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RECIPROCAL DEGREE DISTANCE OF
SOME DERIVED GRAPHS

K. Pattabiraman and Manzoor Ahmad Bhat

ABSTRACT. A molecular graph is a graphical description of the structural for-
mula of a chemical compound with the help of graph theory. In the construc-
tion of a chemical graph, atoms are represented by vertices and bonds between
the atoms are represented by edges. The reciprocal degree distance (RDD),
which is a weight version of the Harary index, defined for a connected graph
G as vertex-degree-weighted sum of the reciprocal distances. In this paper, we
have determined expressions for RDD index of some derived graphs in terms
of the parameters of the parent graph. Especially,we establish expressions for
the RDD index of subdivision graph, vertex-semitotal graph, edge-semitotal
graph and total graph.

1. Introduction

The word topological index is used to characterize some graphical properties of
the molecule. It is the property that is used to preserve isomorphism of a graph. A
molecular graph is a graphical description of the structural formula of a chemical
compound with the help of graph theory. In the construction of a chemical graph,
atoms are represented by vertices and bonds between the atoms are represented
by edges [5]. In all major fields of chemistry, chemical graphs are used for many
different purposes [2]. As has already been proved in [4], the said indices are
useful for characterizing alkanes by an integer. Although the computed expression
does not have direct application, we believe that it can be used to compute the
said indices for chemical and molecular graphs, which are useful for characterizing
alkanes by an integer.

Dobrynin and Kochetova [4] and Gutman [7] independently proposed a vertex-
degree-weighted version of Wiener index called degree distance, which is defined for
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a connected graph G as

PD@) =5 Y (dali) +do(i))d(i. )

i,jEV(G)

The reciprocal degree distance(RDD) of a connected graph G is defined in [1] as

_ 1 (dg (i) +da(5))
RDD(G) = 3 mezvz(c) )

Hua and Zhang [8] have obtained lower and upper bounds for the reciprocal degree
distance of graph in terms of other graph invariants. The mathematical behavior of
reciprocal degree distance of some composite graphs are obtained in [9, 10]. In this
paper, we have determined expressions for a RDD index of some derived graphs in
terms of the parameters of the parent graph. Especially, we establish expressions
for the RDD index of subdivision graph, vertex-semitotal graph, edge-semitotal
graph and total graph.

The Zagreb indices have been introduced more than thirty years ago by Gutman
and Trinajestic [6]. They are defined as

M(G)= ) dg(i)* and Ma(G) = > dg(i)da(h).
1€V(G) iJEE(G)
As the sums involved run over the edges of the complement of G, such quantities
were called Zagreb coindices. More formally, the first and second Zagreb coindices
of a graph G are defined as

M(G)= Y [da(i) +da(j)] and Ma(G) = Y da(i)da(j)-
ij¢E(G) ij¢E(G)

2. Preliminaries

The degree of vertex i in G is denoted by dg (i) and is defined as the number
of edges incident with vertex i. Also, the degree of an edge e = ij in G is denoted
by dg(e) and is defined as the number of edges incident to both its end vertices, ¢
and j, that is, dg(e) = dg (i) + dg(j) — 2.

Let H and K be two subgraphs of G, such that V(H)NV(K) = ¢. Leti € V(H)
and j € V(K) be the vertices such that

dea(iyj) = min{dg(u,v) :u € V(H),v € V(K)},

then 7 and j are called the terminal vertices of subgraphs H and K in G. In graph
G, the distance between vertex ¢ of H and the vertex f of K is 1, which is the
minimum of all vertices of H and K. So, c and f are known as terminal vertices of
H and K in G.

Harold Wiener introduced the Wiener index [11], which correlates to the boiling
point and structure of the molecule of paraffins. The Wiener index is the oldest
topological index and is defined as,

W@ = Y dali,j),

1L,jCV(G)
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where dg(4, j) is the distance in G.
The edge version of the Wiener index was introduced in 2010 [3], and is defined
as,

We(G@) = > ldale f)+1],
{e.f}CE(G)

where dg (e, f) denotes the distance between the edges e = xy and f = ij in G and
defined as;

dG(e7 f) = min {(dG’(l‘, ’L), dG(l', ])7 dG(I% Z)a dG<ya ])} :
The edge version of the Harary index is defined as,

1
H(G)= >
d 1

tesiceE oo N+

where dg(e, f) denotes the distance between the edges e = xy and f =ij in G.
The degree distance index of a connected graph G is defined as

DD(G) = > (da(i)+da(j))da(i, ).
,jCV(G)
The edge version of degree distance index of a connected graph G is defined as
DD.(G)= Y [da(e) +da(f)]lda(e, ) +1],
{e.fCE(G)}

where distance between the edge e = xy and a vertex 7 is defined as,
dG(@, Z) = min {dG(’Lv l‘), dG(ia y)} :
The edge version of reciprocal degree distance index is defined as

_ lda(e) +da(f)]
RDDE(G)_{e,chE:(G» dole, [)+1

3. Main Results

First we define four graphs related to a connected graph G.

(1) S(G) (subdivision graph) is the graph obtained by inserting an additional
vertex in each edge of G. Equivalently, each edge of GG is replaced by a path of
length 2. Therefore,

[V(S) =|V(G)| + |E(G)]| =n+m and |E(S)| =2|E(G)| = 2m.

(#1) R(G) is obtained from G by adding a new vertex corresponding to each
edge of G, then joining each new vertex to the end vertices of the corresponding
edge . Thus

V(R(G)| = V(G)| + |E(G)|=n+m
and
|[E(R(G))| = |E(S)| + |E(G)| = 2m +m = 3m.
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(#4i) Q(G) is obtained from G by inserting a new vertex in to each edge of G,
then joining with edges those pairs of new vertices on adjacent edges of G. We have
M,
V(QIG)) = [E(G)|+V(G)| = ntm and |B(Q(G))| = |E(S)[+E(L)] = m+—+.
(tv) T(G)(total graph) has as its vertices the edges and vertices of G. Adjacency
in T(G) is defined as adjacency or incidence for the corresponding elements of G.
We have

V(T(@)] = V()| + [E@)] = n+m

and

IE(T(G))| = |E(G)| + |E(S)| + |BE(L)| = 2m + M7

In the above graphs, we consider the following edge partitions: E; = {viv2 : vy,
vy € V(G)}, Ea = {e1ea : e1,ea € E(G)} and E3 = {vier : v; € V(G),e; €
E(G)}.

THEOREM 3.1. Let S(G) be a subdivision graph of G. Then
1
RDD(S(G)) = iRDD(G) +2H.(G) + a,

where
B (da(v1) +2)
«= Z (2dg(111,61)+1).

v1EV(G),e1€E(G)

PRrROOF. For any vertex v; of S(G), we have

da(vi),v; € V(G)
2, otherwise.

dsa(vi) = {

Moreover,

ds(G)(U1,U2) = 2dg(vl,v2); U1,V € V(G)

ds(a(e1,e2) = 2[dg(e1, e2) +1]; e1,ea € E(G)

ds(a)(v1,e1) = 2dg(vi,e1) + 1; v1 € V(G),e1 € E(G).

By taking the definition of reciprocal degree distance, we have
ds(u) +ds(v)

RDD(S(G)) = ds(u,v)

{u,v}CV(S(G))
_ 3 ds(v) +ds(v2)
{v1,v12}CV(S(G)) ( )
n Z ds(e1) + ds(ez2)
ds( )
{e1,e2}CV(S(G))
ds(v1) + ds(el)
S (vr,e1)

{v1,e1}CV(S(G))
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and
(dg(v1) + dg(v2))
RDD(S(G =
(5(@) Z 2dc (v, v2)

{v1,02}CV(G)
(2+2)
+
Z 2(d0(61, 62) + 1)

{e1,e2}CE(G)

.y o+

v1 €V (G),e1 €E(G) (QdG(Ul, 61) + 1)

; (da(vi) +2)
= -RDD(G)+2H.(G)+ Z |
2 v1€V(G),e1€E(G) (2dg(v1,e1) +1)

THEOREM 3.2. If R(G) is the edge-semitotal graph G, then
1 _
RDD(R(G)) < Z[RDD(G) + M1(G) + M1 (G)]+ RDD.(G) + 8,

where

Z (dG(Ul)"v‘dG(UQ)-FQ).

B= (do(or,e0) + 1)

v1EV(G),e1€E(G)

PROOF. For any vertex v; of R(G), we get

d(;(’l}i), v; € V(G)
da(v;) + 2, otherwise.

dr(a)(vi) = {

Also,
dR(G)(Ul,’Ug) =dg(vi,v2) + 1; v1,v3 € V(G),
dR(G)(el,eg) = [dg(el,eg) + 1]; e1,e2 € E(G)
dr(c)(vi,e1) = dg(vi,e1) +1; v € V(G),e1 € E(G).
By using the definition of RDD, we obtain

drc)(u) + dr)(v)
dR(G) (’LL, U)

RDD(R(G)) = >

{u, v} CV(R(G))

— Z dr(c)(v1) + drc)(v2)

{v1,02}CV(R(Q)) dr(c)(v1,v2)

N Z dr(a(e1) + drc)(e2)

(e} CV(R(@)) dr(a)(e1, ez2)

N 3 dr(c)(v1) + dra)(e1)
dR(G) (v1,e1)

{v1,e1}CV (dr(a))
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and
- [de(v1) + de(v)]
RDD(R(G)) = {m,g};wc) da(v1,v9) + 1
N Z [dg(iﬂ) + dG(U2> + 4]

{e1,e2}CE(G) [da(er,e2) +1]

[dg (v1) + dg(v2) + 2]
Z [da(vi,er) +1]

v1 GV(G),EleE(G)

_ [da(v1) + dg(va)]
- Z dg(v1,7)2) +1

{v1,v2}CV(G)

.y ol +doler)

{e1,e2}CE(G) [da(e1,e2) +1]

[da(v1) 4+ da(ve) + 2
* Z [dg(Uh 61) + 1]

1€V (G),e1€E(G)
From Jensen’s inequality, we have,
1 1 1
< + )
do(ui,v1) +dg(ug,v2) = 4dg(ui,v1)  4dg(ug,v2)
+ 1 = 1. Therefore,
[de(v1) + de(v2)]
dG (Ulv 1)2)

with equality if and only if dg (ug,vq

RDD(R(G)) <
{v1,v2}CV(G)

+ > (da(v) + da(vs))]

{v1,v2CE(G)}

Z [da(vi) 4 da(v2) + 2]

+RDD,(G) + [da(vi,er) +1]

v1 GV(G),el EE(G)

! Z [dg(m);fz(vz)} n Z (de(v1) + de(vs))

4 {v1,02}CV(G) dG( ) v1v2€E(G)
+ Z (da(v1) + dg(vz))} + RDD.(Q)
v1v2¢ E(G)

[de(v1) + da(ve) + 2
2 [dG (v, e1) + 1]

1€V (G),e1€E(G)
1 _
= Z[RDD(G) + My (G) + My (G)] + RDD.(G)

(dg(v1) +dg(v2) +2)
- 2 do(ne)+1)

v1EV(G),e1€E(G)
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THEOREM 3.3. If Q(G) is the vertex-semi total graph G, then

m(m — 1)

RDD(Q(G)) < 2RDD(G) + H,(G) + 5

+ 2,

where
Z (da(vi) +1)

T (da(v,en) + 1)

v1€V(G),e1€E(G)

PRrROOF. Note that for any vertex v; of Q(G), we have

ng(vi), v; € V(G)
2, otherwise.

dgoa)(vi) = {

Also,
dQ(G)(’Ul,UQ) = d(;(’l)l,vg); V1,V € V(G)
dQ(G)(el, 62) = [d(;(el, 62) + 2]; €1, € E(G)
dQ(G)(Ulyel) = dg(vl,el) +1; v, € V(G),el S E(G)

Hence by the definition of RDD, we have

doc)(v) + dg(c)(v)

RDD(Q(G)) = docy(u,v)

{u0}CV(Q(G))
_ T do(c)(v1) + dg(c)(v2)
doa)(v1,v2)

{01,021V (Q(G))
) doe)(e1) + dgc)(e2)
doee)(e1, ez2)

{e1,e2}CV(Q(G))
> doa)(v1) +dga)(e1)
doe(v1,e1)

{v1,e1}CV(Q(G))

B 5 2dc(v1) + 2dc (vs)] (2+2)
- de(on) T [dalen,e2) + 2]
{v1,02}CV(G) Gt T2 {er,e2}CB(G) N2
2d 2
+ > [d[ (f (Uel ;L+]1]
0 EV(G),ereB(q) G L
[da(v1) + da(v2)] 1
= 2 +4 -
Z dG(”Ul, ”UQ) Z [dg(el, 62) -+ 2}

{v1,v2}CV(G) {e1,e2} CE(G)

Z [ZdG (Ul) + 2]

+ (o, en) + 1

’UIEV(G),EleE(G)
From Jensen’s inequality, we have,

1 1 1
< + ,
da(u,v) + dg(ug,v2) — 4dg(ui,v1)  4dg(uz,va)
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with equality if and only if dg(uy,v1) +1 =1, also we have

m(m —1)
2. W="m

{e1,e2}CE(G)

Therefore,
1
RDD(Q(G)) < 2RDD(G) + > m+ >
fer,ea}CE(G) G\ 2 {e1,e2}CE(G)
+ 9 Z [da(v1) + 1]

v1€V(G),e1€E(G) [dG(vh 61) + ].]

m—1)

= 2RDD(G) + H.(G) + m( [dg(v1) +1]

+ 2 Z _ldglv) + 1
2 v1€V(G),e1€E(G) [dG(Uly el) + 1]

THEOREM 3.4. If T(G) is the total graph G, then

[QdG (’Ul) + dG(UQ) + 2}
[dg(vl, 61) + 1]

RDD(T(G)) = 2RDD(G) + RDD.(G) + >
v1€V(G),e1€E(G)

PRrROOF. For any vertex v; of T(G), we get

2dg(’()i),1}i S V(G)
da(vi) + 2, otherwise.

dr(a)(vi) = {

Also,
dT(G)(Ul,’Ug) = dg(’Ul,’Ug); V1,02 € V(G)
dT(G)(eheg) = [dg(eheg) + 1]; e1,e2 € E(G)
drg)(vi,e1) = da(vi,e1) +1; vy € V(G),e1 € E(G).

We have reciprocal degree distance,

dra)(u) + drc (v)
dr(a(u,v)

RDD(T(G)) =
(w0} SV(T(G))

_ > dra)y(v1) + dr(c)(v2)

d
{v1,02}CV(T(@)) (v, v2)

N > dray(er) + dra)(ez2)

{er,e2}CV(T(G)) dT(G)(eh 62)

N Z dray(v1) + drc)(e1)

fmenjovaey  rone)
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RDD(T(G) = Y [QdG(;;Z ; 2;16);(@2)]
{v1,02}CV (@) v2
4 Z [dc(e1) + dg(e2) + 4]

{e1,e2}CE(G) [da(e1, e2) +1]

2dg (u1) + de(va) + 2]
+
v1 EV(G‘%;1 €E(G) [dG (Uh 61) + 1]
— 2RDD(G)+ RDD,(G)
[2dc(v1) + dg(v2) + 2]
2 [da(vi,er) +1]

v1€V(G),e1€E(G)
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