. Then the mapping I — I¢ is an isomorphism of
the ideal lattice Z(L) onto the ideal lattice [(PZ(L)). Moreover, this correspondence
gives one-to-one correspondence between the prime ideals of L and those of PZ(L).

Recall that a maximal set M in an AL L is a maximal compatible set. Also,
recall that an element x € L is said to be M —amicable if aAx = x for some a € M.
It follows that, if z € L is M-amicable, then there exists a unique element ™ in
M with the property ™ Az = z and A 2™ = ™. Now, we prove the following.

THEOREM 5.3. Let M be a mazimal set in an AL L. Then the set Ap(L), of
all M-amicable elements of L is an ideal of L.

PROOF. Suppose M is a maximal set in L. Then clearly A,/(L) is non empty,
since every element in M is M-amicable. Let x,y € Ap(L). Then there exists
M yM ¢ M such that 2™ Az =z and y™ Ay =y. Since 2™,y € M and M is
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compatible set, v™M v yM M AyM € M. Now, since (™ vyM) Vv (zVvy) = ((aM v
y" )V (@vy)) A vy v vy)) = @ vy A (@M vy Ve vy)) = oM vyt
by Theorem 2.1, we get (zM VyM)A(xVy) = xVy. Hence zVy € Apr(L). Therefore
(zVy)ANz =z and (zVy) Ay =y. Now, if a € Ap;(L) and ¢ € L, then there exists
m € M such that m A a = a. Consider, a ANt = (mAa) At =mA (aAt). Thus
a At € Ap(L). Therefore Apr(L) is an ideal of L. O

COROLLARY 5.1. If M is a mazimal set in an AL L, then Ay (L) is a sub AL
of L.

Finally, we prove that every amicable set in an AL L is isomorphic with the
lattice Z(L). For this, first we need the following.

LEMMA 5.3. Let M be an amicable set in an AL L and x € L be M-amicable.
Then (x] = (x™M].

PROOF. Suppose x € L is M-amicable. Then there exists a unique element
M ¢ M such that M Az =z and x A 2™ = M. Tt follows that, (z] = (zM]. O

LEMMA 5.4. Let M be an amicable set in an AL L. Then for any x,y € L, the
following are equivalent:

(1) (2] = (4]
(2) (&M = (y™]
(3) &M =yM

PROOF. Suppose M is an amicable set in L. Then Ay (L) = L.

(1) = (2):- Assume (1). Let 2,y € L = Ap(L) such that (z] = (y]. Then
by Lemma 5.3, we have (z] = (z™] and (y] = (y™]. Hence (zM] = (y ).
(2) = (3)=-Assume (2). Since zM € (zM] = (yM], we get 2M = yM N 2M =
M A yM . Hence oM < y™. Similarly, we get y™ < ™. Therefore 2™ = yM.

(3) = (1):-Assume (3). We need to show that (] = (y]. Let ¢ € (z]. Then
t=axAt= @M A At = (@AM)At =M At =yM At = (ynyM )/\t:
(yM Ay) At =y At € (y]. Hence (x] C (y]. Similarly, we can prove that (y] C (z].
Therefore (x| = (y]. O

Now, we have the following corollary whose proof follows by Lemma 5.4 and
Theorem 2.5.

COROLLARY 5.2. Let M be a mazximal set in an AL L. Then for any x,y € M,
the following are equivalent:
(1) z=y
(2) (2] = (]

Recall that, if M is a maximal set in L and a € M, then for any = € L,
x Aa € M. Therefore we prove the following theorem.

THEOREM 5.4. Let M be an amicable set in an AL L. Then the mapping x — (z]
is an isomorphism of a lattice M onto the lattice PZ(L).
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PROOF. Let M be an amicable set in L. Define, f : M — PZ(L) by f(x) = (z]
for all z € M. Then by the Corollary 5.2, f is both well defined and one-one. Let
(] € PZ(L). Then x € L = Ap(L). Therefore there exists a € M such that
aANz=x. Since z ANa € M, we get f(x ANa) = (zAa] = (aAz] = (z]. Hence f
is onto. Now, it remains to show that f is a homomorphism. Suppose z,y € M.

Then f(zAy) = (z Ayl = (2]N(y] = f(z)N f(y) and f(zVy) = (zVy] = (2] V (y] =
f(z)V f(y). Therefore f is a homomorphism and hence is an isomorphism. O
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